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Abstract

A field-driven method is presented for synthesising multi-
polar transverse-electric cavities. Cylindrical standing-wave
TE solutions are superimposed analytically, and the cav-
ity surface is reconstructed by enforcing perfect-electric-
conductor boundary conditions. The method produces
closed hybrid cavity geometries whose modal content is
validated against CST eigenmode simulations. Two exam-
ples are shown: the superposition of the TE); + TE,; and
TE,; + TE4; hybrid cavities. In both cases, the intended
azimuthal field structure is preserved with sub-percent-level
agreement between the analytic model and CST. The method
provides a route to structured TE-mode RF cavities for future
beam-manipulation studies.

INTRODUCTION

Structured RF cavities provide additional degrees of free-
dom for beam manipulation beyond those available from
conventional axisymmetric accelerating modes. Multipo-
lar TM-mode cavities have recently been developed using
azimuthal modulation methods [1]. An equivalent construc-
tion for transverse-electric, or TE, modes is useful because
TE fields can provide structured transverse magnetic and
electric fields while retaining no longitudinal electric field
in the ideal basis. TE-like modes are already used in accel-
erator structures such as H-mode drift-tube linacs, where
magnetic-field-dominated resonators provide efficient accel-
eration at low particle velocity [2—-6]. TE modes have also
been used in studies of RF breakdown, where surface electric
and magnetic fields can be separated more cleanly than in
conventional accelerating modes [7]. In the beam-dynamics
context, RF magnetic-mode concepts have also been pro-
posed for emittance compensation in superconducting RF
guns [8]. These examples motivate a systematic method for
designing TE cavities with prescribed multipolar content.
This paper presents a surface-synthesis method for hybrid
TE cavities; a more detailed treatment is given in Ref. [9].
Analytical TE standing-wave solutions are superimposed in
cylindrical coordinates, and the cavity boundary is found
by enforcing the perfect-electric-conductor condition on the
resulting field.

FIELD MODEL

The TE basis is constructed from cylindrical standing-
wave solutions [10-13]. The longitudinal magnetic field is

* oliver.betteridge @postgrad.manchester.ac.uk

written as

H (r,¢,2) = ApJn(yr) sin(me + ¢o) sin [f(z = L/2)],

where J,, is a Bessel function of the first kind, m is the
azimuthal index, y is the transverse propagation constant,
and g is the longitudinal propagation constant. The wave
numbers satisfy
k2 = )/2 + ﬂZ,

withk = w/c.

For a circular TE cavity, the perfect-electric-conductor
boundary gives the usual eigenfrequency condition

x),nn : pr 2 _ (@ 2
(B )+ (BE) = (2)"
where x,,, is the nth zero of J,,, a is the cavity radius, and p
is the longitudinal index. In this work p = 1, and the notation
TEy,,,, m,y1 denotes a hybrid formed from TE solutions with
azimuthal indices m; and m,.

A direct superposition of different circular-cavity TE
eigenmodes is not self-consistent, since each mode generally
requires a different radius for a common frequency. Instead,
the fields are first treated as an analytic basis in dimension-

less coordinates, and the physical boundary is reconstructed
afterwards by enforcing the conductor condition.

SURFACE SYNTHESIS

The unknown cavity cross-section is represented by a
truncated Fourier series,

Y max
r(¢) =ag+ [a, cos(ve) + b, sin(ve)].
v=1
This representation naturally enforces smoothness and pe-
riodicity of the closed boundary. The design variables are
the Fourier coefficients, together with possible transverse
offsets.

For a non-circular TE cavity, the boundary cannot be
found by imposing E; = 0 alone. Both radial and azimuthal
electric-field components contribute to the tangential field
at the surface. The surface is therefore required to satisfy

E-S=0

at all sampled azimuthal locations, where S is the tangent
vector to the boundary.

The problem is solved as a feasibility optimisation using
nonlinear constrained optimisation methods [14]. In other
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words, we enforce the tangential electric field to vanish on
the boundary, i.e., E - S = 0, where E is the electric field
sampled at discrete angles on the boundary and S is the tan-
gent vector of the boundary. This corresponds to the perfect
electric conductor (PEC) boundary condition. A smooth
weighting is applied near global field zeros to improve nu-
merical robustness, since these locations otherwise provide
poor gradient information to the optimiser.

TE,,,,; HYBRID CAVITY

As afirst example, TE;; and TE,; solutions are combined
with equal weights and zero relative phase. The resulting
boundary follows a smooth, elliptical-like contour of the hy-
brid field and satisfies the conductor condition to numerical
precision. The final geometry is shown in Fig. 1.
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Figure 1: Synthesised TE g 5;; hybrid cavity cross-section.
The electric-field magnitude is shown with field quivers,
dashed contours indicate zeros of E' . and the solid boundary
is the reconstructed cavity surface.

