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Abstract

Modern fourth-generation storage ring light sources pre-
dominantly utilize digital I/Q-based proportional-integral
(PI) feedback for their radio-frequency (RF) systems. This
paper introduces a dedicated PI feedback model imple-
mented in the STABLE tracking code to enable accurate and
fast longitudinal beam dynamics simulations. The model’s
key innovation lies in its treatment of the continuous gener-
ator current, which is discretized into electron-bunch-like
charge pulses, while the cavity voltage is refreshed on an
RF-cycle basis. This methodology offers a more physically
accurate model of the beam-cavity-feedback coupling, pro-
viding a versatile tool for precise longitudinal beam dynam-
ics studies in single- and multi-RF configurations.

INTRODUCTION

Achieving precise regulation of radio-frequency (RF) cav-
ities is fundamental to the performance of modern storage
ring light sources, a task predominantly accomplished by dig-
ital I/Q-based proportional-integral (PI) feedback systems.
Accurate simulation of the coupled beam-cavity-feedback
dynamics is therefore essential, especially for applications
like bunch lengthening with harmonic cavities. Existing
multi-particle tracking codes provide various approaches
to this problem. The ELEGANT code [1], for example, in-
corporates an RF feedback model originally designed for
analog amplitude/phase systems [2], requiring the conver-
sion of PI parameters into equivalent filter coefficients for
simulation [3]. The MBTRACK?2 code [4], directly im-
plement a PI controller framework to model the cavity re-
sponse [5,6]. In addition, BLonD provides a modular frame-
work for longitudinal beam dynamics simulations, including
RF-system options and feedback models [7]. While these
existing tools can model the fundamental cavity dynamics
accurately, systematic scans over PI gains, loop delays, and
operating conditions in modern digital feedback systems still
demand substantial computational effort.

This paper presents a refined, physics-based RF feedback
model implemented within the GPU-accelerated STABLE
tracking code [8], which is publicly available on GitHub [9].
The model is natively designed for digital I/Q PI feedback
systems and introduces two key advances. First, it employs
a high-fidelity cavity model where the continuous generator
current is discretized into equivalent charge pulses, and thus
the cavity voltage is updated iteratively on an RF-cycle basis,
ensuring an accurate representation of transient beam-cavity-
feedback coupling interactions. Second, and distinctively,
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STABLE leverages NVIDIA CUDA for massive paralleliza-
tion on GPUs. Compared to CPU-parallelized frameworks,
this architecture provides a substantial increase in computa-
tional throughput for large-scale parameter scans at a lower
hardware cost. This combination of physical fidelity and
computational power makes STABLE a practical and ef-
ficient tool for investigating longitudinal beam instability
in the context of modern feedback systems and challenging
scenarios like bunch-lengthening harmonic cavity operation.

DISCRETIZATION OF THE GENERATOR
CURRENT

To facilitate the numerical calculation of the generator
voltage phasor, it is advantageous to discretize the continuous
cosine generator current into pulsed charges with the same
period. As illustrated in Fig. 1, we demonstrate that the
charge of each pulse equals %IgT, where I, and T are the
amplitude and period of the generator current, respectively.

14008 (w, 1)

NS
AYMYAY~

t

0

Figure 1: Discretization of a cosine generator current into
equivalent pulsed charges.

Analogous to representing a longitudinally distributed
bunch charge by an equivalent point charge with a form
factor, the equivalent pulse charge for a cosine generator
current can be obtained by:

T/2 . 1
Qg = / Ig cos(wrst)e ™ “r' dt = ~I,T, (D
-T)2 2

where the approximation w, = wyt is used to compute the
integral.

It is convenient to represent RF signals (voltages and
currents) as complex phasors. In a counterclockwise rotating
reference frame with frequency w,f, we denote the generator
current phasor and the equivalent pulse charge phasor as T, o
and Q0 - respectively. For a pulsed charge excitation at time
zero, the resulting cavity voltage phasor is:
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Figure 2: Simplified block diagram of the RF system at SSRF [10].

