
COMPUTING COHERENT SYNCHROTRON RADIATION FROM
LIÉNARD-WIECHERT POTENTIALS

M. Schwarz∗, A. Bernhard, M. Brosi, J. Schäfer, A.-S. Müller
Karlsruhe Institute of Technology, Karlsruhe, Germany

Abstract
The linac-based test accelerator FLUTE contains a bunch

compressor to create few-fs scale bunches that generate co-
herent radiation in the THz regime. The form and spec-
trum of the THz pulse strongly depend on the evolution of
the bunch along the bunch compressor, and hence on the
paths of the particles. From a given path of a charged par-
ticle, one can compute the emitted radiation by means of
the Liénard-Wiechert potentials. A problem with this ap-
proach is that one needs to solve an implicit equation for the
retarded time. Here, we instead compute the retarded time
from the particle time and observer position. Furthermore,
the Liénard-Wiechert potentials depend on the acceleration,
while macro-particle tracking only yields the particle posi-
tions and momenta at fixed times. To compute the accel-
eration, we interpolate the data using twice differentiable
functions. We compare the numerical results to the analyt-
ical benchmark case of synchrotron radiation. Finally, we
compute the coherent radiation emitted by a simulated bunch
during compression.

INTRODUCTION
The electric field of a point particle of charge 𝑞, moving

on a path 𝒓 (𝑡) is given by the Liénard-Wiechert field [1].
Since we are interested in the emitted radiation, we neglect
the Coulomb term, and focus on the radiation term:

𝑬rad (𝑡obs, 𝒓obs) =
𝑞 𝑍0
4𝜋

𝒏 ×
[
(𝒏 − 𝜷) × ¤𝜷

]
(1 − 𝜷 · 𝒏)3 𝑅

�����
ret

. (1)

Here, 𝜷 = ¤𝒓/𝑐 and ¤𝜷 denote the scaled velocity and
acceleration of the particle. The observer is located at the
spatial position 𝒓obs and receives the field at the time 𝑡obs.
The unit vector 𝒏 points from the particle to the observer.
Due to the finite speed of light 𝑐, a given observer time 𝑡obs
is related to the retarded time by

𝑡𝑟 = 𝑡obs − 𝑅(𝑡𝑟 )/𝑐 , (2)

where 𝑅(𝑡𝑟 ) = |𝒓obs − 𝒓 (𝑡𝑟 ) | is the distance from the particle
to the observer. The field in Eq. (1) have to be evaluated at
𝑡𝑟 .

To calculate the field at the observer position and time
one needs to know the particle state at the earlier time when
the radiation was emitted such that it reaches the observer at
(𝑡obs, 𝒓obs). The problem is that Eq. (2) is an implicit equa-
tion for 𝑡𝑟 (𝑡obs), which is difficult to solve even for simple
analytic cases. One solution is to compute the fields in the
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frequency domain by a Fourier transform. One can then
perform a substitution of variables and work directly with
𝑡𝑟 . This approach is used on programs such as SRW [2] and
spectra [3]. It works well in the paraxial approximation,
but this approximation breaks down for THz frequencies.
Another solution is to work in the time domain and solve
Eq. (2) by a root-finding algorithm [4]. However, the root-
finding needs to work to high precision, since 𝑡𝑟 is often in
the ns-scale while 𝑡obs is in the fs-scale.

In this paper, we work in the time domain, but instead of
trying to compute 𝑡𝑟 (𝑡obs), we compute the observer time
from the particle path 𝒓 (𝑡𝑝) as

𝑡obs (𝑡𝑝) = 𝑡𝑝 + 𝑅(𝑡𝑝)/𝑐 , (3)

which is straightforward for a given particle path 𝒓 (𝑡𝑝). The
time 𝑡𝑝 that parametrizes the particle path equals the retarded
time. First the right hand side of Eq. (1) is evaluated for
𝑡𝑝, yielding 𝑬rad (𝑡𝑝 , 𝒓obs). Then we use Eq. (3) to obtain
𝑬rad (𝑡obs (𝑡𝑝), 𝒓obs). From this point of view, Eq. (3) is just
a non-linear rescaling of the time axes.

Given the electric field in the time domain, one can com-
pute the spectrum of the emitted radiation by

d2𝐼

dΩ d𝜔
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1
= 2

√︂
𝜖0
𝜇0

|FT{𝑅 𝑬, 𝜔}|2 , (4)

where FT denotes the Fourier transform. Notice that the
Fourier transform has to be done with respect to the ob-
server time 𝑡obs. The index 1 indicates that it is the spectrum
of a single particle. To obtain the spectrum emitted by 𝑁

particles, one first has to sum the electric fields of the parti-
cles and then take the modulus. For analytical results, the
sum over particles is replaced by an integration over a charge
density [5], which results in
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Here, 𝐹 denotes the form factor, which is the squared mod-
ulus of the Fourier-transformed longitudinal charge profile.
The form factor measures the "degree of coherence" of the
radiation at (angular) frequency 𝜔, with 1 meaning fully
coherent and 0 meaning incoherent. Notice that the coherent
radiation scales with the number of particles squared.

