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Abstract
Beam dynamics studies, and in particular detailed

macroparticle simulations, are challenging for high-energy
hadron synchrotrons due to the large number of circulating
bunches. The High-Luminosity Large Hadron Collider (HL-
LHC) will accelerate beams with about twice the initial LHC
design intensity. It will also feature additional installations
such as the crab cavities, which increase the total impedance
of the accelerator. In the longitudinal plane, the baseline
HL-LHC scenario will push the beam parameters close to
the stability limit. It is therefore of interest to study the
impact of the crab cavity higher-order-mode impedances,
which could lead to coupled-bunch instabilities (CBI), on the
beam stability. This is particularly important in the presence
of a broad-band impedance, which was predicted to lower
the CBI threshold. In this contribution, particle-tracking
simulation setups for instabilities, driven by either broad-
or narrow-band impedances, are investigated. This paves
the way for CBI simulations that take into account both
impedance sources, to study the longitudinal stability limits
at injection.

INTRODUCTION
Both narrow-band (NB) as well as broad-band (BB)

impedances, or equivalently, long-range and short-range
wake fields, can drive beam instabilities in accelerators. NB
impedances arise typically from resonant modes in cavity-
like structures and can drive coupled-bunch instabilities
(CBI). BB impedances originate, for instance, from geo-
metric discontinuities, resistive-wall effects, or non-ideal
devices within the accelerator and are responsible for single-
bunch effects such as the loss of Landau damping (LLD). In
previous theoretical work [1], it was shown that the longi-
tudinal thresholds for CBI and LLD are closely linked and
that, especially when operating close to the LLD threshold,
the BB impedance can reduce the CBI threshold. As part
of the upgrade to HL-LHC, crab cavities are going to be
installed to help increase the luminosity. Their higher-order
modes (HOM) potentially drive CBI and thereby limit the
performance [2]. The beam parameters after the upgrade are
expected to be close to the LLD threshold. Consequently, to
accurately investigate the longitudinal beam stability, both
impedance sources must be considered.

To predict the behaviour of the beam after injection into
the LHC, macroparticle simulations with the BLonD [3]
simulation suite are performed. However, the macroparti-
cle analysis of BB and HOM effects each come with their
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challenges. Whilst the analysis of single-bunch LLD re-
quires high time resolution, and thereby a large number of
macroparticles per bunch, CBI studies require the tracking
of hundreds of bunches. This work examines the macropar-
ticle simulation requirements associated with LLD, and CBI
induced by the crab-cavity HOMs, defining the requirements
for simulations that incorporate both mechanisms.

Table 1 summarises the parameters for the LHC ring, the
main accelerating system, and the beam at injection, which
were used as an input for the simulations. The parameters
represent the baseline scenario for proton operation at injec-
tion into the HL-LHC [4].

Table 1: HL-LHC Accelerator, RF and Beam Parameters at
Injection

Parameter Unit Value

Circumference, 𝐶 m 26 658.86
Harmonic number, ℎ 35 640
Beam energy, 𝐸 GeV 450
Transition gamma, 𝛾tr 53.8
RF frequency, 𝑓RF MHz 400.788
RF voltage, 𝑉0 MV 8
Bunch intensity, 𝑁p p/b 2.3 × 1011

Both NB and BB impedances 𝑍(𝜔) can be represented by
a resonator model, described by an equivalent RCL circuit
with a shunt impedance 𝑅𝑠ℎ, a resonant angular frequency
𝜔𝑟 and a quality factor 𝑄 according to

𝑍(𝜔) = 𝑅sh

1 + 𝑖𝑄 ( 𝜔
𝜔r

− 𝜔r
𝜔 )

. (1)

LOSS OF LANDAU DAMPING
To describe the BB part of the longitudinal impedance,

a resonator with 𝑄 = 1, a cut-off frequency of 𝑓c = 𝑓𝑟 =
5 GHz and an effective imaginary impedance (Im𝑍/𝑘)eff =
0.07 Ω (LHC) or 0.075 Ω (HL-LHC) is well suited [5].
Following Eq. 1, the shunt resistance can be expressed as
𝑅sh = (Im𝑍/𝑘)eff × 𝑄 × (𝑓r/𝑓rev). The bunch shape is best de-
scribed by a binomial distribution function, which, neglect-
ing intensity effects, is given by the line density function
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with the binomial exponent 𝜇, the normalisation constant
𝜆0, Δ𝑡 is the time coordinate with respect to the reference
particle and 𝜏full the full bunch length. The bunches at
injection in the LHC were observed to have an exponent
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𝜇 = 1.5 − 2.0, and the same value is assumed for the HL-
LHC era.

