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Abstract
Free electron lasers can now generate xray pulses with du-

rations in the attosecond regime. Optimal utilization of the
short pulses for attosecond science necessitates precise mea-
surement of the pulse durations which there are promising
methods to achieve. However, these are developing exper-
imental techniques, not yet routine procedure. Until they
mature, there is a wealth of information in the measured
pulse energies and xray spectra, which are easily obtained.
We show that while this information is insufficient to draw
any conclusions about a single shot, with a large enough
dataset, the statistics can determine length of the electron
bunches, on average. FEL theory then predicts the distribu-
tion of the xray pulse durations. To achieve this, we extend
the classical theory put in place by Saldin and Bonifacio to
include short bunches with arbitrary current profiles, deriv-
ing integral expressions for some key statistical observables.
The analytical is approach compared to 1D nonlinear simu-
lations, showing good agreement until saturation sets in.

INTRODUCTION
The behavior of most of the matter we interact with on

earth depends strongly on the distributions of bound elec-
trons and the correlations between them [1–3]. These elec-
trons move and redistribute on time scales of femtosec-
onds and attoseconds. Being able to access these scales
directly with radiation opens up completely new avenues
of physics [4]. One important tool for this purpose is the
free electron laser (FEL) [5], an instrument that can produce
attosecond xray pulses with extreme peak power. [6–11] At
this moment, the only way to achieve attosecond hard x-ray
pulses at an FEL is in the SASE [12, 13] mode (Self Ampli-
fied Spontaneuous Emission) which works by exponentially
amplifying incoherent undulator radiation. [14] SASE is
an inherently random process and thus the properties of the
xray pulses vary significantly between shots. In particular,
the duration of the pulses can fluctuate dramatically. [15] In
addition to the natural randomness from SASE, the duration
of the electron bunches themselves also fluctuates due to
jitter in the LINAC and the strong bunch compression re-
quired. [16] To use the FEL to its fullest potential, ultra-fast
experiments ideally require shot by shot direct measurement
of the pulse durations. The leading method is currently an-
gular streaking, which has been successful in characterizing
attosecond UV sources based on high-harmonic generation
and has been demonstrated for FELs. [3, 17, 18] For at-
tosecond xray FELs it is still practically complicated and
requires significant computation. Direct measurements of
the electron bunch durations is also non-trivial because the
resolution is usually limited by RF frequency in transverse
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deflecting cavities. [19,20] What is readily available at most
xray FEL facilities is the xray spectrum and pulse energy.
The statistics of those measurements carry information about
the electron bunches and there are succesful demonstrations
of reconstructing relatively long bunch lengths at FLASH
and LCLS. As seen in Refs. [15, 21, 22], one can for exam-
ple use the variance of the pulse energy or spectral intensity
correlations. Bunch lengths have also been diagnosed with
the spectrum of spontaneous undulator radiation. [23] In a
heuristic sense, xray spectra are also commonly used when
tuning FEls – seeing wide, smooth spectra indicates that
the (lasing part of) electron bunches are sufficiently short.
For long uniform bunches, there is a complete analytical de-
scription of the statistics [24,25], but for short bunches only
numerical results are available. [15] Our contribution is gen-
eralizing the analytical picture, providing a wide description
of the statistics of short bunches with an arbitrary current
profile. Based on analytical calculations and numerical data,
we draw these conclusions: 1) The average bunch length
can be estimated from the mean and variance of the mean
bandwidth. 2) While the estimate from energy statistics is
most sensitive at long bunch lengths, the estimate from band-
widths is sensitive at short bunch lengths. 3) There exists
a specific bunch length such that the pulse duration is very
stable. 4) A single spectrum gives no information about the
pulse duration or bunch length, even when there is no chirp
in the bunch.

Analytical Model and Statistics
As a basis for analytical development we use the lin-

earized, dimensionless 1D collective variables equations
from Ref. [26]: 

𝜕2
𝜁
𝑏 = 𝑖𝑎,

(𝜕𝜁 + 𝜕𝜏)𝑎 = 𝑞(𝜏)𝑏,
𝑏(𝜁 = 0, 𝜏) = 𝑏0 (𝜏),

(1)

