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Abstract

Advanced linear and non-linear optics studies require
accurate and efficient tools for high-order beam dynamics
computations. MAD-NG provides a unique framework com-
bining linear and nonlinear optics modelling, high-order
parametric differential map computation through precise au-
tomatic differentiation, and Lie-algebraic operations central
to nonlinear normal form analysis, all within a unified envi-
ronment based on the Generalised Truncated Power Series
Algebra (GTPSA). These capabilities enable an accurate
evaluation of optical functions, chromatic effects, and non-
linear Hamiltonian dynamics. MAD-NG embeds LuaJIT, a
high-performance scripting engine, offering automated work-
flows, symbolic dependencies, and deferred evaluations for
efficient lattice design and parametric optimisation. It has
been used successfully to improve the LHC beam lifetime at
injection (2023) and during collisions (2025) by minimising
resonant driving terms. Applied to major projects such as
the LHC, HL-LHC, and FCC-ee, MAD-NG demonstrates re-
liability, scalability, and accuracy for large-scale optics and
sensitivity studies while providing a flexible, reproducible,
and high-performance environment for modern accelerator
modelling and advanced beam dynamics research.

INTRODUCTION

Modern accelerator studies require a consistent descrip-
tion of beam dynamics across linear optics, chromatic effects,
and nonlinear dynamics, often under variations of many pa-
rameters such as magnet strengths, alignment errors, and
RF settings. In practice, this means computing not only
optical functions, tunes, and chromaticities, but also their
sensitivities and the resonance structure governing beam
stability.

Existing tools typically separate these aspects. Tracking
codes such as XSuite [1] provide high physical fidelity but
limited direct access to sensitivities and high-order struc-
tures. Optics codes such as MAD-X [2] manipulate differen-
tial maps for analysis and optimisation, but usually through
low-order approximations or specialised formalisms that
are difficult to extend consistently to high order and large
parameter spaces.

MAD-NG [3] addresses this limitation by providing a uni-
fied framework in which linear and nonlinear optics, high-
order beam dynamics, and parametric studies are described
within a single coherent formalism based on differential al-
gebra and the Generalised Truncated Power Series Algebra
(GTPSA) [4]. The central object is a parametric differential
map from which linear optics, chromatic effects, and nonlin-
ear quantities are obtained consistently. This provides direct
access to high-order effects and sensitivities while avoiding

repeated perturbations of the lattice and the associated risk
of approaching unstable regimes.

PARAMETRIC DIFFERENTIAL MAP
FRAMEWORK

In MAD-NG, the central object of the tracking engine is
the phase-space propagator

2(s) = Mb(z0;P), ey

where z denotes the phase-space variables and p a set of
machine parameters. The map . is not constructed as an
expanded matrix or tensor a priori, but results from applying
the beam-physics functions of the lattice elements to a phase-
space DA map, i.e. a set of truncated multivariate Taylor
polynomials in the initial variables and selected parameters.

The dynamics is therefore obtained by successive func-
tional application of the element transformations, applied
either analytically or, for general elements, through exact
element-wise operations and symplectic integration of the
Hamiltonian flow. The only approximation is the user-
controlled truncation of the GTPSA representation. This
allows high-order maps to be computed with the full func-
tional dependence of the physics retained throughout the
lattice.

This framework naturally supports parametric studies.
Quantities such as strengths, lengths, or misalignments are
promoted to DA parameters, so that a single computation pro-
vides the local dependence of the optics on these quantities
around a chosen reference configuration. The sensitivities
and mixed derivatives are then read directly from the coeffi-
cients of the same map, without finite differences, repeated
tracking, or lattice perturbation.

The same map can also be constructed through Lie-
algebraic methods [5]. For instance, for a sextupole,

H = Hyg + 208 = 30y2), @
2(siky) = 1Y 7 (503 k), ©)

with k, treated as a DA parameter. The corresponding map
is M (- ky) = e} implemented in MAD-NG through
exppb. Tracking and Lie integration thus provide two con-
sistent constructions of the same parametric map.

LINEAR OPTICS AND CHROMATIC
SENSITIVITIES

Linear optics quantities are obtained directly from the first-
order part of the parametric one-turn map. Twiss parameters,
phase advances, and dispersion functions are extracted from
the linear normal form of the transfer matrix, while their
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sensitivities are obtained as multivariate functions of the
selected parameters. This gives direct access to quantities
such as
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together with higher-order derivatives when required.

Figure 1 illustrates these capabilities in the ATS optics
of the LHC [6]. The first panel shows the reference op-
tics, while the following panels show the derivatives of 8, |,
D, ,, and p, , with respect to the horizontal and vertical
tune knobs. The B-function sensitivities exhibit large oscil-
latory patterns correlated with the optics, with amplitudes
scaling with the local g values. The dispersion sensitivities
show a more structured response, with localised peaks asso-
ciated with focusing regions and dispersion suppressors, and
enhanced amplitudes in the ATS arcs. The phase-advance re-
sponse is the most directly related to the tune knobs: dp/dq
increases monotonically and reaches unity after one turn,
while flat regions identify sections where the knobs do not
act. In particular, the weak response in the ATS arcs around
IP1 and IPS indicates that these regions do not contribute to
the tune variation generated by the selected knobs.

