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Abstract

Planar particle channelling describes the motion of high-
energy particles trapped in the potential well formed by
crystal lattice planes, allowing their trajectories to be de-
flected in a controlled manner. Within the Moliere approxi-
mation, which incorporates atomic screening and thermal
vibrations, this motion is typically either approximated by
a harmonic potential or evaluated numerically. Here, we
propose a simplified Moliere model that yields closed-form
analytical solutions expressed through Jacobi elliptic func-
tions. To extend the treatment to bent crystals, symplectic
integrators are applied to the equations of motion, ensuring
accuracy and long-term stability through symplecticity. This
semi-analytical approach to evaluate bent channelling has
been benchmarked against existing numerical methods, and
the optimal configuration will be integrated into Xsuite’s
Xcoll package.

INTRODUCTION

Crystals are used in the CERN accelerator complex for
a series of applications, including beam extraction [1-3],
crystal collimation [4-7], and exotic particle measurements
[8—14]. Their significant advantages include a strong beam-
bending capability while requiring no additional space due
to their small size'. Compared to magnets, which inevitably
affect the entire beam, crystals influence only the intercepted
particles, leaving the rest of the beam untouched [15].

The implementation of crystals into simulations requires
studying the underlying particle-matter interactions, such
as channelling, dechannelling, volume capture, and volume
reflection [16]. Here we focus on the channelling process.

Thus far, existing simulation tools employ either the har-
monic approximation of the potential [16, 17], which lacks
sufficient accuracy, or a stepwise numerical solution to the
Moliere model [18], which is computationally expensive.

This paper introduces a new model, based on a simplified
Moliere potential, which aims to combine adequate accuracy
with computational efficiency and is intended for implemen-
tation in Xcoll [19,20], the collimation module of the Xsuite
simulation library [21,22].

MODEL DESCRIPTION

Our model is derived from the Moliére potential for a
“warm” atomic plane [16], approximating the sum of ex-
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ponentials by a single exponential, leading to the relation
below:
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where? atp = 0.4683Z7!'/3A is the so-called screen-
ing distance, dp is the planar spacing, and Upa.x =
2nNZiZe2dp atp. For the 28Si (110) plane, we have Unax =
23.9037 eV, dp = 1.92A, and arr = 0.194 A. The parame-
ters a; = 0.722452 and B; = 0.573481 are determined em-
pirically to reproduce the original Moliere potential with an
observed accuracy up to 0.068 eV over the interval [—x, x¢],
where x. is the maximum amplitude allowed for the particle
oscillation.’

CHANNELLING EQUATION

Under the continuum approximation, assuming a classical
particle trajectory with small angles relative to the crystal
lattice planes (6 ~ tanf = £*), adiabatic invariance (no
energy losses), and a thermally Zaveraged crystal, the particle
transverse energy is considered a constant of motion:

1 2
Er = 5,81769 + U(x) = constant.

The channelling equation is then reduced to a one-
dimensional differential equation [23]:

Bpex"(s) +0xU(x) =0, 3

where s is the direction of motion along the (potentially
curved) path and x is the transverse coordinate along which
the oscillation occurs.

Straight Crystal

For a straight crystal, one can substitute Eq. (1) into
Eq. (3), leading to analytical solutions expressed in terms of
Jacobi elliptic functions [24] as follows:
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2 N denotes the atomic density of the crystal, Z the atomic number of the
lattice atoms, Z; the charge number of the incident particle and e the
elementary charge, as explained in Ref. [16].

3 Based on measurements, we typically use x. = V0.9 % but this can be
optimised.
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where am(u, m) is the Jacobi amplitude, dn(u,m) is the
Jacobi delta amplitude, F(¢, m) is the incomplete elliptic in-
tegral of the first kind, and (xi,, 6i,) are the initial conditions
of the particle entering the crystal.

Although the Jacobi elliptic functions are defined for
u,¢ € Rand 0 < m < 1, their domain can be extended
by means of analytical continuation [25].