SOLVER ALGORITHM
Typically, tracking codes provide 6D phase space coordi-

nates (𝒓 𝑗 , 𝒑 𝑗 ) of the macro-particles at positions 𝑠 𝑗 or times
𝑡𝑝, 𝑗 . While it is straightforward to compute the velocities
𝜷 𝑗 from the momenta 𝒑 𝑗 , the acceleration ¤𝜷 𝑗 is usually not



provided but is needed in Eq. (1). The first step is to obtain
the acceleration. We create functions 𝒓 (𝑡𝑝), 𝜷(𝑡𝑝) by in-
terpolation of the data (𝑡𝑝, 𝑗 , 𝒓 𝑗 , 𝜷 𝑗 ). By interpolating with
B-splines it is possible to create curves with continuous sec-
ond derivatives [6, 7] that allow for obtaining a continuous
acceleration ¤𝜷(𝑡𝑝) as well. We can then use the interpolated
functions to compute 𝑬rad (𝑡𝑝 , 𝒓obs) from Eq. (1). In the final
step, we compute 𝑡obs (𝑡𝑝) by using Eq. (3).

A second advantage of the interpolated functions is that
they allow us to compute the electric field at arbitrary times
𝑡𝑝 and not just at the discrete 𝑡𝑝, 𝑗 . The minimum and maxi-
mum values of the 𝑡𝑝, 𝑗 set the range of the continuous vari-
able 𝑡𝑝. We use the python package Adaptive [8] to non-
uniformly sample the electric field 𝑬rad (𝑡𝑝 , 𝒓obs): densely
sampled at peaks and sparsely sampled in the tails.

The disadvantage is that this prevents the use of the fast
Fourier transform (FFT) to compute spectra. On the other
hand, a semi-analytic Fourier transform [9] works for non-
uniformly sampled data at arbitrary frequencies. We are typ-
ically interested in the frequency range 0.1 THz to 100 THz,
which would require 10 000 equally spaced data points for
the required 5 fs resolution. This also puts a heavy demand
on system memory. With the semi-analytic approach, we
require about 100 non-equidistant data points.

To compute the spectrum of 𝑁 macro-particles we need to
sum their electric fields at the same times 𝑡obs. However, for
the same 𝑡𝑝 Eq. (3) yields a different 𝑡obs,𝑛 for each macro-
particle 𝑛 because their positions are different. First, we
define a set of common 𝑡𝑝,𝑐 at which to evaluate the fields
of all particles and compute (𝑡obs,𝑛 (𝑡𝑝,𝑐), 𝑬𝑛). Second, we
create functions 𝑬𝑛 (𝑡obs) by linearly interpolating the data
points. Fields are put to 0 outside the interpolation time
intervals. We obtain the common times 𝑡𝑝,𝑐 by adaptively
sampling [8] the fields of a few macro-particles. Typically 10
out of 10 000 are sufficient. For the spectrum, we compute
the Fourier transform FT{𝑅𝑛 𝑬𝑛, 𝜔} for each macro-particle
and sum the result before taking the modulus.

Analytic Benchmark

Table 1: Simulation Parameters

Quantity Value
Energy (𝛾) 42.4 MeV (83)
Bending radius 𝑅bend 2.35 m
Critical frequency 𝑓crit 17.4 THz
# macro-particles 10 000
# screen pixels 650
Screen radius 12.5 mm

We benchmark our algorithm against the textbook case of
an electron moving on a circle. The parameters are given in
Table 1 and correspond to the values of the FLUTE bunch
compressor discussed in the next section.

We create mock ’simulated’ data by sampling the ana-
lytic path 𝒓 (𝑡𝑝), 𝜷(𝑡𝑝) at 50 equally spaced times between
(−𝑇rev/50,+𝑇rev/50) ≈ (−985 ps, 985 ps). As a first cross-

check, we compute the relative deviation between the an-
alytic acceleration 4𝜋2𝑅bend/𝑇2

revand the one from the B-
spline interpolation, and find it to be ∼10−6.
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Figure 1: 𝜎- and 𝜋-components of the electric field of a
single electron in the time domain; curves show the analytic
results, points are the results of our algorithm.

Figure 1 shows the two polarizations of the electric field of
a single electron at a distance of 5 m. There is excellent agree-
ment between the analytic result and our algorithm. The
observer time covers the range between (−2.6 ps, 2.8 ps), but
the peak only occurs in the narrow range ±20 fs. Uniform
sampling would require ≈ 2500 points, while only ≈ 100
non-uniformly spaced points are sufficient with adaptive
sampling.
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Figure 2: Radiation spectrum of 10 000 normally distributed
electrons.

