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Abstract
We examine the regime of validity of classical intrabeam

scattering (IBS) formalisms for ultra-low-emittance stor-
age rings. These theories share foundational assumptions—
Gaussian beam distributions, weak binary perturbations, and
uncorrelated two-body encounters—that break down pro-
gressively as emittance decreases. We clarify the hierarchy
among these formalisms, identifying the specific approxima-
tions that connect them and that become less accurate in the
parameter range of modern machines. Using a parametric
FODO lattice scan spanning two orders of magnitude in
horizontal emittance, we identify quantitative boundaries
where each assumption fails: below a critical emittance the
IBS-to-damping ratio exceeds unity, the large-angle colli-
sion time collapses by several orders of magnitude, and the
plasma response time approaches the scattering time scale.

INTRODUCTION
Intrabeam scattering is one of the key factors limiting the

performance of modern high-brightness synchrotron light
sources at high beam intensity [1]. The foundational theo-
ries of IBS were developed by Piwinski [2] and Bjorken and
Mtingwa [3] in the 1970s and 1980s, when typical beam
emittances were on the order of a few to tens of nm·rad. Since
then, storage ring emittances have been reduced by up to two
orders of magnitude in multi-bend achromat (MBA) lattices
now being deployed at fourth-generation light sources [1],
reaching the sub-nm·rad regime. The assumptions underly-
ing the classical IBS formalisms—Gaussian beam distribu-
tions, weak binary perturbations, and uncorrelated two-body
encounters—were never designed for this regime, yet they
continue to be used as the primary prediction tools.

In this study, we examine where those assumptions break
down. We first clarify the hierarchy among the classical for-
malisms, identifying the approximations that connect them.
We then use a parametric FODO lattice scan to identify
quantitative boundaries where each foundational assump-
tion fails.

CLASSICAL IBS FORMALISMS AND
THEIR ASSUMPTIONS

Piwinski and Bjorken-Mtingwa
The first comprehensive IBS theory was developed by

Piwinski [2], who computed momentum-transfer rates from
two-body Coulomb collisions using classical kinematics
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with the Rutherford cross section for a smooth-lattice Gaus-
sian beam. He later extended the theory to include linear
coupling and arbitrary beam sizes [4]. Bjorken and Mtingwa
(B-M) independently derived IBS growth rates from relativis-
tic quantum field theory [3], evaluating the rates through
a phase-space integral at each lattice point with a cubic-
polynomial denominator in the integration variable 𝜆. Ex-
tensions with vertical dispersion and non-ultrarelativistic cor-
rections exist for MAD-X [5], and coupled generalizations
require the Lebedev-Nagaitsev-Mais-Ripken formalism [6].
Nagaitsev [7] reformulated the B-M integrals using Carl-
son’s symmetric elliptic integrals, producing results strictly
identical to B-M but roughly 20 times faster to evaluate. The
same growth rates follow independently from the Landau
kinetic equation [8] applied to the beam-frame velocity dis-
tribution [9]. In the ultrarelativistic limit 𝛾2 ≫ 𝛽𝑥,𝑦/𝜖𝑥,𝑦
the 𝜆3 term in the B-M denominator is negligible and the
full B-M result reduces exactly to the Nagaitsev-Lebedev
expressions.

Revised Bane’s High-Energy Approximation
Bane’s high-energy approximation [10] introduces simpli-

fications to B-M but makes approximations some of which
are only valid when dispersion is relatively small. We would
like to point out that a more accurate and still relatively sim-
ple approximation can be found in Ref. [9], p. 199. This
approximation is also obtained for high-energy taking into
account that in practice the longitudinal temperature in the
beam frame is much smaller than the transverse one. For
the rate of the relative energy spread 𝜎𝛿 , this approximation,
after some transformations, can be written as:
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Here Λ is the Coulomb logarithm and we use the standard
notations for the lattice functions and the beam parameters.
The angular brackets in Eq. (1) indicate averaging over the
circumference of the ring.
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Bane’s formulas can be obtained from Eqs. (1)-(3) by
1) dropping the dispersion–energy-spread cross-terms in
Eq. (2) and using 𝜃𝑥 ≈

√︁
𝜖𝑥/𝛽𝑥 (which may be justified

if dispersion is small) and 2) using 𝜎̂2
𝑥 = 𝜖𝑥𝛽𝑥 + 𝜎2

𝛿
H 𝛽𝑥

instead of 𝜎̃2
𝑥 (which is hard to justify).

The Bane form is nonetheless the most widely used in
current lattice design practice and is the formula evaluated
in the parametric scan of the next section.