Here, w,, Ry, and Q, are the angular resonant frequency,
loaded shunt impedance, and loaded quality factor of the
cavity, respectively. Substituting Eq. (1) into Eq. (2) and
applying the approximation w, T = 2 gives
Vg =1 g E . (3)
Following the same treatment as for the beam-excited voltage
phasor [8], i.e., obeying the phasor evolution of rotation,
damping, and superposition, the generator-excited voltage
phasor can be written as
=yt )ty R 4)
(073
where the superscript n indexes successive RF buckets. It
should be noted that the conversion from 7, to Vg can also be
achieved by numerically solving a first-order linear ordinary
differential equation, e.g., Eq. (25) in [6]. The MBTRACK?2
code solves this equation by discretizing the continuous-time
dynamics into a recursive relation per RF bucket and using a
precomputed impulse-response matrix to compute the convo-
lution sum over past generator currents. In contrast, Eq. (4)
is simpler and requires fewer computational operations.
Equation (4) highlights that the change in cavity volt-
age due to a variation in the generator current is not in-
stantaneous but occurs over a finite time. This timescale
is characterized by the cavity time constant 7 = 2Q; /w;,.
For typical superconducting cavities with Q; ~ 10° and
wy = 21 x 500 MHz, 7 ~ 64 us, which corresponds to ap-
proximately 40 beam revolutions in the HALF storage ring.
Consequently, it is physically inaccurate to use a turn-
averaged cavity voltage to directly regulate the generator
voltage on a per-turn basis. A more realistic approach is to
adjust the generator current phasor 7, ¢ via a PI controller, as
commonly implemented in low-level RF feedback systems.
For implementation in a macro-particle tracking code,
the cavity voltage phasor is updated bucket by bucket (i.e.,
every RF period) using Eq. (4). The remaining task is to
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determine the generator current phasor 7, ¢ ateach step, which
is governed by the feedback model described in the following
section.

A REALISTIC RF FEEDBACK MODEL

The digital low-level radio frequency (DLLRF) feedback
system employing 1/Q control is standard in modern storage
ring light sources. In this scheme, RF signals are decom-
posed into in-phase (I) and quadrature (Q) components. In
our tracking simulations, we represent these signals using
complex phasors, where the I and Q components correspond
directly to the real and imaginary parts. To accurately model
LLRF feedback for beam dynamics simulations, it is essen-
tial to follow a realistic signal processing chain. This work
references the LLRF system at the SSRF storage ring [10],
as shown in Fig. 2. This system comprises four control loops:
amplitude, phase, tuning, and direct feedback. The ampli-
tude and phase loops, jointly termed the field loop, regulate
and stabilize the cavity field. In the present model, we ne-
glect the tuning loop because it is much slower than the field
loop, and omit the direct feedback loop as it is only needed
for heavy beam loading. Thus, we focus solely on model-
ing the field loop. We also assume ideal signal processing,
ignoring RF noise and nonlinearities.

The field loop operation, detailed in [10], involves sev-
eral stages. The cavity voltage signal (e.g., 500 MHz) is
picked up, down-converted to an intermediate frequency
(IF, e.g., 31.25 MHz), and then sampled by an Analog-to-
Digital Converter (ADC) at a clock frequency (e.g., 25 MHz).
The ADC samples are transformed into I/Q components us-
ing a non-1I/Q demodulation algorithm (with a ratio such as
Jfie/ faock = 5/4). These 1/Q components are filtered by a
Finite Impulse Response (FIR) low-pass filter, often imple-
mented as a 64-tap (maybe fewer taps) averaging algorithm.
The filtered I/Q data is calibrated (e.g., via a rotation module
for loop stability) and then compared to reference setpoints
to generate I/Q error signals. These errors are fed into two PI
controllers (which, due to path symmetry, can have identical



proportional and integral gains) to produce corrected 1/Q
values. Finally, these corrected I/Q signals are modulated
back to an IF digital signal, converted to an analog signal by
a Digital-to-Analog Converter (DAC), up-converted to the
RF frequency, amplified, and used to drive the cavity.

