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Abstract
Precise 3D field measurements of large, complex magnet

geometries are time-consuming and error-susceptible. For
large magnets, it is common to record Hall probe data on a
sparse grid, then use an interpolation algorithm to estimate
field values at the remaining points. For common magnet
geometries, such as quadrupoles and dipoles, linear interpo-
lation often provides accurate results. However, for complex
magnet geometries, this method can yield lower accuracy. In
this paper, we present a method based on a locally Maxwell-
consistent algorithm for sparse Hall probe measurements.
Through the k-nearest neighbors algorithm, we locally fit the
magnetic field with Tikhonov regularization. We test this
method on a novel Compton spectrometer, capable of mea-
suring single-shot, double-differential, energy-angle gamma
spectra, ranging from 180 keV to 28 MeV. Using held-out
validation, we demonstrate that we can reconstruct its mag-
netic fields with higher accuracy than linear interpolation
and radial basis function (RBF) interpolation with cubic,
thin plate spline, and quintic kernels. We also analyze the
dependence of point sparsity on accuracy.

INTRODUCTION
Magnets are ubiquitous in particle accelerators, serving

to focus beams, correct aberrations, and analyze particle
energies. Precise field characterization is essential for beam-
transport simulations and magnet evaluation [1]. Common
methods of characterizing magnetic fields are Hall probe
and rotating coil measurements [2]. These procedures take
long periods of time, limiting grid fineness over large vol-
umes; the magnetic field must then be reconstructed in the
regions between the measured points through interpolation.
For conventional magnet geometries with dominant multi-
pole fields, there exist analytic models that can be used for
a full 3D reconstruction [3]. Achieving an accurate recon-
struction through global fitting can be difficult, however, for
complex geometries. Alternatively, common interpolation
methods like linear and radial basis function (RBF) inter-
polation can be used; however, they do not automatically
enforce Maxwell’s equations, resulting in potentially non-
physical results. There exist more sophisticated methods that
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Figure 1: The left image shows CPT, the gamma spectrome-
ter built at UCLA. The filled-in region on the right drawing
illustrates the magnetic field measurement volume.

enforce Maxwell’s equations, including Gaussian process
regression with Maxwell-consistent kernels [4, 5], utiliza-
tion of a harmonic basis [6–8], and other divergence-free
approaches [9–11]. However, each of these methods is lim-
ited by computational expense, regular grid requirements,
incomplete Maxwell enforcement, or incompatibility with
Hall probe measurements.

At the University of California, Los Angeles (UCLA), we
are building a broadband Compton spectrometer, dubbed
CPT, for installation at FACET-II SLAC National Laboratory
as shown in Fig. 1 [12–14]. Its complex geometry requires
a precise 3D field map, motivating our development of a
simple yet accurate method for magnetic field reconstruction
that is effective on sparse measurements. We find the nearest
k points using a k-nearest neighbors (KNN) search. We
then use Tikhonov regularized least squares to locally fit a
harmonic polynomial expansion to the measured field values
in that neighborhood. Since the harmonic polynomial basis
functions are solutions to Laplace’s equation by construction,
the reconstructed field is locally Maxwell-consistent.

Using held-out validation, we apply this method to Hall
probe measurements of CPT. Next, we compare to linear and
RBF interpolation with various kernels. We then demon-
strate how the interpolation accuracy degrades with sparsity.

A NOVEL COMPTON SPECTROMETER
CPT is a single-shot, double-differential, energy-angle

gamma spectrometer capable of measuring energy from
180 keV to 28 MeV. Incident photons Compton scatter off a
beryllium wire, resulting in Compton electrons. These elec-
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trons are subsequently bent with a sextupole-like field into a
scintillating screen. For the electron trajectories in this field,
the length is proportional to the cube root of momentum,
hence allowing for a very broadband measurement of energy.
Because electrons of different energies and emission angles
traverse distinct trajectories throughout the full magnet vol-
ume, accurate particle tracking requires knowledge of the
magnetic field in the entire 3D volume rather than along
a single reference trajectory. Hall probe measurements on
CPT with a 10 mm grid took about nine hours in the region
shown in Fig. 1. Measurements on a 1 mm grid would take
up to 1,000 times longer, necessitating field reconstruction.

ALGORITHM DESCRIPTION
Current-free Maxwell Constraints

Due to the region of interest being current-free, Maxwell’s
equations for the magnetic field B reduce to

∇ × B = 0 ⟹ B = −∇Φ
∇ ⋅ B = 0 ⟹ ∇2Φ = 0,

where the zero curl implies the magnetic field is the gradient
of a scalar function Φ. Combined with the zero divergence,
this scalar potential will be harmonic.