The bunch shape and length have a considerable effect
on the LLD threshold, since the threshold bunch intensity
scales as [6]

𝑁𝑝,th ∝ 𝜙5
max

𝜇(𝜇 + 1)𝜒(𝑦max, 𝜇) , (3)

where the phase and bunch length are transformed by
𝜙max = 𝜏full𝜔rf/2, 𝑦max = 𝑘max𝜙max/ℎ, with 𝑘max =
𝑓c/𝑓rev and ℎ being the harmonic number, 𝜒(𝑦, 𝜇) =
𝑦 [1 − 2𝐹3 (1/2, 1/2; 3/2, 2, 𝜇; −𝑦2)], where 2𝐹3 is the gen-
eralised hypergeometric function. The accurate resolution
of the bunch halo is therefore essential, requiring sufficient
macroparticles to avoid numerical errors that could effect
the physical result. The simulations were set up with 64 bins
per RF bucket and a resolution time span of four buckets.
To evaluate the required number of macroparticles, a con-
vergence study was performed. The bunch intensity and
distribution were set to be slightly above the expected LLD
threshold. After applying a 10° phase kick, oscillatory be-
haviour of the bunch was observed, indicating LLD. The
bunch position oscillation amplitude was analysed for the
last 2 × 104, 3 × 104 and 5 × 104 turns of 9 × 104 simulated
turns after the kick. For each number of macroparticles, the
initial bunch distribution was generated with ten different
seeds. Then, the mean of the bunch position oscillation am-
plitudes over the different seeds was evaluated and compared
to the results for increasing numbers of macroparticles. The
same set of simulations was performed at two different initial
bunch lengths.

The study showed that, when increasing the number of
macroparticles, the variation introduced by the seed is re-
duced and the value of the bunch position oscillation am-
plitude converged. The results are shown in Fig. 1. It was
also found that, for cases where the bunch is highly unstable,
fewer macroparticles are required to replicate the dynamics
of the instability. Since the provided HL-LHC parameters
are close to the threshold in most cases, and therefore proba-
bly not highly unstable, it was concluded that 107 macropar-
ticles are needed for these single bunch simulations.

COUPLED-BUNCH INSTABILITIES
Two different types of crab cavities, the RF-

Dipole (RFD) [7] and the Double-Quarter-Wave (DQW) [8]
cavities will be installed for horizontal crabbing around the
ATLAS experiment and for vertical crabbing around the
CMS experiment, respectively. Each beam will traverse
four cavities of each type. Calculations of CBI showed
that, when neglecting the BB impedance, the HOM of
the DQW crab cavity with 𝑓𝑟 = 582 MHz, 𝑅sh = 73 kΩ,
and 𝑄 = 1360 leads to the lowest instability threshold [9].
Solely this mode was used for the discussed simulation and
is represented as a single resonator impedance source. The
worst case scenario was considered, where all four crab
cavities have exactly the same resonant frequency, leading
to a total 𝑅sh, total = 4 × 73 kΩ = 292 kΩ.

Figure 1: Oscillation amplitude of the bunch position ob-
served in LLD simulations, averaged over ten simulations
applying different seeds for the phase-space distribution. The
colours represent different macroparticle numbers, while the
full and dashed bars indicate different initial bunch lengths.

As in the LLD case, the initial step of the CBI analysis is
to determine an adequate number of macroparticles for the
simulations. For single-particle tracking, the computational
complexity scales with the total number of macroparticles.
To reduce the total number of macroparticles in the simula-
tion, one should determine the minimum amount of bunches
required to predict the behaviour of each bunch in a full
ring. To investigate this, the decay of the wake field and
the voltage induced by two trains of the so-called standard
beam were analysed for the assumed resonator impedance.
In the standard beam, each train consists of 4×72 bunches;
the 72-bunch blocks will from now on be referred to as batch.
An exemplary batch is indicated in Fig. 2 by the red box and
a train by the black box. The bunches within each batch have
a spacing of 25 ns. The distance between subsequent batches
is 200 ns and the spacing between the two trains consisting
of four batches is 800 ns. The number of macroparticles per
bunch for all simulations in this analysis was chosen to be
105. The line density of the bunches is again the binomial
distribution function (Eq. 2), with a full bunch length of
𝜏full = 1.46 ns and an exponent of 𝜇 = 1.5.