Based on this workflow, we propose a simplified yet realis-
tic model for the field loop, depicted in Fig. 3. The feedback
procedure in our simulation is divided into three sequential
stages.
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Figure 3: Schematic diagram of the modeled LLRF control
system implemented in the STABLE code.

Stage 1: Before the PI Controller

The 64-tap FIR filter operation is equivalent to averaging
the cavity voltage phasor over a specific time window. This
averaging period is determined by the RF frequency, the IF,
the ADC sampling rate, and the demodulation algorithm.
For the 500 MHz RF system, this corresponds to 5120 RF
periods (buckets). It should be noted that for RF systems
employing a higher sampling rate or a smaller number of
FIR taps, the required number of buckets for computing
the averaged voltage would be significantly fewer. In the
simulation, the cavity voltage phasor is updated every bucket,
making it straightforward to compute a moving average over
the last N buckets. In practice, this parameter N can be
estimated based on the specific LLRF system configuration
and directly set within the STABLE code accordingly. The
voltage error phasor AV is generated by subtracting this
averaged voltage phasor from the reference setpoint phasor
Viet. For simplicity, this voltage error is converted into an
equivalent current error AV /Ry, before being sent to the PI
controller, where Ry, is the loaded shunt impedance.

Stage 2: During the PI Controller

The PI controller receives the current error e" =
(AV/ RL)" and outputs a correction to the generator cur-
rent phasor, (Alg)". The controller transfer function in the
Laplace domain is K, + K; cont/s, where K, and K; cone de-
note the proportional gain and the continuous-time integral
gain, respectively. In the discrete-time simulation, the PI
controller is updated every T, where T is the effective up-
date period of the digital PI controller, and the integral term
is implemented by a forward-Euler accumulator:

I"= In_l + Ki,cont T, e", (5)

and
(A" =Kpe"+1". 6)

Equivalently, by defining the discrete-time integral gain
K1 = K contTs, the above equation can be written as

. AV\" nATY
(AL)" = K, (R_L) +K,Z(R—L) . (7
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Here, n is the controller update index, while K, and Ky are
the discrete-time proportional and integral gains used in the
tracking simulation.

Stage 3: After the PI Controller

Following the approach in Ref. [2], the correction Al is
added to a fixed, initial generator current I ¢0. This initial
current facilitates setting the operating point or incorporating
feed-forward, and it can be determined from steady-state
conditions:

igORL COS(‘»{/) e_j¢ = VgO = Vsel - <Vb0>s (8)

where ¢ is the cavity detuning angle, Veer is the desired
cavity voltage, and (Vo) is the initial average beam-induced
voltage phasor across all buckets.

The total generator current phasor, I ¢ = Al ¢+ I 40, is then
subjected to a delay before driving the cavity model (using
Eq. (4)). This delay accounts for the finite time required
for signal transmission and processing in a real system, typ-
ically on the order of microseconds. For the HALF ring
example [11], we assume a delay of 1.6 us, corresponding
to approximately 800 RF buckets.

SUMMARY

The presented model provides a practical tool for study-
ing the influence of key parameters (PI gains and feedback
delay) on longitudinal beam dynamics, which is essential
for fourth-generation light sources where significant bunch
lengthening via harmonic cavities can challenge the main RF
cavity’s DLLRF system. Validation against coupled-bunch
instability simulations for the STCF storage ring shows good
agreement with analytical results [12, 13], and further stud-
ies on the effect of PI feedback for the HALF storage ring
are ongoing. This model also allows straightforward exten-
sions — for example, incorporating a modulation module to
simulate RF noise and modulation effects — though this is
left for future work.
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