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Abstract
When computing the resistive wall impedance, one must

account for variations in beam pipe aperture, conductivity,
and beta function. This can be done by either summing in-
dividual contributions or using an “effective radius” in an
analytic formula. However, the standard “effective radius”
formula has limitations: it ignores cross-plane influences
and lacks formulas for quadrupolar or monopolar wakes.
This paper introduces an improved “effective radius” def-
inition using Yokoya factors, addressing these limitations.
This updated formula was used to develop SOLEIL’s new
impedance model, significantly improving the agreement
between simulated and measured instability thresholds.

INTRODUCTION
The resistive wall impedance, describing the way the beam

interacts with the resistive part of the beam pipe walls, is
a key component present in all impedance models made to
study collective effects in synchrotrons. Most of the time, the
resistive wall impedance is computed using various analytic
expressions, either simple ones like the thick wall formula
[1] or more complex ones like the multi-layered cylindrical
formula implemented in codes like IW2D [2].

Because of its distributed nature over the full synchrotron
circumference, the variation of beam pipe aperture, conduc-
tivity, and beta function along the accelerator must be taken
into account. It can be achieved by splitting the synchrotron
in different sections with the same properties and then sum-
ming the different contributions. Another way is to compute
an “effective radius” [3], which can then be used in analytic
expressions to get the resistive wall impedance for the full
accelerator.

Both methods are mathematically equivalent, so if the
input data is the same, it results in the exact same impedance
for the overall accelerator. But the “effective radius” formal-
ism can be more convenient to use and generally allows to
be more precise in the description of the accelerator aper-
tures (for example, to compute the resistive wall of a tapered
chamber).

RESISTIVE WALL EFFECTIVE RADIUS
The resistive wall effect can be split into its short-range

part (single bunch effect) and long-range part (multi-bunch
and multi-turn effect). The short-range and long-range parts
exhibit different scaling with respect to beam pipe radius
𝑎 [3]. In the longitudinal plane, the resistive wall wake
function is inversely proportional to 𝑎2 for short-range and
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to 𝑎 for the long-range regime. In the transverse plane, it is
inversely proportional to 𝑎4 for short-range and to 𝑎3 for the
long-range regime.

The resistive wall effective radius 𝑎
(𝑛)
eff for power 𝑛 [3,

Eq. (27)], is defined as:
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where the summation on the index 𝑖 corresponds to the dif-
ferent beam pipe components in the ring, 𝑙𝑖 is the component
length, 𝑎𝑖 its aperture, 𝛽𝑖 the beta function at its location, 𝜎𝑖

its conductivity and 𝐿 =
∑
𝑙𝑖 is the total length. The average

beta 𝛽∗ and average conductivity 𝜎∗ are defined by:
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This formula can be applied to either horizontal or vertical
planes using 𝑎𝑖 as the corresponding aperture and different
power of 𝑛 to get effective radius for long and short range
regimes.

Nevertheless, there are several issues with the present
definition. It does not clearly define how the longitudinal
effective radius should be computed. More generally, both
for the longitudinal and transverse effective radius, the influ-
ence of one dimension on the other is neglected (for example
the impact of the horizontal aperture on the effective vertical
radius). Finally, the present definition does not take into
account quadrupolar or monopolar wakes.

MODIFIED FORMULA USING YOKOYA
FACTORS

We propose a new definition of the effective radius aiming
to solve the issues raised above. The idea of the modified
effective radius formula is that, to define each section of
the accelerator, instead of using the horizontal or vertical
aperture only, the smallest dimension 𝑟min (e.g. semi-minor
axis for an elliptical pipe) is used in addition to Yokoya
factors (𝑌long, 𝑌xdip, 𝑌ydip, 𝑌xquad, 𝑌yquad) [4].

For the longitudinal effective radius, it is defined as:
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Where 𝑛 = 1 for long range and 𝑛 = 2 for short range regime.
For the horizontal and vertical dipolar effective radius, it is
defined as:
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For the horizontal and vertical quadrupolar effective radius,
it is defined as:
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With ± = + if the sum is positive, ± = − otherwise. For both
dipolar and quadrupolar wakes, 𝑛 = 3 for the long-range and
𝑛 = 4 for short range regimes.

Thanks to the use of Yokoya factors, the modified defi-
nition is unambiguous for the longitudinal effective radius,
considers the influence of one dimension on the other and
provides formula for quadrupolar wakes.

