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Abstract
The luminosity performance of FCC-ee is sensitive to

spurious optics errors at the Interaction Point (IP), notably
to nonzero waist shift, vertical dispersion, and transverse
coupling. Using the code Xsuite, we study how these aber-
rations influence beam sizes, luminosity, and beamstrahlung
power, for the FCC-ee baseline parameters. Multi-turn sim-
ulations have been carried out to study the equilibrium dis-
tribution/dynamics. Simulated sensitivities for linear lattice
descriptions allow an assessment regarding the impact of
strong-strong beam-beam effects on IP tuning. By scan-
ning the amplitude of individual linear IP optics aberrations,
we infer tolerance estimates for which the simulated per-
formance remains compatible with the design expectations.
We compare these with the results of earlier (single-pass)
simulations by the code GUINEA-PIG and with analytical
calculations. Our study aims at providing a consistent pic-
ture of beam–beam behaviour at the FCC-ee IP, so as to help
devise future strategies for luminosity optimisation and IP
tuning.

INTRODUCTION
We are investigating how spurious optics errors at the

FCC-ee interaction point affect beam–beam dynamics, lu-
minosity, and beamstrahlung at the 𝑡𝑡 working point (182.5
GeV centre of mass energy) [1, 2]. Our study is based on
self-consistent multiturn beam-beam simulations performed
with the code Xsuite [3]. These simulations should provide
guidance for the beam–beam-based tuning and Bayesian op-
timization strategies to be developed for FCC-ee [4]. The
FCC-ee is designed to operate close to the beam–beam limit
in order to achieve extremely high luminosity [1]. Under
these conditions, small optics errors at the interaction point
can lead to significant degradation of performance. In partic-
ular, three classes of low-order IP aberrations are known to
be critical: longitudinal shifts of the vertical waist, residual
vertical dispersion, and transverse coupling. Such aberra-
tions were previously observed and corrected with some
success, e.g., at the SLAC Linear Collider (SLC) [5], at
KEKB [6], and at SuperKEKB [7]. The IP optics errors
fluctuate and drift due to changes in the ring circumference,
temperature variation, orbit changes, ground motion, and
beam-dynamics effects, and must, therefore, be controlled
by beam-beam-based feedback and tuning.
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Simulation Framework
In the Xsuite tracking code, we represent the FCC-ee

lattice by a linear transport model between a final focus
element, e.g., a crab-waist sextupole, and a single interac-
tion point (IP), and by the inverse linear transport on the
other side of the IP. Beam-beam interactions are modeled
through nonlinear sliced kicks applied once per turn. Ra-
diation damping and quantum excitation are included [8].
Controlled waist shifts, dispersion, and coupling are then
introduced by modifying the linear transport matrices at the
IP. Multi-turn simulations have been carried out to study
the equilibrium distribution/dynamics, as is illustrated in
Fig. 1 for various cases of spurious vertical dispersion at the
IP. The simulation models the combined effects of radiation
damping, beam-beam forces, beamstrahlung-induced energy
spread, and IP aberration.

Figure 1: Luminosity evolution up to 1000 turns, with spu-
rious vertical IP dispersion for the two beams, as indicated.

Each IP aberration is varied independently around the
design working point, while all other parameters are kept
fixed. The resulting luminosity and beamstrahlung power
levels (calculated from beamstrahlung energy at every turn)
are then recorded as functions of the aberration amplitude.
This procedure allows tolerance ranges to be defined for
which the performance remains compatible with the FCC-ee
design goals.

