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Abstract
Circular muon colliders offer a promising route to multi-

TeV center-of-mass energies with high luminosity. The base-
line design for the high-energy complex includes a chain
of pulsed synchrotrons covering energies from 63 GeV to
5 TeV. This chain combines normal and hybrid synchrotrons,
using both fixed-field superconducting and pulsed normal-
conducting magnets. The short muon lifetime (2.2 µs in the
rest frame) constitutes a major challenge for the accelerator
complex: attaining high luminosity requires a muon survival
rate of up to 70 % throughout the acceleration chain, which
implies acceleration within a few milliseconds. Such rapid
acceleration causes a mismatch between the beam energy
in the arcs and the linearly ramped fields of the dipoles and
quadrupoles. The corresponding field errors affect both the
beam trajectory and optical functions. Preliminary tracking
studies have been conducted to assess the emittance growth
arising from these effects.

INTRODUCTION
Circular muon colliders provide a promising path to reach

multi-TeV centre-of-mass energies with high luminosity.
A baseline design for a muon collider was developed by
the US Muon Accelerator Program (MAP) [1]. Within the
framework of the International Muon Collider Collabora-
tion (IMCC) and the MuCol program, an updated design
is currently under investigation [2]. After production, the
muon beam is cooled to reduce its transverse and longitu-
dinal emittance. It is then accelerated to 63 GeV, using a
linear accelerator followed by two recirculating linacs. Sub-
sequently, a chain of Rapid-Cycling Synchrotrons (RCS)
accelerates the beam to collision energy. Finally, the muons
are injected into the collider ring. The layout of the muon
collider is presented in Fig. 1.

The fast decay of the muon beam (with a lifetime of 2.2 µs
in the rest frame) represents the principal challenge for the
muon collider facility, since production, cooling, accelera-
tion, and collision must all occur within the relativistically
dilated muon lifetime. Reaching high luminosity requires a
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total survival rate of up to 70 % throughout the acceleration
chain, which demands for acceleration through the entire
chain of RCS in about ten milliseconds. Four RCSs accel-
erate the beam from 63 GeV to 5 TeV with energy stages
at 314 GeV, 750 GeV and 1.5 TeV. The first RCS is a con-
ventional synchrotron, whereas the following are hybrid
RCS. The hybrid RCS consists of fixed-field superconduct-
ing dipoles interleaved with normal-conducting dipoles that
pulse from negative to positive saturation. These pulsed
dipoles provide rapid cycling and fast acceleration, while
fixed-field strong dipoles help achieve a high average bend-
ing field for a compact ring. Due to the extremely fast accel-
eration, the pulsed magnets must be ramped at rates of up to
4.2 kT/s for RCS1. Such ramps create a mismatch between
the discretely increased beam energy and the continuously
ramped fields of the pulsed magnets, which include dipoles
and quadrupoles. For RCS1, with a distribution of radiofre-
quency (RF) cavities over 8 stations, it represents a dipolar
error of up to 3 % in the first arc. The consequences of this
error on the beam dynamics are carefully studied for RCS1,
the accelerator with the fastest acceleration of the chain. The
first RCS of the chain covers an energy range from 63 GeV
to 314 GeV in 0.34 ms. The beam circulates for 17 turns in
a 5990 m long ring, providing an energy gain of 14.8 GeV
per turn. A lattice design with 8 arcs is considered, featur-
ing 90° FODO cells and a dispersion suppressor at entrance
and exit of the RF insertions. The transverse and longitudi-
nal emittances, 𝜀x,y and 𝜀s, are set at 25 µm and 0.025 eV s,
respectively.

ANALYTICAL MODEL
We consider a dipole of length 𝐿 with its entry face placed

at 𝑠0, with the reference 𝑠 = 0 at the beginning of the arc.
Following the ramp, the strength of an infinitesimal slice of
dipole at 𝑠 is a function of the longitudinal position along
the arc:

𝑘0 (𝑠) = 𝑘∗0 + 𝑘 ′0 (𝑠 − 𝑠∗) (1)

where 𝑘∗0 is the strength at the reference energy, 𝑠∗ the po-
sition where the magnetic field crosses the reference field,
𝑘 ′0 ≡ ¤𝐵/(𝐵𝜌𝑐), with ¤𝐵 the dipole ramp, (𝐵𝜌) the magnetic
rigidity, and 𝑐 the light velocity.