with the remaining boundary conditions being homogeneous
at 𝜁 = 0 and 𝜏 = 0. Here 𝑎, 𝑏 are the field envelope
and bunching factor and 𝜁, 𝜏 are the distances along the
undulator and along the bunch, scaled by the gain length
𝑙𝑔 = 𝜆𝑢/(4𝜋𝜚) and cooperation time ℓ𝑐 = 𝜆𝑟/(4𝜋𝜚) re-
spectively. 𝜚 is the usual Pierce parameter [26] with 3D
corrections included and 𝜆𝑢, 𝜆𝑟 are the spatial periods of the
undulator and the radiation. 𝑞 is the current profile, normal-
ized to a peak value of 1 and we take it to be an arbitrary
continuous function with support on (0, 𝜏𝑏), so that 𝜏𝑏 is di-
mensionless full-length of the bunch. Since we are interested
in SASE, the initial bunching factor 𝑏0 is a random variable
modeling shot noise. The dimensionless power is related
to real units through the Pierce parameter: 𝑃real = 𝜚 |𝑎 |2𝑃𝑏,
where 𝑃𝑏 is the peak power of the electron beam. We derive
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a solution to this system with a piecewise defined Green
function 𝑔,

𝑎(𝜁, 𝜏) =
∫ 𝜏𝑏

0
𝑞(𝜏′)𝑏0 (𝜏′)𝑔(𝜁, 𝜏′, 𝜏)𝑑𝜏′, (2)

and by treating the initial bunching factor 𝑏0 as a random
variable we find analytical expressions for the means and
variances of various integral quantities. The treatment also
produces analytical expressions for amplitude and intensity
correlations in the temporal and spectral domains.

The statistics examined in this paper are the means and
relative variances of rms duration 𝜎2

𝜏 = ⟨𝜏2⟩ − ⟨𝜏⟩2, rms
bandwidth 𝜎2

𝜈 = ⟨𝜈2⟩ − ⟨𝜈⟩2 and pulse energy E =
∫
|𝑎 |2𝑑𝜏.

We use angle brackets to write quantities weighted by the
power or spectral density. For expectation values in the
probabilistic sense we will use E(·). For long bunches these
statistics are known, there is a detailed review in Ref. [15].

Prior Results for Short Bunches
Bonifacio et al. used the model (1) with an idealized

flattop current profile with seeding instead of shot noise to
establish the concept of weak superradiance [26]. There
have been thorough numerical investigations of the realistic
situation with a smooth current distribution and random shot
noise by Yurkov et al.

New Results for Short Bunches
We generalize the work on uniform, seeded bunches to

incorporate arbitrary current profiles and initial bunching
and produce analytical estimates for various statistics of
short bunch SASE in the linear regime. The estimates are
closed form integrals that involve the current profile 𝑞 and the
Green function 𝑔. The integrals are not analytically solvable
but easily computed in fractions of a second on a laptop
computer. The quantities that emerge from the calculations
are slight variants of those we set out to estimate, weighted by
pulse energy. As an example, the quantities we can compute
that are related to to average bandwidth, the quantities whose
mean and variance we can compute are E, E⟨𝜈⟩ and E⟨𝜈2⟩.
By neglecting the correlation with pulse energy, we construct
surrogates of the means and variances we are interested
in, for example the surrogate for the expectation value of
bandwidth is

𝜎̃𝜈 =

√︄
E(E⟨𝜈2⟩)

E(E) − E(E⟨𝜈⟩)2 + V(E⟨𝜈⟩)
E(E)2 + V(E)

(3)

and the surrogate for the expectation value of rms duration
is analogous.

The Numerical Code and Dataset
To support the analytical calculations, we used a typical

1D FEL code as defined in Ref. [27]. We simulated 2500
shots for each bunch length with independent shot noise
from the model of McNeil [28]. We used a parabolic current
profile, 𝑞(𝜏) = {0 ≤ 𝜏 ≤ 𝜏𝑏 : 1 − (2𝜏/𝜏𝑏 − 1)2, 0}, the
projection of a uniform ellipsoidal 3D distribution. The
results are very similar if using a sin2 or Gaussian profile.

RESULTS, ANALYTICAL AND
SIMULATED

An overview of the resulting means and variances is
shown in Fig. 1. The statistics are taken at the end of the
high gain region, more precisely they were taken at the point
of maximum relative variance of pulse energy. Surprisingly,
this happens at the same position for all the bunch lengths.
These expectations were used for a more fair comparison to
the analytical surrogates. When it comes to the mean values
of pulse duration and bandwidth, the analogues 𝜎̃𝜈 and 𝜎̃𝜏

are plotted, for easier comparison with the analytical results.
The raw expectations have the same qualitative behaviour.

Figure 1: The sample statistics from the numerical dataset
(diamonds) and their analytical surrogates (solid lines), as
well as asymptotic values for “infinitely long” bunches
(dashed lines). Mean values are found in the left column
while the corresponding relative variances are found in the
right column. Each row corresponds to one quantity of inter-
est: pulse energy, bandwidth and duration respectively. The
plots for mean pulse energy are divided by bunch length for
clarity’s sake. The data for relative variance of bandwidth
and duration was filtered for those shots that achieve a pulse
energy above the mean, so the analytical equivalents are not
shown.