The limitations of the effective radius obtained with this
new definition are, in fact, the same ones as the Yokoya
factors themselves [4]. It will work with ordinary metals,
even if a metallic coating is applied, but it will not work for
dielectric or ferromagnetic materials.

FORMULA FOR MONOPOLAR WAKE
When a beam is going off-center in a vacuum chamber,

or when the chamber is right/left or top/down asymmetric,
then a monopolar wake component appears [5–7].

Monopolar wake from an off-center device
The general wake function in the horizontal plane 𝑊𝑥 can

be written as [7]:

𝑊𝑥 (𝑧, 𝑥𝑆 , 𝑥𝑇 ) = 𝑊mono (𝑧) +𝑊dip (𝑧)𝑥𝑆
+𝑊quad (𝑧)𝑥𝑇 + . . .

(8)

Where 𝑥𝑆 is the source particle, 𝑥𝑇 is the test particle, 𝑧 is
the longitudinal distance between the two and 𝑊mono, 𝑊dip,
𝑊quad are the monopolar, dipolar and quadrupolar wake func-
tion components. If the device is right/left symmetric then
𝑊mono (𝑧) = 0. In the same device, if the beam is off-center
by an offset 𝑥1, then we can write:

𝑊𝑥 (𝑧, 𝑥𝑆 , 𝑥𝑇 ) = 𝑊dip (𝑧)𝑥1 +𝑊quad (𝑧)𝑥1

+𝑊dip (𝑧) (𝑥𝑆 − 𝑥1)
+𝑊quad (𝑧) (𝑥𝑇 − 𝑥1) + . . .

≈ 𝑊mono (𝑧) +𝑊dip (𝑧)𝑥′𝑆
+𝑊quad (𝑧)𝑥′𝑇

(9)

Where 𝑥′
𝑆

and 𝑥′
𝑇

are the new source and test positions in
the referential translated by 𝑥1 to be centered on the beam.
This makes it clear that 𝑊mono (𝑧) = 𝑊dip (𝑧)𝑥1 +𝑊quad (𝑧)𝑥1
for an off-center beam. Physically, moving the beam in
one direction is similar to moving the chamber in the other
direction. So, in first approximation, for a beam "on-center"

in an asymmetric chamber, with right boundary 𝑥+ and left
boundary 𝑥− , the offset of the chamber with respect to the
beam Δ is given by:

Δ =
|𝑥+ | + |𝑥− |

2
− 𝑥+ (10)

Which hold only if the chamber asymmetry is mostly in the 𝑥
(or 𝑦) axis plane (like, for example, a photon beam absorber).
Then, the monopolar wake is given by:

𝑊mono (𝑧) ≈ 𝑊dip (𝑧)Δ +𝑊quad (𝑧)Δ (11)

Yokoya factor for monopolar wakes
In a similar manner as Yokoya, we can define a factor

𝑌mono which relates monopolar wake of chamber of arbitrary
cross section𝑊mono to the dipolar wake of a circular chamber
𝑊dip,circ:

𝑊mono (𝑧) = 𝑌mono𝑊dip,circ (𝑧) (12)

Expressing the monopolar wake 𝑊mono using previous ex-
pression, we get:

𝑊mono (𝑧) ≈ 𝑊dip (𝑧)Δ +𝑊quad (𝑧)Δ
≈ 𝑌dip𝑊dip,circ (𝑧)Δ + 𝑌quad𝑊dip,circ (𝑧)Δ
≈ Δ(𝑌dip + 𝑌quad)𝑊dip,circ (𝑧)

(13)

Which gives:

𝑌mono ≈ Δ(𝑌dip + 𝑌quad) (14)

This formula for 𝑌mono can be used for beam offset (= Δ) or
for simple asymmetric beam pipe (Δ =

|𝑥+ |+|𝑥− |
2 − 𝑥+). For

more complex asymmetric beam pipes, a computation of
𝑌mono from its definition should be done.

Effective monopolar radius formula
In the same way as for dipolar and quadrupolar wakes, we

propose a definition for the monopolar effective radius 𝑟 (𝑛)mono
using the monopolar Yokoya factor 𝑌mono defined above:
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With ± = + if the sum is positive, ± = − otherwise. Where
𝑛 = 3 for long range wake and 𝑛 = 4 for short range wake
(as monopolar wakes derive from dipolar and quadrupolar
wakes). As monopolar wakes are only weighted by square
root of beta function 1, we introduce a 𝛽∗1/2 parameter:√︃

𝛽∗1/2 =
1
𝐿

∑︁
𝑖

𝑙𝑖
√︁
𝛽𝑖 (17)

1 Contrary to dipolar or quardupolar wakes, the monopolar wake poten-
tial expression don’t depend on the transverse offset, therefore the

√
𝛽

dependency only comes from averaging the transverse kicks received at
different locations.