In the following, we will note 𝑀𝑎→𝑏 and 𝑇𝑎→𝑏 the refer-
ence 1st order and 2nd order matrices from 𝑠 = 𝑎 to 𝑠 = 𝑏,
𝑀 = 𝑀𝑠0→𝑠0+𝐿 , 𝛿𝑋 (𝑠), 𝛿𝑀 (𝑠), and 𝛿𝑇 (𝑠) the infinitesimal
offset, matrix, and T-matrix perturbation in 𝑠, and Δ𝑋 and



Figure 1: Muon collider facility layout [3].

Δ𝑅 the integrated offset and matrix perturbation of the ele-
ment. We are looking to express the transport matrix of the
pulsed dipole 𝑀pulsed as

𝑀pulsed = 𝑀 + Δ𝑀 (2)

The integrated offset and matrix perturbation of a pulsed
dipole can be defined as

Δ𝑋 (𝑠0) =
∫ 𝑠0+𝐿

𝑠0

𝑀𝑠→𝑠0+𝐿 𝛿𝑋 (𝑠) 𝑑𝑠 (3)

Δ𝑀 (𝑠0) =
∫ 𝑠0+𝐿

𝑠0

𝑀𝑠→𝑠0+𝐿 𝛿𝑀 (𝑠) 𝑀𝑠0→𝑠 𝑑𝑠

+ 2
∫ 𝑠0+𝐿

𝑠0

𝑇𝑠→𝑠0+𝐿
(
𝑀𝑠0→𝑠 , 𝛿𝑋 (𝑠)

)
𝑑𝑠 (4)

The only non-null terms of 𝛿𝑋 (𝑠) and 𝛿𝑀 (𝑠) are

𝛿𝑋2 (𝑠) = −𝑘 ′0 (𝑠 − 𝑠∗) (5)
𝛿𝑀2,1 (𝑠) = −𝑘∗0 𝑘 ′0 (𝑠 − 𝑠∗) (6)

The horizontal position offset created by this dipole, assum-
ing 𝑘∗0𝐿 ≪ 1, is expressed as

Δ𝑋1 (𝑠0) ≈ −1
6
𝑘 ′0 𝐿

2 (𝐿 + 3𝑠0 − 3𝑠∗) (7)

The horizontal offset is proportional to the dipole ramp rate
but decreases with the magnetic rigidity of the beam.

A similar derivation can be made for a pulsed quadrupole.
The quadrupole strength is of the same form as Eq. (1), but
with 𝑘 ′1 = ¤𝐺/(𝐵𝜌𝑐), with ¤𝐺 the gradient ramp. A pulsed
quadrupole does not generate any offset, 𝛿𝑋 = 0, and the
only non-null terms of 𝛿𝑀qd (𝑠) are

𝛿𝑀qd 2,1(𝑠) = −𝑘 ′1 (𝑠 − 𝑠∗) (8)
𝛿𝑀qd 4,3(𝑠) = 𝑘 ′1 (𝑠 − 𝑠∗) (9)

The results of the analytical model are implemented and
compared with those obtained using the code Xsuite [4].
The analytical model provides transfer matrices that are in-
serted after each pulsed element as line elements. In parallel,
each pulsed element is sliced and assigned a progressively
increasing magnetic field to reproduce the ramp along the
arc.

IMPACT ON THE TRAJECTORY AND
OPTICS

The magnetic reference is chosen at the centre of the arc,
𝑠∗ = 𝐿arc/2. The ramped magnetic field, therefore, crosses

the reference field at the middle of the arc, ensuring that
the counter-rotating 𝜇+/𝜇− beams experience a symmetric
error.