Shared Assumptions
All formalisms described above rest on the following foun-

dational assumptions:
(A1) Gaussian beam distribution. The beam distribution
is taken to be Gaussian in all three planes throughout the
calculation
(A2) Weak perturbation. Individual momentum kicks sat-
isfy |Δ𝑝 |/𝑝 ≪ 𝜎𝛿 , so the collision integral can be treated
as a diffusion (Fokker–Planck) process.
(A3) Uncorrelated binary collisions. Successive scattering
events are statistically independent; no collective correla-
tions persist on the scattering time scale.
(A4) Perturbative equilibrium. IBS inflates the emittance
only as a small correction to the radiation-damped equilib-
rium. The standard ansatz 𝜖𝑥 = 𝜖𝑥0/(1 − 𝜏𝑥/𝑇𝑥) requires
𝜏𝑥/𝑇𝑥 ≪ 1. A recent Vlasov-equation analysis shows that
this ansatz is not justified when the ratio approaches or ex-
ceeds unity [11].
Experimental evidence already challenges (A1) directly.
Measurements at Cornell Electron Storage Ring Test Accel-
erator (CESR-TA) as discussed [12] found that reconciling
IBS predictions with observed beam sizes required a “tail-
cut” procedure in which rare large-angle scattering events
are excluded from the growth-rate calculation. The need for
such a correction indicates that the beam distribution devel-
ops non-Gaussian tails that lie outside the domain of validity
of the standard theory. Therefore, the proper consideration
of these tails requires solving the steady-state Vlasov equa-
tion with the full collision integral, rather than computing
growth rates from an assumed Gaussian.

This issue also highlights a deeper structural point. IBS
and Touschek scattering are conventionally treated as sep-
arate phenomena—small-angle diffusion versus rare large-
angle loss—but both originate from the same Coulomb in-
teraction, and there is no sharp physical boundary between
them. The distinction is imposed by the theoretical approxi-
mation, and its reliability depends on conditions quantified
in the next section.

FODO LATTICE SCAN:
QUANTITATIVE REGIME DIAGNOSTICS
Lattice Family Construction

To test assumptions (A1)–(A4) quantitatively, we con-
struct a family of optically-scaled FODO storage rings. All
members share a fixed circumference 𝐶 = 500 m, beam

energy 𝐸 = 3 GeV, and RF system with 𝑓rf = 500 MHz (har-
monic number ℎ = 834). The number of identical FODO
cells 𝑁𝑐 is varied from 85 to 450. Each cell contains two
dipoles with bend angle 𝜃𝑏 = 𝜋/𝑁𝑐; element lengths scale
as 𝐿 ∝ 1/𝑁𝑐 and quadrupole gradients as 𝐾1 ∝ 𝑁2

𝑐 , preserv-
ing the phase advance per cell to leading order. The natural
horizontal emittance consequently scales as 𝜖𝑥0 ∝ 1/𝑁3

𝑐 ,
spanning from approximately 1900 pm at 𝑁𝑐 = 85 down to
13 pm at 𝑁𝑐 = 450.

The rms bunch length is 𝜎𝑠 ≈ 3 mm with momentum
spread 𝜎𝛿 ≈ 4.51 × 10−4 throughout the family. A fixed
coupling ratio 𝜅 = 𝜖𝑦/𝜖𝑥 = 0.1 is used. The radiation
damping times are 𝜏𝑥 ≈ 45.3 ms and 𝜏𝛿 ≈ 22.7 ms for all
lattices, so all variation in the results is driven by optics and
emittance changes alone. IBS growth rates are evaluated
using the Bane high-energy approximation, which provides
a computationally efficient formulation well suited for fast
lattice parameter scans such as the FODO study.

Growth Rates and IBS-to-Damping Ratio
Table 1 collects the average optics functions, natural emit-

tance, and IBS growth rates. Both 1/𝑇𝑥 and 1/𝑇𝑝 rise by
more than three orders of magnitude across the scan.

Table 1: Equilibrium parameters and IBS growth rates

𝑵𝒄 ⟨𝜷𝒙⟩ ⟨𝜷𝒚⟩ ⟨𝑫𝒙⟩ 𝝐𝒙 1/𝑻𝒙 1/𝑻𝒑

[m] [m] [m] [pm] [s−1] [s−1]
85 6.2 5.6 0.130 1727 1.1 1.8

120 4.4 4.2 0.060 614 6.3 10.1
222 2.4 2.3 0.020 97 134 215
366 1.4 1.4 0.007 22 1586 2545
450 1.2 1.1 0.001 12 4443 7127

To assess where IBS transitions from a perturbation to
a dominant effect, we form the dimensionless ratios 𝑅𝑥 ≡
𝜏𝑥/𝑇𝑥 and 𝑅𝑝 ≡ 𝜏𝛿/𝑇𝑝, comparing the IBS growth time
directly to the radiation damping time. Results are shown in
Fig. 1.

Figure 1: Dimensionless IBS-to-damping ratios
𝑅𝑥 = (1/𝑇𝑥)𝜏𝑥 and 𝑅𝑝 = (1/𝑇𝑝)𝜏𝛿 plotted versus 𝜀𝑥 for
the FODO lattice family.

For this lattice family, 𝑅𝑥 crosses unity in the range of a
few hundred picometers. We refer to this boundary as the
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critical emittance. It marks the point below which assump-
tion (A4) fails and the perturbative ansatz loses quantitative
reliability. At 𝑁𝑐 = 222 (𝜖𝑥 = 97 pm), 𝑅𝑥 already exceeds
six.

