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Abstract

The dynamical focusing of FEL undulators with variable
gap in FODO lattices with varying but overall low energy
is detrimental to the FODO optics. In the absence of com-
pensation by adjusting the FODO quadrupole strengths it
may drive the cell unstable. Typical examples of FELs in the
critical regime are FLASH at DESY and the SXFEL-SBP at
the Shanghai Synchrotron Radiation Facility. Before, in our
contributions to FEL 2024 and IPAC 2025 we have exten-
sively discussed the case where the undulators are centered
inside the FODO drift of a Lattice with symmetric FODO
cells. Here we treat the fairly common case where the drifts
on each side of the undulator are unequal, which has sig-
nificant impact on the compensation strategy and stability
issues.

INTRODUCTION

In Ref. [1] we have discussed the effect of the transvefse
focusing of undulator insertions on the electron optics of
FODO structures designed to stabilize the beam tfansport
through the long undulator sections of Free Electron Lasers
(FELs). At low beam energy in particular, thejpfe=matched
optics (e.g. for open gaps/ vanishing undulator strength) may
become unstable. The Shanghai Soft X-Ray Free Electron
Laser Facility (SXFEL) [2, 3] at the Shanghai Syaichrotron
Radiation Facility (SSRF), and.the Free electron LASer in
Hamburg (FLASH) [4-6] at/DESY - alsoin its upgraded
form [7-9] — can operate in this potentially unstable regime.
The topic hasdeen treated before by various groups [10-12],
but not at.this generality. Following Refs. [1,13], we refer to
FODO¢ells with undulators inserted into the “O”-drifts as
“FUDU” cells. In Ref. [1] we presentedistability criteria and
a‘numerical scheme to/maintain an initially matched optics
under variation of the undulator strengths. In Ref. [13] we
derived‘a quasi-analytical match-preservation scheme for
exactly mirror-symmetric “fUDUf” cells!, i.e. cells with two
identical undulators,and identical up- and downstream drifts
surrounding each-undulator. There, the match-preservation
conditions reduce to'the teal zeros of a polynomial of order
of 4in 6.

In most FUDU designs, however, the up- and downstream
drifts surrounding each undulator are not identical, breaking
the mirror symmetry of the individual insertion. In the
present contribution we generalize the scheme of Ref. [13]
to this practically relevant asymmetric case. Figure 1 gives a
sketch of our our asymmetric fUDUT scheme, and illustrates
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! We restrict ourselves to fUDUT cells for brevity, but it is clear that analogue
results can be derived for dUFUd cells.
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Figure I'*"Schematic drawing of,an asymmetric fUDUT cell,
illustrating our‘notation.

the meaning of the half-cell length £, as well the filling factor
a and the asymmetry patameter €. The match-preservation
conditions now yield a polynomial of order of 8 in 6, whose
roots.can be computed easily numerically.

STABILIEY ASPECTS OF THE PLANAR
(0, = 0) FUDUF

In their 2012 paper [11] Quattromini et al. proposed that
undulator focusing should drive the optics of the underlying
focusing structure unstable for undulator strengths in certain
bands. Here we adopt the cell normal form coordinates and
the dimensionless scaled kick strengths 6, := i, L := k,[,L
(m =)f.,d,Ux,Uy) of Refs. [1, 13], with the k,, [, be-
ing the “eonventional” focusing strengths, and the element
lengths respectively, and use throughout the dimensionless
B-functions f; := B;/L (i = x,y), with L the half length
of the FODO cell. Moreover, we re-use the notations for
matrices representing the thin lens quadrupoles K, K, the
drifts D, of length /, and the (thick lens, planar horizontally
wiggeling) undulator U, 00000, of length aL, and indepen-

dent scaled focusing kicks 6, and 0, (here: 6, = 0).
Two of us [12] have analyzed the assertion of Ref. [11] by
introducing a parametrization of the half-cell maps using two
functions A, . (6yy), and B, . (6;,).> This parametrization,
which factors out the scaled quadrupole kick strengths 6
and 64, enables certain conclusions on the stability of the
full f{UDUf map C". In particular, it turns out that trace C” is
independent of 6 and 64, whenever A, . (6,) = 0. More-
over |trace C*| < 2 then requires that 1B, c(0;)] < 1 for
the zeros 0; of A, .. As usual, the case |trace C'| = 2 (here
IB,..(6;)] = 1) must be treated with some extra care. See e.g.
Ref. [1]. When a = 1, C” is independent of ¢ and we choose
¢ = 0. Then A ¢ has zeros at 0,, = n>s%, n € N,. These
0,, are at the same time maxima of B; o with B 4(8,) = 1.
Numerical studies indicate that C* (a = 1, Ouy; 05, 04) has a