Waist shift. In the absence of errors, the vertical beta
function has a minimum at the IP. A longitudinal shift 𝑧0
of the waist leads to an increase of the IP beta function
according to 𝛽∗𝑦 (𝑧) = 𝛽∗

𝑦,0 + (𝑧− 𝑧0)2/𝛽∗
𝑦,0, which increases

the effective beam size in the collision region. Since the
bunch has a finite length, a nonzero 𝑧0 reduces the overlap
of the two beams and degrades luminosity, particularly in
the presence of strong beam-beam focusing and hourglass
effect.
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Vertical dispersion. A residual vertical dispersion 𝐷∗
𝑦

causes particles with different energies to collide at different
vertical positions. The resulting increase in the mean-square
vertical beam size is given by

𝜎∗,2
𝑦 = 𝛽∗𝑦𝜀𝑦 + (𝐷∗

𝑦𝜎𝛿)2,

where 𝜎𝛿 denotes the rms relative energy spread. Even for
small values of 𝐷∗

𝑦 , the term 𝐷∗
𝑦𝜎𝛿 can dominate over the

intrinsic vertical betatron beam size (𝛽∗
𝑦,0𝜀𝑦)

1/2 and strongly
reduce luminosity.

Transverse coupling. Linear betatron coupling mixes
horizontal and vertical motion, allowing part of the large
horizontal emittance to leak into the vertical plane. This is
described by a coupled transport matrix from crab-sextupole
to the IP [9, 10],

(
𝑋

𝑌

)
2
=
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0 𝐵12
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𝑋

𝑌

)
1
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where the coupling matrix 𝐶 and 𝛾 are functions of
(𝛼𝑥 , 𝛽𝑥 , 𝛼𝑦 , 𝛽𝑦 , 𝑓1001, 𝑓1010), with 𝑓1001 and 𝑓1010 referring
to resonance driving terms [10].

LUMINOSITY TOLERANCES
Approximate Analytical Estimates

The luminosity is inversely proportional to the vertical
rms beam size at the IP: L ∝ 1/𝜎∗

𝑦 . Therefore, an increase
in vertical beam size from 𝜎𝑦,0 to 𝜎∗

𝑦 = 𝜎∗
𝑦,0 (1+Δ𝜎𝑦/𝜎∗

𝑦,0)
reduces the luminosity to

L
L0

=
1

1 + Δ𝜎𝑦/𝜎∗
𝑦,0

≈ 1 − Δ𝜎𝑦/𝜎∗
𝑦,0 ,

with Δ𝜎𝑦/𝜎∗
𝑦,0 ≪ 1. Requiring a tolerable luminosity

loss Δ yields the condition Δ𝜎𝑦/𝜎∗
𝑦,0 < Δ .

Vertical waist shift. At the 𝑡𝑡 working point, 𝜅𝑦 ≡
𝜎𝑧/𝛽∗𝑦 = 1.33, i.e. the hourglass effect becomes rele-
vant [11, 12]. This introduces an effective overlap region
of rms extent given by 𝜎𝑧,eff = 𝜎𝑧/

√︁
2(1 +Φ2), with

Φ ≡ 𝜎𝑧𝜃𝑐/(2𝜎∗
𝑥) the Piwinski angle, and 𝜃𝑐 the full crossing

angle. The luminosity loss due to a vertical waist shift Δ𝑠𝑦 ,
in the same physical direction for both beams (“overlap”), is
given by the following ratio of hourglass integrals [11]:

L(Δ𝑠𝑦)
L0

=

∫ ∞

−∞

𝑒
−𝑧2/𝜎2

𝑧,eff

1 + (𝑧 − Δ𝑠𝑦)2/𝛽∗2
𝑦

𝑑𝑧∫ ∞

−∞

𝑒
−𝑧2/𝜎2

𝑧,eff

1 + 𝑧2/𝛽∗2
𝑦

𝑑𝑧

.

This yields tolerances of |Δ𝑠𝑦 | ≲ 0.35 mm for 1% and
|Δ𝑠𝑦 | ≲ 0.79 mm for 5% luminosity loss, respectively.

Horizontal waist shifts are found to have negligible impact
on luminosity in simulations, due to the large 𝛽∗𝑥 .