For our reconstruction, we choose a harmonic basis and
fit its gradient to the magnetic field data. By doing this, we
ensure that it is Maxwell-consistent and requires fewer fitting
parameters. This allows for greater efficiency compared to
interpolating each magnetic field component independently,
while keeping the reconstruction physics-constrained.

Harmonic Polynomials
For our basis, we use harmonic polynomials—

polynomials that obey Laplace’s equation—generated with a
formula found by E.P. Miles, Jr. and Ernest Williams [15,16].
Polynomials allow us to readily reconstruct systems without
symmetry while being one of the most computationally
efficient functions.

Interpolation
Given a list of to-be-interpolated query points and a list

of magnetic field measurements, we iterate through each
query point, applying a KNN search to find the nearest 𝑘
measurement points. For the KNN search, we normalize
the points by the range along each axis. This generates a
neighborhood 𝒩𝑞 uniquely corresponding to each query
point x𝑞. With 𝑘 points and 𝑁 basis functions, we then
construct the matrix A𝑞 ∈ ℝ3𝑘×𝑁 ,

A𝑞 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝜕𝑥𝐻1( ̃x1) 𝜕𝑥𝐻2( ̃x1) ⋯ 𝜕𝑥𝐻𝑁( ̃x1)
𝜕𝑦𝐻1( ̃x1) 𝜕𝑦𝐻2( ̃x1) ⋯ 𝜕𝑦𝐻𝑁( ̃x1)
𝜕𝑧𝐻1( ̃x1) 𝜕𝑧𝐻2( ̃x1) ⋯ 𝜕𝑧𝐻𝑁( ̃x1)

⋮ ⋮
𝜕𝑧𝐻1( ̃x𝑘) ⋯ 𝜕𝑧𝐻𝑁( ̃x𝑘)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (1)

where 𝜕𝑥𝑖
is shorthand notation for 𝜕/𝜕𝑥𝑖 with 𝑖 being an

arbitrary integer between 1 and 𝑘. 𝐻𝑛 is the 𝑛-th harmonic
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Figure 2: Streamline plot of the CPT magnetic field at 60 A.

basis function and x̃𝑖 = x𝑖/𝑟0 are the coordinates of the 𝑖-th
neighbor normalized by the local scale 𝑟0 = max𝒩𝑞

‖x𝑖‖,
hence finding the maximum l2-norm over 𝒩𝑞.

With Tikhonov regularization, we solve [17]

c𝑞 = (A⊤
𝑞A𝑞 + 𝜆I)−1 A⊤

𝑞b𝑞, (2)

where b𝑞 = [𝐵𝑥( ̃x1), 𝐵𝑦( ̃x1), 𝐵𝑧( ̃x1), … , 𝐵𝑧( ̃x𝐾)]⊤ are the
measured field values for each x𝑖 ∈ 𝒩𝑞. Additionally,
c𝑞 ∈ ℝ𝑁 is the optimized harmonic polynomial coefficients.
I ∈ ℝ𝑁×𝑁 is the identity matrix and 𝜆 is the Tikhonov
regularization parameter. Finally, we use the c𝑞 to predict
the field at query point x𝑞 with

B(x𝑞) = A′
𝑞 c𝑞, A′

𝑞 ∈ ℝ3×𝑁 , (3)

where A′
𝑞 is Eq. 1 and x𝑞 is the only point in the neighbor-

hood 𝒩𝑞.

CPT RECONSTRUCTION TESTS
Magnetic field measurements described in Fig. 1 were

taken at various currents. For our reconstruction, we use the
60 A measurements, shown in Fig. 2. For the tests, we split
the measured magnetic field into a training set and testing set
by taking every other point in the list of positions, resulting
in 2,485 training points and 2,484 held-out test points. We
apply our local harmonic algorithm with 𝑁 = 45, 𝑘 = 15,
and 𝜆 = 10−11. We then perform the same reconstruction
using linear interpolation and RBF interpolation with linear,
cubic, thin plate spline, and quintic kernels for comparison.
The per-component reconstruction error 𝜖(𝑐)

𝑖 is defined as

𝜖(𝑐)
𝑖 = |𝐵pred

𝑖 − 𝐵true
𝑖 |, (4)

for 𝑖 = 𝑥, 𝑦, 𝑧. From this, we define the per-point error as
𝜖(𝑝)

𝑖 = 𝜖(𝑐)
𝑥 + 𝜖(𝑐)

𝑦 + 𝜖(𝑐)
𝑧 . We likewise define the total error

𝜖(𝑡) as the sum of the per-point error over all points.
To evaluate how sparsity affects accuracy, we perform the

same analysis, taking every nth point (1/2 to 1/10th) and
reconstructing the remaining points.