Higher-order chromatic sensitivities are obtained from the
same map. Figure 2 shows 6,u)’c’y/0qx’y and 0w, /g, y»
corresponding to mixed derivatives such as

aw 1 9*p
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These quantities describe how the tune knobs locally mod-
ify the chromatic structure of the optics: du’/dq gives the
redistribution of the chromatic phase advance, while dw/dq
captures the deformation of the chromatic g-functions. Ex-
tending the same analysis to second order in the tune knobs
reveals significant higher-order contributions, with ampli-
tudes consistent with quadratic parameter dependence. All
these sensitivities are obtained within the same parametric
framework, without additional user effort beyond increasing
the DA orders and extending the requested outputs.

NONLINEAR OPTICS AND NORMAL
FORMS

The higher-order components of the map encode the non-
linear dynamics. These maps are analysed in MAD-NG
through Lie-algebraic normal forms [7, 8]. The one-turn
map is factorised as

an _ Pp

dg ~ dqds’ 3)

Mo = Ao Roo AN, 6)

where R is the normal form and .4 the normalising trans-
formation. The map % is expressed in terms of invariants
and phase advances and provides direct access to amplitude
detuning and other nonlinear invariants, while 4 contains
the geometric information required to reconstruct the full
phase-space dynamics.

Anharmonicities are obtained from the nonlinear terms
of %, while hamiltonian terms (HTs) and resonance driving
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Figure 1: ATS optics of the LHC and its first-order sensi-
tivity to the tune knobs dq, and dq,. From top to bottom:
reference optics showing ., ﬂy, D, Dy, and p,, My Versus
s, followed by the sensitivities of B, y, Dy ,, and p, , to the
tune knobs. The phase response integrates to unity, i.e. one
unit of knob produces one unit of tune shift.

terms (RDTs) are obtained from the nonlinear terms of 4 in
the phasor basis. Because the underlying map is parametric,
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Figure 2: Higher-order sensitivity of the ATS optics to the
tune knobs dg, and dg,,. The panels show d ﬂ),c,y /04y, and
Wy y/ 04y, extending the first-order responses of Fig. 1.

the HTs and RDTSs are themselves functions of the machine
parameters, so derivatives such as
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are obtained analytically from the same parametric map,
without additional tracking or numerical approximation.

Figure 3 shows the octupolar RDTs of the HL-LHC in-
jection optics together with the parametric 4Q, RDTs. The
upper plot gives the spatial distribution of the dominant oc-
tupolar RDTs along the ring and highlights the localisation
of the nonlinear driving terms in the lattice, in particular
around IP1 and IP5. The lower plot shows the nominal
40, RDT together with its first- and second-order depen-
dence on the strengths of the two sextupole families in arc
45. The first-order terms quantify the linear sensitivity of
the resonance to each family, while the smaller but visible
second-order terms reveal a non-trivial quadratic interplay
between the two control knobs. The resonance structure and
its sensitivities are therefore obtained within the same map,
enabling direct optimisation of selected resonances while
preserving the global optics.

PARAMETRIC OPTIMISATION

A key consequence of the parametric differential algebra
approach is that sensitivities are obtained as part of the map
construction. No lattice perturbation or repeated computa-
tion is required to evaluate parameter variations, provided
the element models remain well-defined over the parameter
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Figure 3: Octupolar RDTs (top) and parametric 4Q, RDTs
(bottom) of the HL-LHC injection optics. The lower plots
show the first- and second-order dependence on the strengths
of the two sextupole families in arc 45, obtained from the
same parametric map.

range. In MAD-NG, the Jacobians required by matching
and the many optimisation algorithms available are there-
fore extracted directly from the parametric map, avoiding
the numerical noise inherent to finite-difference methods.

This is particularly effective for nonlinear optics optimi-
sation in the LHC, where many knobs and constraints must
be handled simultaneously. By treating magnet strengths
as DA parameters, derivatives of optical functions, tunes,
chromaticities, and RDTs with respect to all selected knobs
are obtained in a single computation and can be used directly
by the match command. This approach contributed to the
reduction of resonance driving terms at injection and during
collisions, with significant gains in beam lifetime [9-19].

CONCLUSION

Parametric differential algebra thus provides a unified
framework for linear and nonlinear optics studies. By rep-
resenting beam dynamics through high-order multivariate
maps, MAD-NG gives direct access to optical functions,
chromatic sensitivities, nonlinear invariants, and resonance
driving terms within a single formalism, i.e. a single Twiss
command, making it a powerful tool for modern accelerator
design, modelling, and optimisation.
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