Vertical dispersion. Vertical dispersion (𝐷∗
𝑦) and its

derivative (𝐷∗′
𝑦 ) at the IP increase the beam size as 𝜎𝑦 =

√︃
𝜀𝑦𝛽

∗
𝑦 + (𝐷∗

𝑦𝜎𝛿)2 and 𝜎𝑦 =

√︃
𝜀𝑦𝛽

∗
𝑦 + (𝐷∗′

𝑦 𝜎𝑧,eff𝜎𝛿)2, re-
spectively. Applying the condition Δ𝜎𝑦/𝜎∗

𝑦,0 < Δ gives
|𝐷∗

𝑦 | < 𝜎𝑦,0
√

2Δ/𝜎𝛿 and |𝐷∗′
𝑦 | < 𝜎𝑦,0

√
2Δ/(𝜎𝛿𝜎𝑧,eff),

yielding |𝐷∗
𝑦 | ≲ 3.2 𝜇m and 7.3 𝜇m, and |𝐷∗′

𝑦 | ≲ 2.3 mrad
and 5.2 mrad for 1% and 5% luminosity loss, respectively.
Horizontal dispersion tolerances are quite relaxed due to the
large horizontal beam size and are not limiting performance.

Transverse coupling. Coupling increases the effective
vertical emittance as 𝜀𝑦,eff = 𝜀𝑦 + 8

(
| 𝑓1001 |2, | 𝑓1010 |2

)
𝜀𝑥

[9, 13]. The luminosity constraint gives, e.g.,

| 𝑓1001 |, | 𝑓1010 | <
1
2

√︂
𝜀𝑦

𝜀𝑥

√
Δ.

This yields | 𝑓1001 | ≲ 1.5 × 10−3 (1%) and | 𝑓1001 | ≲ 3 ×
10−3 (5%). The same analytical tolerance applies to | 𝑓1010 |,
although in simulations the inherent instability of the sum
resonance [14] leads to a stronger degradation.

Simulated Tolerances
We simulate individual IP aberrations and quantify their

impact on luminosity through 2D parameter scans over the
aberration amplitudes for beam 1 (B1) and beam 2 (B2).
Figure 2 shows the normalized luminosity as a function of
vertical dispersion, waist shift, difference resonance cou-
pling 𝑓1001, and sum resonance coupling 𝑓1010.

Figure 2: Normalized luminosity dependence on IP aber-
rations at 𝑡𝑡 running, corresponding to a beam energy of
182.5 GeV, with full beam–beam interaction. The luminos-
ity is averaged over turns 800–1000 and normalized to the
aberration-free value.

For the vertical beam waist, the maximum luminosity is
achieved when the waists of the beams overlap at the IP,
as expected. When the waist of Beam 1 is shifted down-
stream (upstream) and that of Beam 2 is shifted upstream
(downstream) by the same amount in their respective ref-
erence frames, the waists no longer overlap at the IP but
instead intersect at a displaced longitudinal position. This
allows a relatively better overlap of the beam densities and re-
sults in higher luminosity compared to when both beams are
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shifted upstream (or downstream). Nevertheless, luminosity
losses arise even from purely longitudinal waist offsets: at
|Δ𝑤𝑦 | ∼ ±100 𝜇m losses reach ∼1%, increasing to 2–3% at
∼ ±300 𝜇m.

Table 1: Analytical And Simulated Luminosity-Loss Toler-
ances

Analytical Simulation

Aberration 1% 5% 1% 5%

|Δ𝑠𝑦 | 0.35 mm 0.79 mm 0.2 mm 0.4 mm
|𝐷∗

𝑦 | 3.9 𝜇m 8.8 𝜇m 1.0 𝜇m 3.0 𝜇m
|𝐷∗′

𝑦 | 2.8 mrad 6.3 mrad 1.0 mrad 2.0 mrad
| 𝑓1001 | 1.5 × 10−3 3.0 × 10−3 2.0 × 10−3 4.0 × 10−3

