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Abstract

We benchmark analytic and numerical self-field models
for a near-Gaussian photoinjector bunch. Kim'’s analytic
three-dimensional Gaussian model is compared with OPAL’s
mesh-based space-charge solver and two in-house calcula-
tions: direct Coulomb summation and FFT-based Green-
function convolution. The comparison is performed in the
bunch rest frame for a 100 pC, ¥ ~ 12 Gaussian bunch. The
transverse electric fields show strong agreement between
Kim’s model and OPAL, supporting the use of the analytic
model as a fast benchmark for near-Gaussian bunches. The
longitudinal field is more sensitive to bunch asymmetry and
boundary treatment, revealing small systematic differences
between methods. These results clarify the practical lim-
its of Gaussian analytic models and provide a controlled
validation case for numerical space charge solvers.

INTRODUCTION

Space charge is a dominant source of emittance growth
in low-energy, high-brightness photoinjectors [1-4]. At the
injector exit, the bunch is still only moderately relativistic,
so the internal Coulomb field can strongly affect the trans-
verse phase space. Reliable self-field modellingds therefore
needed both for designing emittance-compensation schemes
and for interpreting particle-tracking simulations.

Analytic modelsparediseful because they providesfast
checks on the size, scaling, and symmetry of the'self-fields.
They arefespecially valuable when testing numerical solvers,
wher€ mesh resolution, interpolationjboundary conditions,
and finite-particle noise can all influence the calculated
field [S=7]. However,dnalytic models usually assume an ide-
alised ‘charge distribution. In photoinjectors this assumption
is only approximate: the bunch may develop non-Gaussian
tails, transverse asymmetry, longitudinal skew, or correla-
tions introduced by the cathode laser, RF curvature, and
space-charge evolution These effects limit the range over
which an analytic Gaussian model can be expected to agree
with a full particle-based calculation.

The purpose of this paper is to use a deliberately simple
test case to compare analytic and numerical self-field calcula-
tions. Kim’s analytic three-dimensional Gaussian model [8]
is used as a reference and is compared with OPAL’s mesh-
based space-charge solver, a direct particle-particle Coulomb
calculation, and an in-house FFT-based Green-function con-
volution. The comparison is made in the bunch rest frame for
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a single bunch. This isolates the self-field calculation itself,
rather than the full injector dynamics,and allows differences
between the methods to be identified moreclealy.

SPACE CHARGE MODELS

Kim’s model gives analytic expressions for the electric
field of athree-dimensional Gaussian bunch [8]. In,this work
the bunch'is treated as cylindtically symmetrie, with rms
transverse size @, rms longitudinal size o, and aspect ratio
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All«oordinates are referenced to the bunch centre, with

r? =x° +y°. The normalisedtransverse and longitudinal

field functions used in the comparison are
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Here A and A, describe the normalised transverse and lon-
gitudinal'self-fields, respectively. The corresponding space-
charge electric-field components are obtained by applying
the charge normalisation,
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to obtain the transverse and longitudinal contributions to the
electric field, where g is the permittivity of free space and
ny is the charge taken from the central bunch slice. The x
and y components of the field are taken to be identical by
cylindrical symmetry.

The OPAL comparison uses its standard mesh-based
space charge treatment [9, 10]. Charged macroparticles are
deposited onto a Cartesian mesh, the fields are solved on the
grid, and the resulting electric fields are interpolated back
to the particle positions using cloud-in-cell methods [5-7].

The direct Coulomb field is calculated as
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which is computed by iterating through every particle and
calculating its distance to every other particle in the bunch.



This method is computationally expensive and sensitive to
shot noise. Shot noise arises from the discrete particle repre-
sentation: in regions of high density, or when two particles
are very close to each other, very large local electric fields
can appear as localised spikes. This effect is particularly
strong in the Coulomb method because it stems directly
from the discrete nature of the calculation. Although the
FFT method is also discrete, the charge is first deposited
onto a mesh, allowing for a more uniform, continuous-like
approximation of the field distribution.

The second in-house method computes the electric field
as a convolution of the charge density with the free-space
Green-function kernel,
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using three-dimensional FFTs. The charge is first deposited
onto a mesh, so each grid cell contains the charge contribu-
tion from the nearby particles. This is different from OPAL,
since cloud-in-cell assigns fractional charges to the mesh
cells, i.e., treating the particles as clouds of charge, whereas
here each particle’s entire charge is assigned to the nearest
cell. Since the FFT treats the mesh as repeating, the mesh
is made larger than the bunch and the extra cells are set to
zero charge (zero padding). This gives the field more empty:
space to decrease before it reaches the edge of the mesh./As
a result, less field is artificially carried from one side of the
mesh to the other, known as wrap-around effects, making the
calculation closer to that of an isolated bunch in free space,
which is the description of open boundary conditions.

