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Abstract
This study presents the first experimental application

of longitudinal phase space tomography constrained by
the Vlasov–Fokker–Planck equation (VFPE) using electro-
optical spectral decoding (EOSD) diagnostics at the Karl-
sruhe Research Accelerator (KARA). The EOSD measure-
ments are modeled as the convolution of the system’s im-
pulse response with the charge density profile at the time of
acquisition. Combining this model with the VFPE we formu-
late a partial differential equation-constrained optimization
framework for the inverse tomography.

Using this framework, we successfully reconstruct the lon-
gitudinal phase space of the electron bunch across different
dynamical regimes, ranging from the stable state to the onset
of micro-bunching. From the reconstructed phase space, we
derive macroscopic beam observables including the longitu-
dinal bunch length, energy-spread related horizontal bunch
size, and coherent synchrotron radiation (CSR) power. The
reconstructed observables are validated against synchronized
measurements from three independent diagnostics. Overall,
the results demonstrate that the VFPE-constrained approach,
combined with a detailed EOSD forward model, provides
a physically consistent reconstruction of the phase space
density dynamics from EOSD measurements.

INTRODUCTION
Following our previous work [1,2], we applied the longitu-

dinal phase space reconstruction algorithm to electro-optical
spectral decoding (EOSD) measurements acquired at the
Karlsruhe Research Accelerator (KARA). This partial dif-
ferential equation-constrained framework enforces physical
consistency between the reconstructed initial density and its
turn-by-turn evolution. As the EOSD modulation encodes
the electric field induced by the bunch within the crystal
rather than the direct charge profile, our forward model ex-
plicitly incorporates this interaction [3, 4]. The resulting
continuous space-time formulation of the reconstruction
problem is presented in Eq. (1).

This formulation seeks to reconstruct the complete phase
space trajectory, generated from the initial phase space den-
sity 𝜓∗, that best fits the measured EOSD signals. The opti-
mization minimizes the error between the computed phase
retardations, Γ(𝑡𝑛), obtained from this trajectory at time, 𝑡𝑛,
and the measured signals, Γ̄𝑛 for 𝑛 = 1, . . . , 𝑚. The regular-
ization term, 𝜆𝑅(𝜓), is incorporated to mitigate challenges
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such as noise in the measurement data and the ill-posed
nature of the inverse problem. The temporal evolution of
the phase space density, 𝜓, is strictly constrained by the
Vlasov–Fokker–Planck equation (VFPE), where 𝐻 repre-
sents the Hamiltonian of the system , 𝑞 and 𝑝 denote the
canonical position and momentum coordinates, respectively,
and 𝛽𝑑 and 𝐷 correspond to the damping and diffusion pa-
rameters [5]. Furthermore, 𝜌(𝑞, 𝑡) defines the bunch profile,
which is determined by projecting the phase space density
along the position axis. Finally, 𝐺 maps the bunch profile
to the expected phase retardation, modeling the EOSD re-
sponse [3, 4].
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(1)
To solve Equation (1), the continuous variables are dis-

cretized. This is achieved by solving the VFPE through
operator splitting on a discrete spatial grid, where time steps
𝑡𝑛 correspond to single-turn revolutions of the electron bunch
in the storage ring. The continuous two-dimensional phase
space is transformed into a one-dimensional vector, indexed
by 𝑠, allowing the differential operators to be linearized into
transfer matrices. To integrate the diagnostic, the EOSD di-
agnostic is modeled as a linear time-invariant (LTI) system
to allow the measurement process to be formulated computa-
tionally as a matrix-vector product, directly representing the
convolution of the bunch profile with the system’s impulse
response. By combining these discrete dynamic and mea-
surement operators, the continuous problem in Equation (1)
is recast into the matrix-based optimization problem [2]
shown in Eq. (2).

min
𝜓∗ ∥G̃𝜓 − 𝚪∥2 + 𝜆𝑅(𝜓)

s.t. M(𝜓(𝑠, 𝑡𝑛)) = D · RK · RD · K(𝜓(𝑠, 𝑡𝑛)),

G̃ =

©­­­­«
G · W

G · W · M(𝜓(𝑠, 𝑡1))
...

G · W · Π𝑚−1
𝑛=1 M(𝜓(𝑠, 𝑡𝑛))
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(2)
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In Eq. (2), G̃ denotes the extended system matrix, built
iteratively turn-by-turn. It combines G, the Toeplitz con-
volution matrix for the EOSD impulse response, W, the
projection matrix from phase space to bunch profile, and M,
the transfer matrix governing the turn-by-turn evolution of
the phase space.