2 In the original paper A and B are functions of & := Ve.
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Figure 2: The A, -function [12] for some useful values of a,
and €. The red curve represents the case of vanishing drifts
where the zeros can calculated easily analytically to n2 2.
Here: ny = 1,2,3. The blue curve is for a filling factor
of a = 0.8 and an asymmetry ¢ = 0.5 which is discussed
below.

domain of stability ¥’ (0 ,) with non-vanishing measure
in 0,0 ;-space whenever 0y, # 0,. The shape of ¥ ¢
varies smoothly with 6, unless it crosses 6, where the
shape changes discontinuously. Close to 6, = 6,, cell map
has a finite .’ ( but the phase advances and Twiss functions
become “unfriendly” (u close to 2o, 8’s at quads extremely
small, etc.), so one wants to avoid these “bands of incofive-
nience”. Figure 2 plots the A, . function for some customary
values of @ and ¢ in the range of 6, from O to 972 in units
of 2. In passing we note that the largest 0y, found cur-
rently relevant in Ref. [1] was 6, = 3.387 for the SBP
beamline of the Shanghai Soft X-Ray Free Electron Laser
Facility [2,3] and is quite a bit smaller than the characteristic
Ist zero 72 ~ 9.8696 ofAl’O(GUy). For finite) < a < 1,
—1 < € < +1 the situation isdnore complicated. The ze:
ros 0, of A, . are no longef exactly atn®a?. Numerical
study show that the.systeml now has real bands ofinstability
where &, 4(0yy,) has Zero measure. We notehere that .~
is the domain of stability of the complete 4 x 4 matrix, i.e.
the intersection of .¥ *“and @), the domains of stability
ind 0 ;-space of the the horizontal (FODO) and vertical
(FUDU))2 x 2 matrices respectively. Thus ¥ = @ can mean
P = Phas welldas P + @ but PV n PO = @3
Figure 3'llustrates the changes of ¥ g 9.5 when 6y, ap-
proaches the unstable band ~ (8.06, 8.09).

Any quadrupele seheme (in 6/6 ;-space) to compensate
the variable undulator focusing strength must somehow stay
inside %, . (0y,) overthe complete 6 -range it is sup-
posed to cover.

COMPENSATION SCHEME FOR THE
ASYMMETRIC FUDU

We generalize the cell A of Eq. (3) of Ref. [13] to cells
with non-identical up- and downstream drifts surrounding

3 P = p(2x2.00d0) g independent of 0, and never empty.
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Figure 3: ThefPomains %, (@) of stability in 6,46 ;-
space of C" in'the ease of @ = 0.8 and.c = 0.5. ., . (0y)
is coloréd in a color scheme decodingithe vertical phase
advance p, per cell.ZI€si,complement’is colored in white.
Top left: 6, = 3.00; top right: 6, = 8.04; bottom left:
0y, = 13.0; bottom rightt 0y, = 25.0. Fo505(0yy)
ismonemptysfor 6y, < 8.06 or 8.09 < 0,. We found
that inside this band fé))fz)%,o.s and 508: ;’0.5 do not overlap

and that the féy_ g,o.s (0 7,) approaches infinitely large 6,48
when 6y approaches its 1st zero of Ay g o 5 (= 8.063). The
examples have been chosen to illustrate the smooth variation
of the domain shapes away from the Ist zero of Ag g 5.

each undulator (A — B),

B Dpiive) Uio, 0., Pai-e)» —1=e<+1. (D)
with A = (1 — a)/2, while keeping Bupstr. = Bownstr.- 1he
fUDUT cell map then reads

g* = K+Q//2 B K_gd §K+Q[/2 . 2)

For € # 0 the individual insertion B is no longer mirror-
symmetric in the sense of Ref. [13], S BT S # B, and the
lemma proved in the appendix of Ref. [13] does not apply.
Consequently a,, ay # 0 at the cell boundaries, and an
initial match with a;’y = 0 (for Oyy = 0,ie. B=A=D,)
cannot be strictly preserved under variation of the undulator
strengths.

Instead we relax the matching requirement: we demand
only that the B-functions at the cell boundary be preserved,

_ o _
.B)oc?yI = .Bﬁcr,ly =: ﬂx,y’ 3)
while allowing a;f‘y’ # 0. The residual mismatch [14] is then
quantified for each plane, by
ﬁ'(]ut Bm ]
/11-:%( ﬂ_’in +}7.Tl”f , i=x, @
i i



with a;f” = 0, which we use as initial match into the mirror
symmetric FODO cell with 6, = 0.