Figure 2: Synthesised TE(g »,; hybrid cavity in CST.

The boundary determined through this procedure is then
imported into CST [15] and rescaled to a target frequency.
To correctly establish the length and frequency of the cross-
sectional boundary, we first assign a non-zero length to form
a complete 3D structure in CST and then switch the bound-
ary condition applied to the end caps from PEC to PMC
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(perfect magnetic conductor) conditions. Running an eigen-
mode simulation in CST determines the transverse cut-off
frequency, from which the physical cavity length is obtained
for the desired longitudinal index and frequency. However,
there are cases in which the cavity cannot be realised at a cer-
tain frequency because it falls below the cut-off frequencys;
in such cases, the cross-sectional boundary must also be
rescaled so that the new cut-off frequency lies below the
desired frequency. Details of this scaling procedure, from a
2D cross-section to a fully 3D realisable cavity, are given in
Ref. [16]. The CST mode is shown in Fig. 2.

15 x10°
Model r=1 cm
———CST r=1 cm, AH./H. = 0.27%
Model r=5 cm
r —CST r=5 cm, AIL/H, = 1.3%
Model r=10 cm
CST r=10 cm, AH./H. = 0.25%

0.5

VN
l@ vé

H, [A/m]

-0.5

s , , , , , , ,
-150 -100 -50 0 50 100 150
¢ [deg]

Figure 3: Comparison of H, between CST and the analytic
model for the TE g »,; hybrid mode at different radii.

To validate the modal content, the longitudinal magnetic
field H, from CST is compared with the analytic model on
circular contours in the cavity mid-plane. Figure 3 shows
agreement at the sub-percent level, confirming that the in-
tended TEy;—TE,; superposition is preserved in the CST
eigenmode.

TE,, ,,, HYBRID CAVITY

The second example combines TE,; and TE,; solutions
with equal weights and a relative phase of 57 /4. The phase is
chosen to align the radial zero-crossings of each mode. More
specifically, the TE,; fields have radial zeros that resemble a
plus sign, whereas the TE,; fields have two additional zero-
crossings that pass through the diagonals, forming a star-like
shape. The rotation ensures that the TE,; fields overlap with
the TEy,; fields, producing only four unique radial nodes
instead of six. This case is more challenging because the
field contains multiple neighbouring zero-contour branches.
The optimiser can therefore encounter regions where the
desired closed contour approaches another solution branch
or a global field zero. These features make the TE synthesis
problem more numerically delicate than the corresponding
TM case [1].

Despite this difficulty, a smooth two-fold-symmetric cav-
ity boundary is obtained. Figure 4 shows the corresponding
MATLAB field contour and reconstructed cavity surface.
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Figure 4. Synthesised TE,, 4,1 hybrid cavity cross-section
from the MATLAB surface-synthesis model. The electric-
field magnitude is shown with field quivers, dashed contours
indicate zeros of E P and the solid boundary is the recon-
structed cavity surface.
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Figure 5: Synthesised TE(; 4y, hybrid cavity in CST.
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Figure 6: Comparison of H, between CST and the analytic
model for the TE, 4,; hybrid mode at different radii.

The same CST rescaling procedure gives an operating
frequency close to 1.3 GHz. ¢ 5 shows the same mode con-
structed in MATLAB and reproduced in CST, while the
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modal-purity analysis in Fig. 6 shows that no higher-order
modal content is introduced and that the intended TE,;-TE4;
structure is retained after surface synthesis. This example
demonstrates that the method can generate higher-order hy-
brid TE geometries.

CONCLUSION

A field-driven method has been demonstrated for syn-
thesising multipolar TE-mode cavities. The approach uses
analytical cylindrical TE solutions as a basis, superimposes
selected multipolar components, and reconstructs a closed
cavity boundary by enforcing the PEC boundary condition.
The method has been validated for TEq 5y and TE; 4y hy-
brid cavities. In both cases, CST eigenmode simulations pre-
serve the intended modal structure, with sub-percent-level
agreement in the longitudinal magnetic field when compared
with the analytic model. The TE; 4,; example highlights
the increased numerical difficulty of TE surface synthesis,
especially near global field zeros and neighbouring solution
branches. This work establishes a practical route to multipo-
lar TE cavity design. Future studies will extend the method
to beam pipes and to beam dynamics applications such as
emittance correction and chromatic compensation [17].
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