Figure 3 illustrates the decay of the induced wake field
during the gaps between bunches, batches, or trains. Figure 2
shows an example of the beam profile and its induced voltage.
Counter-intuitively, the induced voltage does not build up
with an increasing number of bunches. This can be explained
by the interplay of the 40 MHz beam spectral lines and the
HOM resonant frequency.

To analyse if the induced voltage experienced by the parti-
cles in the different batches and trains is similar, the growth
rate of the instability of the last bunch of each batch for both
trains was examined. It was noticed that with a bunch length
of 𝜏full = 1.46 ns and after 5 × 104 turns, an increase in the
bunch position oscillation amplitude is visible. This could
indicate that an instability starts to emerge, but more turns
are needed to identify an instability growth rate. However,
modelling a substantially larger amount of turns is difficult
as the simulations are already runtime limited, even using
GPU execution on the CERN computing cluster HTCondor.
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Figure 2: Beam profile for two trains of four 72 bunch
batches (top). Resulting induced voltage (bottom) assuming
a single NB resonator.

Figure 3: Decay of the wake field envelope for the NB res-
onator (blue). The vertical lines indicate the distance to the
next bunch (yellow), batch (green), and bunch train (red).

Therefore, for a preliminary assessment, a shorter bunch
length of 𝜏full = 0.67 ns was used to artificially increase the
growth rate of the instability.

Instabilities are characterised by exponential growth. The
growth rate was analysed by fitting the logarithm of the up-
per envelope of the bunch position oscillation to a linear
function, as illustrated in Fig. 4. The results are given in Ta-
ble 2. With the exception of the first batches, the exponential
growth of the bunch position emerges between turn 5000
and turn 9000. This was determined by identifying the turn
interval yielding the best linear fit. The amplitude grows to
about 0.35 ns. Notably, the growth rates for the respective
batches are consistent across the different trains. Especially,
for the third and fourth batch the evolution is almost identical
in the analysed time frame. These observations suggest, that
the presence of a second train mainly affects the first and
second batch of the second train as the residual field of the
first train is still present. The effect on the third and fourth
batch appears to be negligible. This thereby indicates, that
subsequent trains would probably behave similarly to the
second one. For an analysis of the HOM impedance intro-
duced by the crab cavities, it might therefore be sufficient to
track only two trains.

Table 2: Simulated growth rate in units of 10−4 per turn.
The asterisk indicates that the amplitude to which the bunch
position grows is approximately a factor 0.1 smaller than
for the rest of the bunches. For bunches number 72, the
instability takes longer to develop than for the other bunches.

Bunch no. 72 144 216 288
𝜏−1

train1 4* 5 7 10
𝜏−1

train2 9 5 7 10

Figure 4: Example of a bunch position evolution with the
envelope in red (left); the vertical lines indicate the region
used for growth-rate analysis. Logarithm of the bunch posi-
tion amplitude envelope with the linear fit in orange (right).

CONCLUSIONS AND OUTLOOK
For a thorough assessment of the longitudinal stability

threshold at injection into the HL-LHC, both BB impedance
and NB impedance effects need to be considered. The dif-
ferent computational needs for macroparticle simulations to
investigate single-bunch effects caused by BB impedance,
as well as coupled-bunch effects induced by NB impedance
from the crab cavities, were discussed. Macroparticle con-
vergence studies for simulating single-bunch LLD were per-
formed and suggested that 107 macroparticles are required
for the LHC case. With this amount of macroparticles per
bunch, combined simulations of BB and NB effects cannot
be simulated with the entire LHC beam (up to 2760 bunches)
on the CERN computing clusters. To reduce the memory
requirements and compute time, it was investigated if the
number of bunches in the combined simulations could be
reduced. To do so, pure NB simulations of the LHC beam
with a low amount of macroparticles per bunch were per-
formed. Based on the analysis on the induced voltage, the
simulations suggest that it might be sufficient to perform the
combined studies with a few trains only.

For the present studies, a short bunch length was set to
reduce the run time of the simulations. In the future, the
simulations shall be performed with more realistic bunch
parameters. Furthermore, for a more complete description
of the HL-LHC beam dynamics at injection, phase kicks
due to the beam phase loop and the bunch length spread
due to intra-beam scattering need to be included. Finally,
simulations on the stability threshold at injection considering
both instability effects shall be performed.
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