The transfer matrix M includes the physical effects act-
ing on the bunch during one revolution. Here, RK and RD
represent a RF kick and drift due to the external fields, D ac-
counts for synchrotron radiation damping and diffusion, and
K models the collective wake potential matrices. Since K
depends on the bunch profile, M remains nonlinear through
its dependence on the current phase space density 𝜓(𝑠, 𝑡𝑛).
To handle this inherent non-linearity, we assume that the
bunch profile varies negligibly between consecutive turns.
The profile from the preceding step is therefore used as an
approximation to compute the wake potential operator and
the transfer matrix M for the current turn. The resulting
least-squares optimization problem in Eq. (2) is then solved
using the projected-restarted non-negative conjugate gradi-
ent method for the normal equations [6].

In this work, the discrete optimization problem defined
in Eq. (2) is utilized to reconstruct the charge density in the
longitudinal phase space directly from experimental EOSD
data, 𝚪. The remainder of this paper outlines the practical
application of this method.

LONGITUDINAL BEAM DYNAMICS
As expressed in Eq. (1), the deterministic particle dynam-

ics are governed by the Hamiltonian. Following [7], it is
convenient to split 𝐻 into contributions from the external
fields and contributions from collective self-interaction ef-
fects, such that 𝐻 (𝑞, 𝑝, 𝑡) = 𝐻𝑒 (𝑞, 𝑝, 𝑡) + 𝐻𝑐 (𝑞, 𝑡). These
components are defined as:

𝐻𝑒 (𝑞, 𝑝, 𝑡) =
1
2
(𝑞2 + 𝑝2),

𝐻𝑐 (𝑞, 𝑝, 𝑡) =
𝑒 𝑓rev
𝜎E 𝑓s,0

∫ ∞

𝑞

∫ ∞

−∞
𝜌̃( 𝑓 )𝑍 ( 𝑓 )𝑒𝑖2𝜋 𝑓 𝑞′

𝑑𝑓 𝑑𝑞′.

(3)
The unperturbed Hamiltonian, 𝐻𝑒, describes the standard

harmonic synchrotron motion and depends on the dimension-
less, generalized phase space coordinates 𝑞 = 𝑧/𝜎𝑧,0 (nor-
malized longitudinal position), 𝑝 = (E − E0)/𝜎E,0 (normal-
ized energy deviation), and 𝜃 = 𝑓𝑠,0𝑡. With these variables,
the VFPE in Eq. (1) is written in generalized coordinates,
with the time derivative and longitudinal damping scaled
consistently as in [8]. Conversely, 𝐻𝑐 models the non-linear
self-interaction of the bunch. In this term, 𝑒 is the electron
charge, 𝑓rev is the revolution frequency, 𝑓𝑠,0 is the nominal
synchrotron frequency, and 𝜎E,0 is the natural energy spread.
The integral captures the interaction between the bunch’s
frequency spectrum, 𝜌̃( 𝑓 ), and the longitudinal impedance,
𝑍 ( 𝑓 ), which is the Fourier transform of the wake field and
describes the frequency-domain response of the accelerator
environment to the beam, including effects such as coherent
synchrotron radiation (CSR) self-interaction [5, 9].

Consequently, the solution of the VFPE governs the time
dynamics of the beam for a specific accelerator configuration.
This configuration directly determines the operators used in
Eq. (1) and consequently the transfer matrices of Eq. (2).

At the same time, this configuration establishes the phys-
ical limits of the bunch profile dimensions, and thus the
phase space. It is crucial to emphasize that if the physical
parameters defining the simulated accelerator model do not
accurately correspond to the actual experimental conditions
of the measured data, the phase space reconstruction is con-
strained by this mismatch, and the inverse problem may lead
to biased or physically inconsistent phase spaces.

EXPERIMENTAL MEASUREMENTS
The experimental data for this study were acquired at the

Karlsruhe Research Accelerator, a storage ring with a cir-
cumference of 110.4 m and an RF frequency of 500 MHz.
During these measurements, the machine was configured for
short-bunch operation at a beam energy of 1.3 GeV [10]. To
validate the physical accuracy of the phase space reconstruc-
tion, we utilized synchronized turn-by-turn measurements
from three complementary diagnostics [11]: the longitudinal
bunch profile derived from EOSD measurements, the emit-
ted coherent synchrotron radiation (CSR) power recorded by
fast THz detectors, and the horizontal beam profile observed
by a visible light monitor, used to determine the horizontal
bunch size in a dispersive section as a proxy for the energy
spread.

The core of our reconstruction relies on the electro-optical
spectral decoding (EOSD) system. In this setup, an electro-
optical crystal is installed in-vacuum close to the beam
path [3, 4, 12]. As the electron bunch passes, its highly com-
pressed Coulomb field modifies the intrinsic birefringence
of the crystal via the Pockels effect [13]. A chirped laser
pulse is sent through the crystal, and the induced change of
birefringence causes a shift in the laser’s polarization. Using
waveplates and polarization optics, this polarization change
is converted into an intensity modulation. The modulated
laser pulse is then detected with a fast spectrometer based on
a grating and the KALYPSO line-array detector [14,15], en-
abling turn-by-turn single-shot measurements of the longitu-
dinal bunch profile with sub-picosecond resolution [3,4,13].

