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Abstract

Coherent synchrotron radiation (CSR) is a critical effect
in the design and operation of high-brightness electron accel-
erators, as it can lead to significant energy loss and emittance
growth. In this paper, we present SymCSR, a first-principle
tracking program for simulating the 6D phase space dynam-
ics of electron beams under the influence of CSR. SymCSR
computes the radiation reaction field of electrons based on
its retarded and instantaneous trajectory, which efficiently
reduces the requirement on macroparticle numbers. The
dynamics of electron beam in various dimensions are cal-
culated using SymCSR and are compared with theoretical
models.

INTRODUCTION

Generating ultrashort electron beam to produce coher-
ent radiation has attracted substantial interest in accelerator
physics community in recent years [1,2]. Advanced phase
space manipulation methods and lattice designs have been
proposed to achieve ultrashort bunch length in linear acceler-
ators and storage rings [3,4]. Due to the high peak current of
the ultrashort electron beam, when the beam traverses bend-
ing magnet or radiator, the coherent synchrotron radiation
(CSR) produced by the beam itself could have significant
impact on the dynamics. Meanwhile, in these scenarios the
bunch length could be comparable to the transverse beam
size and the 6D phase space distribution of the beam could
evolve notably in the radiator. To accurately model the CSR
effect, it should go beyond the 1D approximation and simu-
late the full 6D phase space dynamics with CSR effect.

Here, we demonstrate a first-principle tracking program,
SymCSR, for calculating the 6D beam dynamics with CSR
effect. The program utilizes radiation reaction (RR) field
formalisim to eliminate the space-charge singularity in calcu-
lation of CSR effect, therefore largely reduce the requirement
on macroparticle number for a convergent result.

RADIATION REACTION FIELD

In the simulation of CSR effect, the Lienard-Wiechert
solution is frequently applied to calculate the electromag-
netic field of a moving charge. However, the two terms in
the Lienard-Wiechert solution both contain space-charge
singularity which complicates the analysis of CSR effect.

In the previous work, we have shown that the solution
of Maxwell equations can also be decomposed into three
terms, namely, space-charge field, compression field and RR
field [S]. It is shown that the CSR effect is induced by the
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RR field, and the space-charge related effects are included in
the first two terms which are instantaneous. For the electric
field, the decomposition can be written as

E=E,+Ecomp + Ep, (1)

with

@)

where R = R/R, ﬁ =dp/dt, R = r; - T is the distance
between the source particle (j) and the test particle (i), Bc is
the velocity of the source particle.

The magnetic field can also be decomposed accordingly.
To simulate the CSR effect, the Lorentz force from the RR
field is calculated at every time step. Since the RR force does
not include space-charge singularity, numerical convergence
can be achieved with fewer macroparticles.

SYMPLECTIC INTEGRATOR

During each field evaluation time step, a symmetric
second-order symplectic integrator is employed to update
the 6D phasespace coordinates of the particles. The use of
symplectic integrator instead of Runge-Kutta integrator pre-
serves the phase space volume and at the same time reduces
the computation time which is essential for simulating CSR
effects in storage rings.

For simplicity, assuming only the x component of the
vector potential of the external field is non-zero, the Hamil-
tonian of an electron under the external field can be written
as [6]
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where p = (py,p,,p,) is the electron momentum, r =
(x,y,s) is the electron position, & is the momentum devia-
tion, / is the electron path length and
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where B, v is the velocity and Lorentz factor of the refer-
ence particle.

The independent variable of this Hamiltonian is o, satis-
fying do = cdr. Since the Hamiltonian does not contain o



| PAC 26 Prelimnary proceedings (edited version):

explicitly, the corresponding second-order symplectic inte-
grator can be directly written as

Ao Ao
— 52Ky . 52K
Mor(Ag) =e 2 RigmiAoKy g™ R 3)
where
—Aok _:MM. _1 _:M/’%:
e 2 —e 2 2D :J@xe 22DJ@X,

Sy = et axryode
The motion of the particles are updated using Eq. (5).