All of the plots have some type of transition through
𝜏𝑏 = 3𝜋, corresponding to an effective flattop length of
2𝜋, which Ref. [29] called the length of one SASE spike.
One conclusion from the plots is that the relative variance
of energy and mean bandwidth contain complementary in-
formation about the bunch length: the variance of energy is
sensitive at long bunch lengths while the mean bandwidth is
sensitive at short bunch lengths. For short bunch lengths, the
pulse energy follows an exponential distribution [15], with
a significant fraction of shots with negligible energy. To
highlight the useful shots, the variance plots for bandwidth
and duration use data that was filtered for shots with a pulse
energy above the mean (≈ 37% for an exponential distribu-
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tion). This filtering precludes any comparison to analytical
values so they are not shown. The mean and variance of
pulse duration have a stationary point at around 𝜏𝑏 = 1.5𝜋,
so that the duration statistics are quite stable with respect to
fluctuations of the bunch length. Close to this bunch length,
the relative standard deviations of bandwidth and duration
are quite low, about 5% and the time-bandwidth product is
only around 1.5 times the Fourier limit. The conclusion is
that there cannot be much variation in the shape of the pulses
and it might be feasible to run ultra-fast experiments without
direct pulse characterization, as long as the critical bunch
length can be achieved reliably. In that case one would only
use simple diagnostics for pulse energy and filter out weak
shots, the remaining would have almost constant properties.
It is convenient that the relative variance of bandwidth is
easily measurable during tuning and is a clear indicator of
reaching the critical bunch length. For any FEL shot, there
is a some radiation that has slipped ahead of the bunch. The
length of this “exponential tail” is inversely proportional to
the power gain along the undulator. For bunch lengths below
the critical, the power gain is slower than exponential so this
region of the pulse dominates the duration and peak powers
are low. This region of bunch lengths is called weak superra-
diance [26] and should be avoided when tuning an FEL. To
reach shorter pulse durations than the minimum shown here,
one needs a more advanced FEL scheme. For example, in
the radiation suppression with afterburner setup of Ref. [30–
32] completely removes the slippage region of the pulse. We
conclude that given sufficient data of the kind shown in Fig.
1, there is enough information to estimate the real bunch
length. One has to estimate both the dimensionless bunch
length 𝜏𝑏 and the Pierce parameter 𝜚, but we have enough in-
dependent data points: the mean and variance of bandwidth
are suitable for short bunch lengths and the variance of pulse
energy provides a sanity check. Supplementary simulations
show that reasonable levels of electron energy spread do not
impact the results significantly, but that current profiles that
are not shaped like a single bump can actually have statistics
that differ qualitatively. For example, a sharp spike on top
of a longer pedestal is a realistic current profile in some
situations. It is no problem to treat these arbitrary current
profiles with the same analytical framework.

Overview of the Data
To highlight the relationship between bandwidth, pulse

duration, and bunch length, Fig. 2 shows an overview of the
numerical data. The figure makes it clear that both data for
different bunch lengths and data for different pulse durations
overlap significantly. Thus, given one measurement of a
large bandwidth, it is not possible to draw any conclusions
about either the bunch length or the pulse duration of that
shot. It is only with a large sample size of spectra that one
can say anything about the bunch length or average dura-
tion. Note that even at the optimal bunch length, most of the
shots have a longer duration than

√
2 times the Fourier limit.

This factor of
√

2 comes from assuming that the pulses are
(possibly chirped) Gaussian signals, evidently a bad approx-

imation for SASE pulses. One can also clearly see that for
the optimal bunch length, the duration and bandwidth are
comparatively tightly clustered, this would be even more ap-
parent if the pulse energy filtering from Fig. 1 was repeated
here.

Figure 2: The figure shows scatter plots of the numerical
data. The left shows bandwidth against logarithm of pulse
energy and the right shows duration against bandwidth. The
right plot has a black dashed line for the Fourier limit and a
grey dashed line for the heuristic extra factor of

√
2.

SUMMARY
We have incorporated random shot noise and non-uniform

current profiles into the classical FEL theory, so that all 1D
SASE FEL physics with cold electron bunches in the linear
regime are described by a Green function together with the
simple statistics of random shot noise. We showed that
one can extract significant information from easily acquired
statistics and clarify what one can interpret from a single
spectrum. In future work we will present the derivations
of the theory, use it to calculate short bunch correlation
functions and investigate their utility in bunch diagnostics.

All numerical codes and data are available per request.
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