To implement these solutions in a computational environ-
ment, it is necessary to transform them into the standard
function domain. This can be achieved by applying mathe-
matical identities [24], which result in:
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while sn(u, m) and cn(u, m) are the Jacobi elliptic sine and
cosine functions, respectively, and v remains unchanged
after the transformation.

Bent Crystal

For the aforementioned applications in the CERN accel-
erator complex, the crystals employed are bent, meaning
that the motion can be described by an effective potential,
including the bending term:

Uit (x) = Ux) + %x,

where R is the bending radius and is considered constant
throughout this work.

In this case, purely analytical solutions to the simplified
Moliere potential no longer exist. In this work, we there-
fore use a symplectic integration scheme, which splits the
Hamiltonian into two parts, H; and Hj, each of which can
be solved exactly, and composes their flows in a way that
preserves the symplectic structure. Our study benchmarks
three different Hamiltonian splitting approaches.

The Hamiltonian can be written as:

H = PP 02 4 Uy |cosh (ﬂx) ~1
2 AaTER
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and the splitting methods executed are*:

4 Method 1 was an alternative way to split the Hamiltonian, but was shown
not to be convergent and hence abandoned; the naming is retained for
consistency with prior communication.
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Figure 1: The first four points in symplectic integration,
illustrating the channel (C) —kick (K) - channel (C) sequence.

Method 2 (M2):
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The first part of the Hamiltonian can be identified as a
generalised channelling (C) and the second part as a gener-
alised kick (K). The two sequences that can be selected to
construct a full integration step (Fig. 1) are:

Version 1 (V1):

X0 — X] — X

— X3,
channel kick

channel

Version 2 (V2):

Xp —™ X1 —> X2 — X3.
kick channel kick
We can further divide the steps into symmetric sub-steps
to improve precision through different integration orders (O)
as defined by the Yoshida approach [26], which indicate the
number of sub-steps per step.

BENCHMARKING RESULTS

After applying the three approaches, M2, M3, and M4,
to a set of 13 different initial conditions and all combina-
tions of orders and versions, the results were benchmarked
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Figure 2: Comparison to the Mathematica solution for a
given order/version (O2/V1) and integration steps.
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Figure 3: Number of points per period (N) to attain a specific
accuracy thresholds for O8/V1.

against high-precision numerical solutions obtained with
Mathematica [27]. The general case tested corresponded to
a 28Si (110) crystal plane with length L = 0.4 mm, and we
scanned all combinations of methods, orders, and versions
for 10 to 600 integration steps over the full crystal length. As
shown in Fig. 2, M4 exhibits remarkably good convergence
compared to M2 and M3.

From the full scan, we collected the successful runs, de-
fined as those that achieve a relative error of less than 2%.
By comparing the minimum number of steps (N) per period
required to reach a given accuracy threshold, we concluded
that M4 converges while requiring significantly fewer steps.
As an example, Fig. 3 illustrates the N—accuracy plot for all
models for O8/V 1, representing the general trend observed
for every O/V configuration.

Regarding versions and orders, the results show that O4
improves accuracy while having a similar runtime to O2
(Fig. 4), whereas higher orders are more computationally
expensive than justified by their gain in precision (Fig. 5).
Concerning the versions, V1 is observed to be more stable
and accurate.

CONCLUSION AND OUTLOOK

A new method for modelling crystal channelling has been
developed that is computationally faster than the conven-
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Figure 4: The smallest number of points (N) per period
required for specific accuracy thresholds for all different
integration orders in M4.
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Figure 5: Runtimes for specific accuracy thresholds for all
different integration orders in M4.

tional stepwise Moliere tracking approach and significantly
more accurate than the harmonic approximation.

Different configurations were compared, finding that
method 4, which implements a fourth order Yoshida in-
tegrator as straight channelling - bending kick - straight
channelling, is the most computationally stable and reliable
approach, providing the optimal balance between runtime
and accuracy.

As a next step, we plan to fully integrate this model into
the Xsuite/Xcoll framework, with O4/V1 as the default con-
figuration, taking into account the physical limitations of
channelling conditions.

Further benchmarking against experimental data is re-
quired to assess the accuracy of the approach, and additional
crystal—particle interaction mechanisms, such as volume
reflection, will be incorporated.
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