NUMERICAL SETUP

A Gaussian bunch with charge 100 pC and y 2 12'is used
for all comparisons. The bunehyis transforméd into its rest
frame before evaluating the ffields, so that the comparison
is made consistently, with Kim’s electrostatic medel..The
transformedicoordinates are
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with angle brackets denoting the average.»The OPAL calcu-
lation uses,a uniform‘Cartesian mesh. Forthe in-house FFT
solver, the computational domain is padded by several beam
sizes in each direction to reduce the aforementioned bound-
ary wrap-around effects. The fields are compared through
the central slice and the core of the bunch, where the particle
density is highest and the differences between the models
are easiest to see.

FIELD COMPARISON

Figure 1 compares the total electric field in the central
slice for all models. Kim’s model and OPAL agree very well
across the bunch, especially around the centre where the
field drops towards zero and through the main rise on either
side. This shows that, for this near-Gaussian case, OPAL is
reproducing the same general field behaviour as the analytic
model.
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Figure 1: Total electric fieldiin the central slice of a Gaussian
bunch forithe analytic,sOPAL, direct Coulomb, and FFT-
based models.

The FFT result follows the same overall shape, but rises
slightly more sharply than those of OPAL and Kim’s model
and has a shifted minimum. This difference is likely due to
thefway the charge is deposited onto the mesh, finite grid
resolutiony, and the zero padding used to approximate an
isolated bunch. These effectsichange how sharply the field
variesiear the bunch core and tails.

The direct Coulomb calculation follows the broad trend,
but containsistrong local spikes. These are caused by nearest-
neighbour particles in the distribution, which is the shot-
noise effect discussed above. This shows why the direct
Coulomb‘method is useful as a particle-level check, but not
as assmooth field model on its own. Without some form
of averaging or smoothing, the result is dominated by local
particlemnoise.
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Figure 2: x-component of the transverse electric field in the
central slice of the bunch.

Figure 2 shows the x-component of the transverse electric
field in the same slice. The agreement between Kim’s
analytic model and OPAL is very good across the bunch
core. The FFT model follows the same trend, with a small
systematic overestimate that is, again, likely associated with



grid resolution, padding, and the treatment of the open
boundary conditions. To remove the local shot noise from
the Coulomb calculation, a moving-window average has
been applied; the mean and interquartile range are plotted
and are seen to be consistent with the other models.

The longitudinal field comparison is shown in Fig. 3. This
component is more sensitive to the exact head-tail structure
of the bunch, since Kim’s model assumes a centred Gaussian
distribution. It therefore predicts the zero crossing of E,
at the bunch centre. The simulated bunch is not perfectly
Gaussian longitudinally, with a slightly larger charge density
towards the head of the bunch, which shifts the zero crossing
and gives a larger field on that side. This explains why Kim’s
model underestimates the field towards the head: OPAL, the
FFT calculation, and the direct Coulomb calculation all use
the sampled particle distribution directly, while Kim’s model
only uses the rms beam sizes and assumes a symmetric
Gaussian profile. Despite this, the overall longitudinal-field
scale and shape remain consistent between the methods.
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Figure 3: Longitudinal eléctric field through the bunch.core.

The madin result is‘that\Kim’s)analytic model provides
an acetlirate transverse-field benchmark for near-Gaussian
bunches, while OPAL /gives consistent self-fields in the
regime tested here. When a distribution is'strongly affected
by space charge orther external fields, such as focusing
elements and non<linear corrections, it can become distorted,
weakening the approximations used by analytic models.

CONCLUSION

Kim’s analytic Gaussian self-field model, OPAL’s mesh-
based solver, and two in-house space-charge calculations
have been compared for a 100 pC, ¥y =~ 12 near-Gaussian
bunch in the bunch rest frame. The strongest agreement is
found in the transverse field, where Kim’s model and OPAL
give consistent results for both the total field and the hori-
zontal component E . This supports the use of the analytic
model as a fast benchmark for near-Gaussian photoinjector
bunches.

The direct Coulomb and FFT-convolution calculations
reproduce the same general field trends, but also show the
expected limitations of each method: local particle noise
in the direct summation case and small mesh-related differ-
ences in the FFT case. The longitudinal field comparison is
less exact, mainly because it is more sensitive to the actual
head-tail structure of the sampled bunch than the transverse
field.

Overall, the comparison shows that analytic Gaussian
models are most useful as transversexfield benchmarks,
while the longitudinal field provides.a more sensitive test
of distribution-level and numerical effects. This gives a
controlled validation case for spacé=eharge solvers used in
low-energy photoinjector studies.
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