For the radiation spectrum, we consider 650 points on a
screen, compute the electric field at each point in the time
domain and then apply Eq. (4). One half of the points are
on a regular grid, while the other are randomly distributed.
The result for a single electron is shown as the blue curve
in Fig. 2. Excellent agreement with the analytic result is
obtained for frequencies greater than 400 GHz. The analytic
result is obtained by integrating the spectrum over an infi-
nite screen [1]. However, smaller frequencies are emitted in
’cones’ with larger opening angles. For frequencies in the
range from 50 GHz to 400 GHz, part of the radiation verti-
cally passes the screen and the intensity is reduced. Still,
the radiation cone completely sweeps across the screen hori-
zontally and the resulting spectrum is close to the analytic
result both in spatial distribution and frequency dependence.
For even smaller frequencies, corresponding to large times,



the radiation cone is so broad that it hits the screen at all
times instead of sweeping across the screen. Effectively, the
radiation appears on the screen instantaneously, which leads
to spurious edge radiation (ER) with its characteristic flat
spectrum.

We also consider a bunch of 10 000 electrons, with longi-
tudinal positions drawn from a normal distribution of size
𝜎𝑙 = 15 µm (𝜎𝑡 = 50 fs). The computation takes about
5 min on an Apple M4 Max CPU with 48 GB of RAM. The
orange curve in Figure 2 shows the coherent enhancement
for frequencies smaller than 1/𝜎𝑡 , which agrees with Eq. (5).
At larger, incoherent frequencies, the discrete sum over the
random positions manifests itself as a random spectrum,
that nonetheless follows the incoherent spectrum on average.
By dividing the total spectrum by the incoherent spectrum,
we can solve Eq. (5) for the form factor 𝐹 and define the
effective bunch length 𝜎eff as 𝐹 (1/𝜎eff) = 1/𝑒. We find
𝜎eff = 48.1 fs close to 𝜎𝑡 .

SIMULATED BUNCH COMPRESSOR
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Figure 3: Integrated computed spectrum for a 1 pC bunch
compressed from 380 fs to 3 fs. ER: edge radiation; SR:
synchrotron radiation.

We simulated the bunch compression of a 1 pC electron
bunch by a four dipole bunch compressor using ASTRA [10]
with 10 000 macro-particles [11]. For the computation of
the radiation, we only consider the path from before the
last dipole, wherein the longitudinal bunch duration reduces
from 380 fs to 3 fs. The observation screen is placed 230 mm
downstream of the dipole. Due to the geometric setup, the
radiation cones enter from the left.

The incoherent spectrum (blue curve in Fig. 3) is domi-
nated by edge radiation [12] up to 1 THz and synchrotron ra-
diation [1] for higher frequencies. The analytic synchrotron
radiation spectrum assumes that the particle first moves to-
wards and then away from the observer. Because the bunch
exits the dipole magnet, the latter part is missing and we
heuristically divide the analytic formula by 2.

The bunch reaches its few-fs bunch length only inside
the fringe field of the exit edge, and the coherent radiation
is dominated by edge radiation. Since the coherent radia-
tion (orange curve in Fig. 3) depends on the complex bunch
evolutionand radiation types, the effective bunch length is
88 fs.
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Figure 4: Computed spatial distribution of the spectral in-
tensity at 100 GHz.
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Figure 5: Computed spatial distribution of the spectral in-
tensity at 17.7 THz.

Figures 4 and 5 show the spatial distribution on the screen
at 100 GHz and 17.7 THz, respectively. At 100 GHz the typ-
ical ’doughnut’ shape of edge radiation is clearly visible,
which is in agreement with Fig. 3. Because radiation at this
frequency is almost completely coherent, the shape does not
depend on any sub-structure of the charge distribution. The
horizontal bar of synchrotron radiation dominates the spec-
trum at 17.7 THz. Since this radiation is mainly incoherent,
the ’granular’ nature due to the macro-particle distribution
is more pronounced.

CONCLUSION AND OUTLOOK
We present an algorithm to compute electromagnetic radi-

ation by computing the Liénard-Wiechert fields in the time
domain. To overcome the problem of solving the implicit
equation for the retarded time in terms of the observation
time, we instead solve for the observer time in terms of the
retarded time. This allows to compute the coherent spectrum
of 10 000 particles on arbitrary paths on a screen of 650 pix-
els in about 5 min. The results are in excellent agreement
with analytical benchmarks.

As a next step, we plan to consider the Coulomb field as
well. This will then serve as a starting point to compute
transition radiation. To compute even more macro-particles,
we want to build a surrogate model for the radiation fields.
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