Table 1: Resistive Wall Effective Radius for SOLEIL Storage Ring (𝛽∗𝑥 = 7.91 m, 𝛽∗𝑦 = 8.11 m, 𝜌∗ = 3.33 × 10−8 W m)

Formula ID Long Range (mm) Short Range (mm)

configuration 𝑟
(1)
long 𝑟

(3)
xdip 𝑟

(3)
ydip 𝑟

(3)
xquad 𝑟

(3)
yquad 𝑟

(2)
long 𝑟

(4)
xdip 𝑟

(4)
ydip 𝑟

(4)
xquad 𝑟

(4)
yquad

Original Open 5.19 28.8 7.93 / / 7.41 28.82 7.81 / /
Modified Open 6.22 10.97 8.45 -11.14 10.75 7.48 9.46 8.19 -9.55 9.80
Original Closed 4.98 28.80 6.34 / / 6.68 28.82 5.45 / /
Modified Closed 5.49 6.22 6.71 -6.25 8.50 5.85 4.94 5.66 -4.95 6.75

APPLICATION TO SOLEIL
SOLEIL is a third-generation synchrotron light source

and has been in operation since 2006. The last complete
impedance model for the SOLEIL storage ring dates back to
2004 [8, 9]. Comparisons between this model and measure-
ments from 2007 revealed discrepancies of up to a factor of
two [10].

A new impedance model for SOLEIL was developed to
address previous discrepancies [11]. Key improvements in-
clude using the modified effective radius (this paper) for
resistive wall calculations, the dominant impedance con-
tributor, and adding quadrupolar resistive wall wakes via
quadrupolar effective radius. The model’s frequency range
was extended from 30 GHz to 100 GHz using a finer mesh,
and new machine components added over the past 20 years
were incorporated.

Figure 1: Vacuum chamber parameters in SOLEIL (with
closed IDs). Top and center: horizontal and vertical aperture.
Bottom: resistivity.

Figure 1 displays the physical aperture and resistivity
values along SOLEIL’s storage ring, used to compute the
effective radii in Table 1. Yokoya factors for most chambers
were derived using the elliptic beam pipe formula [12, 13].

The longitudinal effective radii 𝑟 (𝑛)long remain similar be-
tween the original and modified formulas. However, the
modified formula yields slightly larger vertical effective radii
𝑟
(𝑛)
ydip due to the larger horizontal aperture (𝑌ydip ≈ 0.823).

For open IDs, the horizontal effective radii 𝑟 (𝑛)xdip are signif-
icantly smaller in the modified formula, dominated by the

Figure 2: Impedance model of SOLEIL and its different
components. Top: real part of longitudinal impedance. Bot-
tom: real part of vertical dipolar impedance.

smaller vertical aperture (𝑌xdip ≈ 0.411). In closed IDs, 𝑟 (𝑛)xdip
is even lower than the vertical radii, as the horizontal beta
functions in low-gap sections are much higher, reducing the
horizontal effective radius and increasing the beta-weighted
transverse impedance in the horizontal plane—an effect also
observed at ESRF [14].

Both the usual and this improved resistive wall ef-
fective radius formalism have been implemented in the
ResistiveWallModel class of mbtrack2 [15]. The re-
sistive wall impedance is computed using IW2D [2] using
the short-range effective radius, including a 0.5 µm layer
of NEG (𝜌𝐷𝐶 =1.25 × 10−6 W m). Figure 2 shows the
new impedance model of SOLEIL, with its real part of
the longitudinal and vertical dipolar impedance. This new
impedance model has been used in tracking simulation, us-
ing mbtrack2 [15, 16], and allow to reach a much better
agreement with respect to beam measurement compared
to the 2004 model [17], in particular in the vertical plane,
mainly due to the addition of quadrupolar wakes.

CONCLUSION
An improved “effective radius” resistive wall formula

using Yokoya factors has been introduced, addressing several
shortcomings with the usual definition. This formula has
been used to make a new impedance model for SOLEIL and
has helped to get a better agreement between measurement
and simulation.
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