The horizontal trajectory offset in the first arc of RCS1 is
shown in Fig. 2, demonstrating excellent agreement between
the analytical model and the sliced simulation. In the first
half of the arc, the trajectory offset is positive because the
magnetic field is weaker than the value corresponding to
the reference beam energy. In the second half, the offset be-
comes negative as the magnetic field exceeds the reference
field. The beam offset reaches a maximum of 13 mm. Dur-
ing acceleration in RCS1, the beam undergoes oscillations
that are adiabatically damped as the beam energy increases,
as Fig. 3 shows, confirming the energy dependence predicted
by Eq. (7). The largest trajectory excursion, therefore, occurs
when the beam passes through the first arcs of the ring.

Equation (7) also predicts a proportional dependence of
the maximum trajectory excursion on the ramp speed. This
behaviour is confirmed by performing a scan with acceler-
ation times longer than the nominal value 𝑡acc. The results
are shown in Fig. 4.

Figure 2: Horizontal trajectory offset in the first arc of RCS1.

Figure 3: Horizontal trajectory offset for the entire accelera-
tion in RCS1.

The impact on the optics is then studied in two configura-
tions: first, considering the ramp only on the dipoles, and
second, including both dipoles and quadrupoles. In both



scenarios displayed in Fig. 5, an error on the normalised
dispersion is observed, reaching up to 0.1 m1/2. When only
pulsed dipoles are considered, the beta-beating remains mod-
erate. However, when pulsed quadrupoles are included, it
increases to as much as 20 % in both the horizontal and
vertical planes. This represents a significant beta-beating,
especially given that no other sources of errors are included
in the model, such as misalignments, rolls, or mechanical
vibrations. The perturbation of the optics exhibits the same
dependence on the acceleration time, as shown in Fig. 4.

Figure 4: Maximum trajectory excursion and relative varia-
tion of optics as a function of the acceleration time.

Figure 5: Perturbation on optics functions when dipoles (dip)
and quadrupoles (quad) are pulsed for the entire acceleration
in RCS1.

TRACKING STUDIES
Without considering the ramp in the pulsed elements,

tracking studies performed on the lattice with 8 arcs and
the nominal longitudinal emittance show a horizontal emit-
tance growth exceeding 500 %, as presented in Fig. 6. When
the longitudinal emittance is reduced by almost a factor 10,
reaching 0.0026 eV s, the horizontal emittance growth de-
creases to only a few percents. Additionally, keeping the
nominal longitudinal emittance while distributing the RF
system across 28 stations rather than 8 eliminates the emit-
tance growth.

Given that the lattices with 8 and 28 arcs have similar mo-
mentum compaction factors, 7.4 × 10−4 and 8.5 × 10−4, and

comparable horizontal chromaticities, −60.4 and −66.5, we
attribute the observed emittance growth to the large energy
spread of the beam (up to 4 %) combined with the strong
energy kicks delivered by the RF cavities. These effects are
transferred to the horizontal plane through synchro-betatron
coupling. The potential contribution of second-order disper-
sion in the cavity still needs to be investigated.

In a second phase, we aim to quantify the emittance
growth induced by the fast ramp. For the configuration with
8 arcs, tracking studies are performed with a longitudinal
emittance of 0.0026 eV s. Despite this reduced longitudinal
emittance, a horizontal emittance growth of up to 100 % is
still observed. For the 28 arc lattice, using the nominal lon-
gitudinal emittance of 0.025 eV s, the horizontal emittance
growth remains limited to about 10 %. These results strongly
suggest that distributing the RF system over a larger num-
ber of sections is necessary to mitigate emittance growth
induced by the fast ramp.

Figure 6: Start-to-end tracking results for RCS1 for lattices
with 8 and 28 arcs, considering nominal and reduced longi-
tudinal emittance and the fast ramp in the pulsed elements
(ramp) or not (no ramp).

CONCLUSION
The impact of rapid acceleration is investigated for RCS1,

the fastest ramping accelerator in the chain. An analytical
model is developed and compared with simulation results
to study the effects arising from the mismatch between the
beam energy and the magnetic field of the pulsed elements.
This mismatch leads to trajectory offsets and perturbs the
optics, resulting in significant beta-beating. Even in the ab-
sence of ramp errors, tracking studies indicate that the RF
system must be distributed over more than 8 stations to pre-
serve the beam emittance. A lattice featuring 28 RF stations
is found to limit the emittance growth to approximately 10 %
when ramp errors are included.
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