Beam-Frame Diagnostics
To probe assumptions (A2) and (A3) directly, we evaluate

beam-frame quantities. The transverse beam-frame temper-
ature 𝑇𝑥0 = 𝑚𝑐2𝛾2𝜖𝑥/𝛽𝑥 characterizes the kinetic energy
of random transverse motion in the beam frame. As emit-
tance decreases, the beam becomes transversely “colder”:
particles move more slowly relative to each other, allowing
closer Coulomb encounters before deflection. The mini-
mum approach distance for large-angle collisions, 𝑟min =

𝑟𝑒 𝑚𝑐
2/𝑇𝑥0, therefore grows with decreasing emittance, in-

creasing the cross section for hard scattering events.
The beam-frame density is 𝑛 = 𝑁/[(2𝜋)3/2𝛾𝛽𝑥𝜖𝑥𝜎𝑠],

from which the large-angle collision time 𝜏coll =

(𝑛 𝜋𝑟2
min 𝑣)

−1 (with 𝑣 ∼ 𝑐
√︁
𝑇𝑥0/𝑚𝑐2) and the plasma fre-

quency 𝜔𝑝 = (𝑛𝑒2/𝜀0𝑚)1/2 follow. Results are collected in
Table 2.

Table 2: Beam-frame diagnostics across the FODO scan

𝑵𝒄 𝑻𝒙0 𝒓min 𝝉coll,lab 𝝎𝒑

[keV] [pm] [h] [109/s]
85 4.91 0.29 24.6 5.2

120 2.47 0.58 2.15 10.4
222 0.72 2.00 0.029 35.8
366 0.27 5.41 0.0012 84.2
450 0.18 8.22 0.0002 154

Interpretation
Three trends in Table 2 are significant for assessing the

foundational assumptions. First, 𝑟min grows by a factor of
nearly 30 across the scan, reflecting the transverse cooling
of the beam. The individual scattering events become harder
as the beam gets colder.

Second, 𝜏coll,lab collapses by approximately five orders
of magnitude, from hours to sub-millisecond time scales.
At the low-emittance end, hard scattering events occur on
time scales comparable to or shorter than the radiation damp-
ing time. This directly challenges assumption (A2): when
large-angle kicks become frequent, the diffusion approxima-
tion underlying the Fokker–Planck treatment of the collision
integral is no longer well justified. It also undermines the
conventional separation between IBS and Touschek scatter-
ing, since the “rare” large-angle events are no longer rare.

Third, 𝜔𝑝 increases by a factor of ∼ 30 while 𝜏coll,lab
simultaneously collapses. As the relevant scattering time
scale approaches the collective response time set by the
plasma frequency, the assumption of uncorrelated binary en-
counters (A3) comes under pressure. A precise quantitative
threshold for the failure of (A3) has not been established in
the present work. This trend is flagged as requiring further
investigation.

Taken together, these diagnostics show that for this FODO
family the assumptions underlying classical IBS theory begin
to fail in the range 𝜖𝑥 ≈ 100–600 pm and become increas-
ingly unreliable below 100 pm.

DISCUSSION
Complications in MBA Lattices

The FODO scan isolates the effect of emittance reduction
in a uniform lattice. In real MBA lattices the contribution to
horizontal emittance growth via IBS is strongly localized in
the high-dispersion arc cells, since the horizontal growth rate
is weighted by the dispersion invariant H , which vanishes
in dispersion-free straights. Ring-averaged approximations
suppress this localization and can misestimate the dominant
contribution

These considerations suggest that, for MBA lattices, IBS
should be evaluated with local lattice information and, ul-
timately, within a framework that can treat non-Gaussian
distributions self-consistently.

A further complication is the widespread use of higher-
harmonic cavities (HHCs) for bunch lengthening and life-
time improvement in low-emittance rings [13, 14]. HHCs
flatten the RF potential and can generate longitudinal distri-
butions that deviate significantly from a Gaussian, especially
in multi-harmonic configurations and near optimal bunch-
lengthening conditions. Studies for ultra low-emittance rings
show that multi-higher-harmonic systems can substantially
modify the bunch shape and lengthening factor, reinforc-
ing the need for IBS models that go beyond the Gaussian
assumption.

Toward a Self-Consistent Framework
The analysis above identifies where the classical for-

malisms break down but does not yet provide a replace-
ment. A path toward a self-consistent treatment has been
developed [11]: starting from the Landau collision inte-
gral expressed in laboratory-frame coordinates, a collision
term StIBS is derived as a function of the action variable 𝐽𝑥
without assuming a Gaussian distribution. The steady-state
beam distribution is then obtained by solving the Vlasov
equation StISR 𝑓 + StIBS 𝑓 = 0, where StISR accounts for
synchrotron radiation damping and quantum diffusion. This
equation reduces to the standard exponential distribution
𝑓 ∝ 𝑒−𝐽/𝐽𝑐 when IBS is absent, and predicts deviations
from this form—including non-Gaussian tails—when IBS
is strong. Full results from this approach will be reported
separately.
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