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Abstract
It is desirable to reduce the convergence time of optimisers

used by large accelerator facilities to make best use of the
available development time. A popular technique is Bayesian
optimisation (BO) which typically use Gaussian processes
(GP) to construct a surrogate of the real machine response
to decision variables. GPs belong to a class of algorithms
called kernel methods that assign pairwise similarities to
all data points with a kernel function. While well-suited to
tasks like injection, the kernel matrix must be stored and
inverted at inference time, incurring a time-complexity and
limiting datasets to a few thousand examples in practice. The
modeller is free to design the kernel, subject to some mild
regularity conditions. We investigate whether modifications
made to the kernel structure, informed by the physics of
our problems, can improve sample efficiency. Acquisition
function strategies are also discussed to further improve
performance.

INTRODUCTION
Recent work at Diamond Light Source has studied how

the performance of Bayesian optimisation can be improved
when tuning magnets in the linac-to-booster and booster-to-
storage ring (BTS) transfer lines by exploiting knowledge
of the physics in those regions. The only magnets present
for controlling the beam are dipole and quadrupole magnets,
making the dynamics linear. Roll errors on the magnets are
typically small, such that the coupling between the horizontal
and vertical planes can be neglected to a first approximation.
Standard GP optimiser kernels like radial basis function
(RBF) and Matérn [1] are local in the sense that they contain
products of terms that become smaller at coordinates far
from observed data points. As a result, predictions are mis-
calibrated in regions far from the training data and this can
hurt the discovery process for new points in the BO loop. In
this paper we demonstrate how the choice of kernel impacts
the search for optimal inputs.

THEORY
Gaussian Process

A GP is a probabilistic surrogate model with a mean,
𝜇(⋅), and kernel function, 𝑘(⋅, ⋅), where each ⋅ represents
a variable. The kernel is also known as a covariance or
similarity function. The mean 𝜇(𝑥) and marginal variance
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𝑘(𝑥, 𝑥) at a point 𝑥 define the marginal predictive distribution
there. Conditioning on data is equivalent to creating a kernel,
𝑘𝑖 = 𝑘( ⃗𝑥𝑖, ⋅), for every data point, each with the same fixed
hyperparameters, and finding scale factors for each kernel
such that the superposition of all kernels faithfully repro-
duces the observed data. In standard BO, the likelihood is
Gaussian which means the posterior can be written in closed
form and is also Gaussian. This means the hyperparameters
of the kernel and the weight vector are simultaneously found
by minimising the negative log marginal likelihood (absent
a constant).

−𝑙𝑛 𝑝( ⃗𝑦 | 𝑋) = 1
2( ⃗𝑦 − ⃗𝑚𝑥)T(𝐾𝜔 + 𝜎2

𝑛𝕀)−1( ⃗𝑦 − ⃗𝑚𝑥)

+ 1
2 𝑙𝑛 | 𝐾𝜔 + 𝜎2

𝑛𝕀 |

where 𝑋 ∈ ℝN×D is a design matrix of data point coordi-
nates, ⃗𝑦 are the measurements associated with them, ⃗𝑚𝑥 is
the GP mean at those points, 𝐾𝜔 is the covariance or Gramm
matrix such that 𝐾𝜔𝑖𝑗

= 𝑘( ⃗𝑥𝑖, ⃗𝑥𝑗; 𝜔) where 𝑘 has hyperpa-
rameters 𝜔, 𝜎𝑛 is the aleatoric uncertainty of the system, 𝕀
is the identity matrix, and 𝑛 is the number of data points that
have been collected. The final term in the RHS is a fixed
constant and is usually dropped during this step.

Kernel
A kernel is a function of two inputs that produces a scalar

output. It sits within a space of square-integrable functions
known as a reproducing kernel Hilbert space (RKHS).

𝑘 ∶ ℝ × ℝ → ℝ.

If the kernels are fixed at data points they become func-
tions of a single free variable. Square-integrability then
implies that the integral of the square of the magnitude of
the kernel over the entire domain is finite.

∫
∞

−∞
|𝑘𝑖( ⃗𝑥)|2𝑑 ⃗𝑥 < ∞.

Hence it can be concluded that any function which is
square-integrable and meets some additional criteria like
being positive semi-definite are valid kernels and can be
used by a GP in a consistent way. Commonly used kernels
are the RBF which is smooth and Matérn which has a finite
number of continuous derivatives. A property that follows
from this is that sums and products of kernels are also valid
kernels. An additive kernel is motivated by considering that
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some multivariate functions 𝑓 = 𝑓 (𝑥1, ..., 𝑥𝑛) are the result
of the sum of several different orders of interaction between
its input dimensions [2]. If a base kernel for each dimension
is chosen, 𝑘𝑑 , the kernel evaluated on a data point is

𝑘𝑑 = 𝑘𝑑(𝑥𝑑)

where 𝑥𝑑 is the 𝑑th element of a data point vector (the arrow
has been dropped for clarity). The first order of interaction
does not account for any interaction between dimensions
and is written as

𝑘𝑎𝑑𝑑1
(𝑥, 𝑥′) = 𝜎2

1

D
∑
𝑖=1

𝑘𝑖(𝑥𝑖, 𝑥′
𝑖 ), (1)

where 𝜎2
𝑛 is the variance of the 𝑛th order of interaction.