| 𝑓1010 | 1.5 × 10−3 3.0 × 10−3 1.0 × 10−3 2.0 × 10−3

|𝐷𝑥 | 2.9 mm 6.4 mm 2.0 mm 5.0 mm
|𝐷′

𝑥 | 3.2 mrad 7.1 mrad 2.0 mrad 4.0 mrad

Vertical dispersion imposes more stringent constraints.
Even a perturbation of 1 𝜇m causes a ∼1% luminosity drop,
growing to ∼10% at 5 𝜇m, reflecting the sensitivity of
the tiny vertical emittance to energy-dependent orbit off-
sets. Concerning linear coupling effects, the sum resonance
( 𝑓1010) at an amplitude of ∼ 2 × 10−3 causes ∼2% lumi-
nosity loss, while the difference resonance ( 𝑓1001) at the
same amplitude causes ∼1% degradation, as detailed in [10].
This is especially concerning since current estimates of the
expected machine coupling are of the same order of magni-
tude, highlighting the need for precise IP tuning [15]. For
completeness, we also look at the impact of horizontal dis-
persion. The tolerances are less tight given the micro-meter
scale in the horizontal plane. The thresholds derived from
these scans, defined as the aberration amplitude at which
luminosity loss does not exceed ∼1% or ∼5% for each effect
individually, are summarised in Table 1.

Beam-size and Beamstrahlung
All aberrations primarily degrade luminosity through an

increase of the effective vertical beam size. For vertical
waist shifts, the beam size increases due to collisions occur-
ring away from the waist over the finite bunch length. An
asymmetry is observed, forward shifts produce a stronger
increase than backward shifts, reflecting the interplay with
beam–beam focusing.

Figure 3: Dependence of the normalized vertical beam size
(left) and beamstrahlung power (right) on the waist shift.

The beamstrahlung power as shown in Fig. 3 follows a cor-
related but asymmetric behaviour. Increasing the waist shift

Figure 4: Dependence of the normalized vertical beam size
(left) and beamstrahlung power (right) on 𝑓1010.

in one beam enhances its emitted power, while a shift in the
opposing beam reduces it. This indicates that beamstrahlung
is sensitive not only to beam size, but also to the longitudinal
overlap and local beam–beam strength.In case of sum reso-
nance coupling as shown in Fig.4, we see similar effects. As
the vertical size of beam-1 grows its beamstrahlung emission
increases. While increasing the coupling in beam-2 weakens
the beam-beam force experienced by beam-1 and leads to
lower beamstrahlung emissions.

Comparison with Guinea-Pig
The single-pass simulations (Fig. 5) from GUINEA-PIG

reproduce the same qualitative trends as Xsuite, includ-
ing the asymmetry of luminosity with respect to waist shift
and the position of the maximum at waist overlap. How-
ever, GUINEA-PIG predicts systematically smaller lumi-
nosity degradation. This is due to the absence of multi-
turn effects such as radiation damping, energy spread evolu-
tion, and cumulative beam–beam interactions. In Xsuite,
these effects lead to a self-consistent equilibrium distribu-
tion, where beam-size growth and beamstrahlung reinforce
each other, resulting in stronger sensitivity to IP aberrations.
Thus, while single-pass simulations capture the main trends,
multi-turn simulations are essential for realistic tolerance
estimates.

Figure 5: Normalized luminosity dependence on the waist
shift in Xsuite and GUINEA-PIG. The luminosity is aver-
aged over turns 800–1000 in Xsuite and over five repeats in
GUINEA-PIG.

CONCLUSION
Executing multi-turn beam-beam simulations in Xsuite,

we have studied the sensitivity of FCC-ee luminosity at the
𝑡𝑡 working point to three classes of linear IP aberrations:
waist shift, vertical dispersion, and transverse coupling. The
simulations reveal tight tolerances on all three aberration
types, with vertical dispersion being the most stringent. The
combined effect of realistic residual aberrations affecting the
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vertical beam size is estimated to reduce the luminosity by at
least 5%, motivating the development of robust beam-beam-
based IP tuning and Bayesian optimisation strategies [4].
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