The emitted CSR power is measured with fast THz detec-
tors based on room-temperature zero-bias Schottky barrier
diodes, which are sensitive to the coherent radiation emitted
by the bunch in the THz range [16]. These detectors are
read out with the KAPTURE data acquisition system [17],
which enables bunch-by-bunch measurements of the CSR
intensity.

The horizontal bunch profile is detected via turn-by-turn
measurements of the synchrotron radiation at the Visible
Light Diagnostics port [18], located in a dispersive section
of the storage ring, using the fast line array detector KA-
LYPSO [19]. Because the horizontal bunch size is correlated
with the energy spread through the dispersion, the emittance,
and the beta function, variations in the measured horizontal
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profile are used here as an indicator for changes in the energy
spread.

The synchronized diagnostics measurements allow a di-
rect comparison of the reconstructed longitudinal phase
space with independent observables of the beam dynam-
ics [11, 20]. For example, the synchronized data reveal
that the appearance of micro-bunching substructures on the
EOSD profile coincides directly with intense bursts of emit-
ted CSR power [9, 21]. Furthermore, during these burst
phases, the diagnostics record an expected simultaneous
increase in both the overall longitudinal bunch length and
the horizontal bunch size (energy spread), followed by a
damping phase once the substructures wash out [11, 21].

RESULTS
The results presented were obtained from 3,500 consecu-

tive runs of the phase space reconstruction algorithm defined
in Eq. (2). Each run of the iterative algorithm [2] is initial-
ized with a 2D Gaussian phase space distribution and utilizes
130 consecutive EOSD measurements, corresponding to half
of a synchrotron period. The complete sequence of experi-
mental EOSD measurements used for the reconstructions is
displayed as a sinogram in Fig. 1 (labeled as ’longitudinal
profile’). Figure 2 illustrates two exemplary phase space
reconstructions: one at turn 24,000, representing a stable
regime prior to the onset of micro-bunching, and another at
turn 27,000, where the micro-bunching instability is fully
active and phase space substructures are clearly visible [5,9].

Figure 1: Synchronized measurements and reconstructed
observables. Top: EOSD sinogram with measured bunch
length 𝜎̂𝑧 (white) and reconstructed bunch length (cyan).
Middle: Horizontal profile with measured horizontal bunch
size 𝜎𝑥 (white) and reconstructed energy spread (cyan). Bot-
tom: THz power signal (black), and reconstructed CSR
power (cyan). All curves were smoothed with the same
moving-average filter.

To validate the physical accuracy of the reconstructions,
the macroscopic beam parameters extracted from the recon-
structed phase space densities are compared against indepen-
dent, synchronized diagnostic measurements. Specifically,
we utilize the estimations for the longitudinal bunch length
(𝜎̂𝑧), the horizontal bunch size (𝜎𝑥), and the THz power as

derived in the prior work by Brosi et al. [10]. As shown in
Fig. 1, the beam quantities calculated directly from the re-
constructed phase space exhibit a high degree of agreement
with these independent experimental measurements.

It is important to note that the horizontal bunch size (𝜎𝑥) is
formally related to the energy spread (𝜎𝐸) via the dispersion
function, as detailed in [20]; however, for the dynamics ob-
served here, they can be assumed to be directly proportional.
Furthermore, the macroscopic parameters 𝜎𝑧 and 𝜎𝐸 from
our reconstruction are determined by fitting a Gaussian func-
tion to the 1D projections of the reconstructed phase space
onto the position and energy deviation axes, respectively,
rather than computing the root-mean-square (RMS) directly.
This approach is necessary because the reconstructed phase
space exhibits a residual background noise ring (visible in
Fig. 2). A direct RMS calculation would be disproportion-
ately skewed by this peripheral noise, artificially inflating
the apparent bunch length and energy spread. This recon-
struction artifact originates from slight mismatches between
our theoretical impulse response model of the EOSD system
and the true experimental response [4].

(a) (b)

Figure 2: Reconstructed phase space density at (a) turn
24000, showing a smooth distribution without visible micro-
bunching, and (b) turn 27000, showing pronounced micro-
bunching structures associated with stronger CSR emission;
the color gradient indicates local density, with lighter colors
corresponding to lower values.

CONCLUSION

The results presented show that VFPE-constrained tomog-
raphy, combined with an EOSD forward model, provides a
physically consistent reconstruction of the longitudinal phase
space at KARA. The good agreement between reconstructed
quantities and independent synchronized measurements con-
firms that the underlying VFPE model, implemented in In-
ovesa [22], captures the essential beam dynamics from stable
operation to the onset of micro-bunching. This provides an
experimental validation of both the inverse reconstruction
method and the forward beam-dynamics solver. These re-
sults establish a basis for future physics-informed prediction,
inverse modeling, and beam control in storage rings.
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