The condition ¢4 = B together with periodicity of the
trace yields, for each plane , the polynomial constraint

i)+ 2 C(,’)* 2
(tracezg ) +( ;2 ) =1, i=ux,y, o)
1

obtained by eliminating p; via cos? p; + sin? g ; = 1 from
trace C"”"* = 2cos y; and Q(llg* = B,sin p;. This form is
purely polynomial in (6, 6,) and free of the sign ambigu-
ities of cos y; and sin p; which would otherwise generate
spurious branches.

A direct degree count gives: trace C'"* and C!?) Cy," are
each linear in 6, and quadratic in Hf.4 Eq. (5) is therefore
quadratic in 6 and quartic in 6 for both planes. Solving
the x-equation for 6,(6y) (two branches from the quadratic
in 8 ;) and substituting into the y-equation yields a rational
equation

Py (0))
0= 24, ©
Py’ (8)

whose numerator P(;) is a polynomial of order 8 in 6. Real

roots of Pg;) at which the denominator does not vanish pro-
vide up to 8 candidate values for 6 the corresponding 6§
follows by back-substitution. The roots can be easily calcu-
lated numerically.

The numerator Pg;) generically yields up to 8 rootsyin C,
of which typically only one or two are physically relevant.
The reduction to ng) involves squaring twice in order to

eliminate the v~ terms arising from cos'g; = i\/l — sin? i
which introduces spurious roots corresponding to wrong sign
combinations of sin u; and cos,u;. The physically relevant
root is identified by:

L. 13(0/) =0

2. non-vanishing denominator, Pg‘ ) (Hf) + 0;

3. periodicity of the residual a, ie. a?“’ = af” fori =x,y;
As inthe symmetric case [13], proximity of a candidate root
tod zero of Pg‘) signals enhanced sensitivity to the input
parameters and may require switching betWween branches of
the parametrizations of Qf(GUy) and 6 a0y,y). Most likely
this happens when either 0(60,,) or 6,(0¢;,) get close to
the boundary of % (6,,).

RESULTS FOR ASYMMETRIC FUDUS

We illustrate the asymmetric compensation scheme with
two identical planar undulators (6, = 0, 6y, # 0) and fill
factor a = 0.8. The initial match corresponds to unperturbed
phase advances p, = p, = 60°, with the open-gap solution
as reference. We compare the symmetric configuration (¢ =
0, identical up- and downstream drifts) with asymmetric
ones (¢ =04, 1).

Figure 4 (top) shows that the physically selected root of
Pg) (6) varies smoothly with the undulator strength over

4 dUFUd: linear in 0 and quadratic in 0 4.

Figure 4: Compensation solution andicesulting cell stabil-
ity fora = 0.8, u, = p, & 60°, planapundulator, Top:

physically selected root 64,6, of P(ES) as‘a function'of 0y

Bottom:shalf-trace trace €'”*/2 in both planes; stability re-
quires [trace/2| < 1. Shown for the symmetric (¢ = 0) and
asymmetric (45 0.4) drift configurations.

the full seanned range\6 ;,,, € [0, 4} Both 6 -and 6 ; shift no-
ticeably between the symmetric and the asymmetric configu-
rations, demonstrating that'the static (open-gap) quadrupole
strengths are no longer sufficient when ¢ # 0. The corre-
sponding traces in Fig. 4 (bottom) remain within the stability
bandy|Tr/2| <"l over the entire range, confirming that the
compensated-cell'is stable in both planes. But for larger un-
dulator focusing the values are close to 1 in certain regions
for certain branches.
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Figure 5: B oy (5) (top) and « xy (8 (bottom) across one com-
pensated cell at 0, = 1.5, ¢ = 0.4. The asymmetric drift
configuration breaks the cell mirror symmetr fy producmg
nonzero a, , at the cell boundaries while f

preserved by construction.

Figure 5 illustrates the consequence of the broken mirror
symmetry on the Twiss functions: while ﬁ_x’y returns to the
initial value at the end of the cell — this is the very condition
imposed by Eq. (5) — the «, ,-functions are nonzero at
the boundaries, in contrast to the symmetric case where
af{fy = 0 holds exactly. The residual mismatch 1, between
the realized periodic optics and the open-gap reference grows
monotonically with 6, from unity at vanishing undulator
strengthup to 1, = 1.5 at 6, = 4 for € = 1.0, and remains
within tolerable bounds across the full operational range.
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