RESULTS
CPT Reconstruction

Figure 3 compares the reconstructed and measured mag-
netic field magnitudes. Table 1 summarizes the reconstruc-
tion accuracy. Our local harmonic interpolation method

IPAC'26 Preliminary proceedings (edited version): THP5335



PREPRIN
T

Table 1: Summary of reconstruction results. The mean, median, and max error are computed over all per-component errors
defined in Eq. 4; the total error is their sum. Percentile columns p50–p95 report per-point reconstruction error for the 50th
to 95th percentiles. Bold entries indicate the best-performing method for each metric.

Method Total error (T) Mean (mT) Median (mT) Max (mT) p50 (mT) p75 (mT) p95 (mT)

Local harmonic 1.04 0.14 0.007 30.1 0.024 0.074 1.520
Linear 5.28 0.71 0.142 60.0 0.557 1.434 8.603
RBF linear 3.30 0.44 0.008 53.5 0.032 0.343 6.282
RBF cubic 3.44 0.46 0.061 59.6 0.229 0.676 6.093
RBF thin plate spline 2.67 0.36 0.007 50.2 0.022 0.400 5.084
RBF quintic 2.71 0.36 0.014 46.7 0.064 0.655 4.883
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Figure 3: The left column shows the algorithm applied to half
of the 4,969 measured points when trained on the remaining
half. The right column plots the actual, measured fields.
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Figure 4: Above is the spatial distribution of per-point error,
along with the worst 100 points, shown on a log scale.

achieves a total error of 1.04 T, which is 5.1 times better
than linear interpolation and 2.6 times better than the best
RBF interpolation, which used a thin plate spline kernel.
For the median error, it achieves an error of 7 µT, which is
20.3 times better than linear interpolation. RBF with a thin
plate spline kernel has a similar median to local harmonic.
However, local harmonic outperforms all other methods on
mean error, with a value of 14 µT.

The local harmonic method also achieves lower error
from p75 to p95. At p50, RBF thin plate spline achieves
0.022 mT, slightly outperforming the local harmonic error
of 0.024 mT; however, at p95, the local harmonic method
achieves 1.520 mT compared to 4.883 mT for the best RBF
method, a factor of 3.2 improvement. The local harmonic’s
ability to outperform other methods at higher percentiles
reflects a physics-constrained method’s ability to better rep-
resent fringe points. Throughout all metrics, linear interpo-
lation performs the worst, demonstrating its limitations.

Figure 4 shows the spatial distribution of reconstruction
errors. High-error points are in the fringe field regions at
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Figure 5: The left plot is a sparsity comparison of the median
error, and the right plot is a comparison of the mean.

the magnet boundaries and near the coils, consistent with
the rapidly varying field structure in that region.

Sparsity Comparison
Figure 5 shows the median and mean per-point recon-

struction error as a function of measurement sparsity for all
methods. The local harmonic consistently performs as one
of the lowest error methods. This is more pronounced for
the mean, which is due to better handling of the fringe fields
compared to the other approaches. All methods degrade
when they have access to fewer points. From 1/2 to 1/10th
sparsity, linear interpolation degrades from a mean per-point
error of 0.71 mT to 2.25 mT. Local harmonic, on the other
hand, degrades from 0.14 mT to 1.57 mT.

CONCLUSION
We have presented a locally Maxwell-consistent method

for reconstructing 3D magnetic fields from sparse Hall
probe measurements, based on k-nearest neighbor search and
Tikhonov-regularized harmonic polynomial fitting. Applied
to Hall probe measurements of a novel Compton spectrom-
eter, the method achieves a median reconstruction error of
7 µT. Furthermore, its total error outperforms linear inter-
polation by a factor of 5.1 and RBF methods by a factor of
2.6. At all percentiles, from p75 to p95, the local harmonic
method outperforms all other approaches, demonstrating
its ability to better reconstruct fringe regions. A sparsity
sweep from 1/2 to 1/10 of available measurements shows
that all methods consistently degrade in accuracy, with RBF
and local harmonic methods massively outperforming lin-
ear interpolation. Future work will extend this method to
additional magnet geometries and investigate noise filtering.
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