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Abstract

In this work, we assess the performance and limitations of
Mach—Zehnder interferometry for plasma diagnostics using
a fully synthetic, numerically generated dataset. We explore
regions of parameter space that are difficult to access exper-
imentally, including fringe behaviour, the dynamic range of
measurable phase shifts, and the resolution limits for low-
density plasmas. By introducing controlled phase errors, we
quantify the robustness of common phase retrieval and phase
unwrapping algorithms and identify the conditions under
which these methods succeed or fail. Our results provide
practical design guidelines for optimising interferometric
measurements across a wide range of plasma conditions.

INTRODUCTION

In 1979, Tajima and Dawson proposed using plasma
waves to accelerate charged particles [1], demonstrating
that plasma could generate electric fields thousands of times
stronger than those used in conventional accelerators. This
remained theoretical until 1988, when Rosenzweig and his
team experimentally proved it for the first time [2], paving
the way for a new generation of accelerators.

The field then advanced significantly through pioneering
experiments at the Berkeley Lab Laser Accelerator (BELLA)
facility, which demonstrated the use of plasma channels for
laser-driven wakefield acceleration. The first GeV-class elec-
tron beam was achieved in 2006 using a capillary discharge
plasma channel [3], and subsequent improvements led to
the acceleration of electrons up to 7.8 GeV in a 20-cm-long
channel [4]. A key advancement was the development of
laser-heated capillary channels, in which an auxiliary laser
is used to shape the radial plasma density profile, enabling
efficient guiding of the drive laser over long distances dis-
tances [4]. In all these experiments, precise measurement of
plasma density plays a crucial role, and the Mach—Zehnder
interferometer (MZI) is one of the most common instru-
ments used for this purpose. However, its accuracy depends
on phase-recovery algorithms and is affected by physical
limitations such as phase wrapping at high densities. In
this work, we evaluate the performance and limitations of
the MZI using a fully synthetic dataset, and we investigate
the effect of plasma density, spectral window selection and
width, and probe beam wavelength on retrieval accuracy.
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METHODOLOGY

Synthetic Interferograms

A fully synthetic dataset of Mach—Zehnder interferograms
was generated so that the plasma phase is known exactly (see
Fig. 1), allowing the retrieval algorithm to be tested indepen-
dently of experimental noise. Each interferogram was simu-
lated on a 1024 x 1024 grid with pixel size Ax = 1.75 ym
(field of view L = 1.79 mm). The plasma was modelled as a
cylinder of radius R = 400 um with axis along y (parallel to
the carrier fringes) and perpendicular to the probe direction z,
with a parabolic radial profile n, (r) = n,(1—r?/R?), where

r = Vx2 + z2. Translational invariance along y implies that
the line-integrated density N, (x) = [ n, dz depends only on
X.

In the regime n, <« n., where n, = gym,w?/e? is the
critical density at which the plasma frequency w,,, equals
the probe angular frequency w, the phase shift reduces to

Ap(x) = -1,AN,(x), (1)

with 7, = 2.818 x 1075 m the classical electron radius
and 4 = 532 nm the probe wavelength (frequency-doubled
Nd:YAG). Interferograms were constructed as [ = %[1 +
cos(2mfox + Ag)], with Ap = 0 for the reference, and n,
was scanned over 101°-1029 cm=3.

Phase Retrieval and Density Extraction

The plasma-induced phase was recovered using the
Fourier-Transform Method (FTM) [S]. Since A ¢ is invariant
along y, the 2D interferograms were averaged column-wise
into 1D traces gy (x) and ger(x). An FFT of each trace
yields a DC peak and two sidebands at +f; (Fig. 2); the
positive sideband is isolated with a spectral window centred
on +f,. Four window types (Hann, Gaussian, Tukey, super-
Gaussian) and a range of widths were tested. After shifting
the filtered sideband to the origin and applying an inverse
FFT, the wrapped phase is obtained from the argument of
the complex ratio, which cancels the carrier and any resid-
ual phase. The unwrapped phase (Fig. 3) is inverted using
Eq. (1) to obtain N, (x), and a three-point Abel transform [6]
recovers n,(r). The relative error between retrieved and
input peak densities is used as the performance metric, with
a 5% threshold defining the failure point.

RESULTS AND DISCUSSION

Interferograms were generated across an electron density
range from 10" to 102° cm™3 using an 800 nm probe. The
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Figure 1: Synthetic interferograms generated for three representative plasma densities: a low value n,, = 10'> cm~
intermediate value n,, = 10! cm~3, and a high value n,, =
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Figure 2: Fourier spectrum of the plasma interferogram
for different peak densities. The two side bands at +f; =
20 mm~! carry the phase information.

phase is recovered with high accuracy below ~10!° cm=3
(error less than 5%), after which a sharp transition occurs,
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Figure 3: Wrapped (top) and unwrapped (bottom). At n,g =
10'? cm~3 the cumulative phase exceeds 247, so unwrapping
is required to recover the true monotonic profile.

causing the error to rise above 10% and rendering the re-
covery unreliable. This breakdown is explained by the lin-
ear relationship between phase shift and density (Agp
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Figure 4: Recovery error versus plasma density for different
spectral window widths; wider windows improve precision
but do not shift the breakdown point.

[ n.dlj2): the wrapping limit Ag = s is reached near
2 x 10'8 cm~3, and beyond A¢ = 2 the fringes fold into
the interval [—or, 7r] and the unwrapping algorithm fails to
recover the original profile.

The window width was varied from 0.3x to 2.0x the nom-
inal value (Fig. 4). Wider windows improve accuracy in the
lower range (from ~ 0.02% at 0.3x to ~ 0.002% at 2.0x),
but all fail within a narrow range between 7 x 10'8 and
1.5 x 10'° cm~3. Widening the window therefore only im-
proves accuracy and does not raise the upper limit of mea-
surement.

Seven wavelengths from 266 nm (4@ Nd:YAG) to 10.6 pm
(CO, laser) were investigated (Fig. 5). Shorter wavelengths
extend the retrieval range to higher densities: a 266 nm probe
reaches ~3x10!° cm~3, while the 10.6 um probe fails across
the entire range. The breakdown location follows the critical-
density relation n, o 1/22, confirming that wavelength
imposes the true measurement ceiling.

CONCLUSIONS

A fully synthetic Mach—Zehnder framework was used
to map the operational envelope of Fourier-based phase re-
trieval across plasma density, window function, window
width, and probe wavelength. The recovery remains ac-
curate (error < 0.01%) until a sharp breakdown occurs at
a wavelength-dependent threshold following the critical-
density scaling n,. o 1/22, indicating that the upper limit
might be set by the underlying physics rather than by algo-
rithmic choices. Window shape and width affect precision
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but not the breakdown point, while the probe wavelength
imposes the true measurement ceiling.

Future work will extend this study by introducing realistic
noise sources and investigating additional effects such as
plasma profile shape, recovery limit, and probe beam im-

Recovery Error vs Density(for each probe wavelength)

102 4

10! 4

Wavelength
—e— 266 nm (4w Nd-YAG)
100 4 —*— 355 nm (3w Nd:YAG)
532 nm (2w Nd:YAG)
633 nm (HeNe)
800 nm (Ti:Sa)
+— 1064 nm (Nd:YAG)
10-1 4 —*— 10.6 um (CO2)
—=—- Failure (5%}

Error (%)

10724

10‘13 10‘19 10‘20

nzg (cm=3)

Figure 5: Recovery error versus plasma density for seven
probe wavelengths; the breakdown follows the scaling n,. o
1/22.

perfections, in order to assess the robustness of the retrieval
under experimentally relevant conditions.
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