To further illustrate, the second order interaction between
dimension pairs is

𝑘𝑎𝑑𝑑2
(𝑥, 𝑥′) = 𝜎2

2

D
∑
𝑖=1

D
∑

𝑗=𝑖+1
𝑘𝑖(𝑥𝑖, 𝑥′

𝑖 ) 𝑘𝑗(𝑥𝑗, 𝑥′
𝑗 ),

A general expression for interactions of any order can be
found in [2], however the sums quickly become intractable
in high dimensions because the number of terms grows com-
binatorially. Furthermore, only first order interactions are
considered in these studies. As a consequence, global fea-
tures become learnable despite the base kernels themselves
being local, which is shown in Fig. 1. A drawback is that
the number of hyperparameters which must be optimised is
directly related to the number of dimensions as well as the
number of sub-kernels used to form the base kernel in each
dimension. Although sample efficiency may improve, the
time needed to perform the calculations could grow enough
to negate any potential speed-ups.

Linear Dynamics as Additivity
The beam envelope is parametrised by the longitudinal

coordinate 𝑠 which implies that transmission is most sensi-
tive at locations where the beta function is largest, since the
maximum separation between the envelope and beam pipe
is smallest. Most of the beam losses that occur due to chang-
ing the corrector strengths will come from it scraping the
vacuum pipe wall and other components. In real machines,
there is typically a ceiling on the maximum achievable trans-
mission and this can vary greatly. The sum of charges at
beam position monitors (BPMs) can be written

𝑓 = 𝑓 (𝑥H1
, ..., 𝑥Hn

, 𝑥V1
, ..., 𝑥Vn

)

where 𝑥Hi
and 𝑥Vj

are the 𝑖th and 𝑗th horizontal and vertical
corrector strengths, respectively. If the dynamics in the
transverse planes are truly decoupled due to negligible errors
and fringe effects, an inductive bias for the GP is

𝑓 ≈ 𝑓 ( ⃗𝑥H) + 𝑓 ( ⃗𝑥V) (2)

The objective is now in a suitable form to be optimised
with an additive kernel. What remains is to discover the

Figure 1: Two GPs are trained on the same random dataset
of 20 examples (red dots). The ground truth function is
𝑠𝑖𝑛 𝑥 + 𝑠𝑖𝑛 𝑦. A single RBF kernel is used, predictions are
inaccurate in regions with high uncertainty (top). First-order
interactions with RBF base kernels are used (bottom). White
lines represent isocontours of the GP mean surfaces.

extent to which different orders of interaction between cor-
rectors in the same plane affect the objective value.

METHODOLOGY
The same randomly initialised beam of 2,000 electrons

was instantiated at the beginning of a model of the Booster-to-
storage ring (BTS) transfer line lattice in the PyAT particle
tracking code [5] with a sigma matrix that is a close approx-
imation of the real machine. The Twiss parameters were
𝛼𝑥 = −2.92, 𝛼𝑦 = 0.75, 𝛽𝑥 = 12.13m, 𝛽𝑦 = 2.94m and the
horizontal and vertical emittance 𝜖𝑥𝑦 = 2.6 × 10−7 m rad.
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TFigure 2: Two separate studies: blue — single RBF kernel; orange — first-order interaction additivity with Matérn base

kernel with 𝜈 = 3/2. The average best performance of a GP optimiser tasked with maximising beam transmission along the
BTS transfer line in a simulation by tuning 14 corrector magnets. Trust region Bayesian optimisation (TuRBO) [3,4] is
used to accelerate the progress in the high-dimensional setting. In each study, ten identical optimisers with the same initial
conditions and same 20 samples were run. The solid lines represent the average within a study and the shaded regions
represent the respective 1𝜎 confidence bands. Seven BPMs and 2,000 particles imply that 14,000 particles is the maximum
theoretical value.

±25mm rectangular apertures were added between each ele-
ment to simulate the vacuum pipe wall of the real machine.
All 14 corrector magnets were controlled in the studies. An
identical batch of 50 initial sample trajectories and their as-
sociated corrector strength vectors were recorded and used
to seed the optimisers. Upper confidence bound (UCB) was
chosen as the acquisition function with 𝛽 = 2. A constant
zero-mean prior was also used. Each configuration of an
optimiser was rerun ten times with identical initial condi-
tions. The variability in the optimiser history comes from
the stochasticity of searching the likelihood landscape to op-
timise hyperparameters, using the Xopt Python package [6].
This gives a summary of the average performance of a partic-
ular configuration. For performance reasons, the maximum
order of interaction between the corrector strengths in the
optimisations was kept at two, although it was occasionally
dropped to one. This is necessary because the number of hy-
perparameters quickly grows with the number of dimensions
and base kernel components. Additionally, the likelihood
landscape becomes less smooth and the gradient descent al-
gorithm used to find optimal hyperparameters, L-BFGS [7],
becomes stuck in poor regions or fails to converge altogether.

RESULTS
The toy problem from Fig. 1 illustrated how global struc-

ture could be found with additivity. The benefits of ex-
ploiting the uncoupled dynamics to design a custom kernel
become even more apparent in higher dimensions. In Fig. 2
it is shown that the additive kernel performs better as it con-
verges to an optimal solution earlier than the standard RBF
kernel, however, the variance is larger.

CONCLUSION AND FUTURE WORK
The motivation for an additive kernel structure in the

context of particle accelerator injection is explained and
benchmarked against a standard kernel method at various
configurations. Cautionary tales are given about extending
these methods to higher-dimensional domains. It is shown
that additive kernels allow local stationary kernels to dis-
cover global trends in a system response, improving sample
efficiency. In the future, the additive structure will be tested
on the real transfer line to see how robust it is to measurement
noise from the BPMs. It is also intended to test different
acquisition function strategies to determine if further per-
formance gains are achievable. This means benchmarking
UCB which is intuitive to use against expected improvement
which tends to be more efficient at finding a global optimum,
as well as a Thompson sampling approach that combines
the two approaches.
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