RETARDATION RELATION

To calculate the CSR effect, SymCSR split the simulation
time window into a number of field evaluation time steps.
In each step it calculates the (point-to-point) RR field based
on the instantaneous phasespace coordinates and past phas-
espace trajectories of the electrons. The Lorentz force from
the RR field is used to update the beam phasespace coordi-
nates. Between every two field evaluation steps a number
of particle motion updates are performed using symplectic
integrator.

In evaluating the RR field, the instantaneous space-charge
and compression field can be directly calculated using the
current phasespace coordinates. For the retarded Lienard-
Wiechert field, SymCSR saves the history of particle trajec-
tory and solves the root of the retardation relation for each
pair of source and test particle to compute the retarded time.
To improve memory efficiency, SymCSR uses chunked ring
buffer to record the past particle trajectory. It only records
the phasespace trajectory in a fixed time window and shift
the data after a certain number of time steps. In this way,
the memory is contiguous and further computation can be
accelerated.

In solving the retardation relation, SymCSR calculate the
retarded phasespace coordinates by quadratic interpolating
the discrete particle history. To accelerate the root finding,
Chanrupatla algorithm [7] is implemented which is an op-
timized algorithm for shifting between bisect and secant
method (inverse quadratic interpolation) to ensure fast cover-
gence. To further accelerate the calculation, previous result
of the retarded time is used as an initial guess for the root
finding interval. MPI is used to split the calculation of N2
interactions to all threads at each field evaluation step. The
result of the RR field are then gathered and broadcasted to
all threads for the update of phasespace coordinates.

For the case of large macroparticle number or long bunch
length, allocating the history buffer will require a large
amount of memory. To reduce the memory consumption,
a sparse history sampling method can be applied. In this
method, the particle phasespace coordinates are recorded in
amuch longer time step. A coarse retarded time is calculated
based on this sparse particle history, and then the source par-
ticle is updated using the symplectic integrator around this
coarse retarded time to generate a temporary particle history.
A fine retarded time calculation is performed on this history
to get the accurate retarded time.
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RESULTS

First we discuss the convergence of SymCSR in integra-
tion step size and macroparticle number. Consider an elec-
tron beam with central energy Ey = 250MeV, Q = 1.6 fC,
transverse emittance €, = 0.3 nmrad, transverse angular
spread ¢ = 20 prad, bunch length o, = 12nm, energy
spread 0 5 = 1 x 1073 and an undulator with undulator pa-
rameter K = 0.6, period 1, = 0.2 m and number of periods
N,, = 2. Using macroparticle number N,, = 600, we calcu-
late the emittance increase in three directions with total field
evaluation steps 100, 200, 400, 600, 900, 1200. The result is
shown in Fig. 1.
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Figure 1: Beam emittance growth induced by CSR at the
exit of undulator with various number of field evaluation
time steps.
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Figure 2: Beam emittance growth at the exit of undulator
with different macroparticle number for RR field.

It can be seen that for number of time steps larger
than 600 the results are convergent. Next, we fix the
number of field evaluation steps to be 600, and calcu-
late the emittance change for macroparticle number of
100, 300, 600, 900, 1200. The results are shown in Fig. 2.
For macroparticle number larger than 600, the results are
close to convergent and the fluctuation of the results comes
from the fluctuation of the macroparticle density distribu-
tion.

Using SymCSR, we can also calculate the emittance
change considering the full Lienard-Wiechert field. The
results are shown in Fig. 3. The fluctuation is approximately
two orders of magnitude larger than the results of RR field,
which is due to the space-charge singularity.

Next, we validate our calculation by comparing with CSR
theory. To compare with 1D CSR theory, we consider a beam
with Eg = 250MeV, Q = 0.32fC, N,,, = 500, ¢, = 1pm,
a'l = lnrad, 05 = 1 x 10719 and two different bunch
lengths ¢, = 1 um, 10 nm. For a dipole with bending radius
p = 10m, the calculated normalized radiation loss is shown
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Figure 3: Beam emittance growth at the exit of undulator

with different macroparticle number for Lienard-Wiechert
field.

in Fig. 4. For comparison, the result using 1D theory is
shown in Fig. 5.
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Figure 4: Normalized radiation loss in dipole calculated by
SymCSR for beam with bunch length (a)1 um and (b)10 nm.
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Figure 5: Normalized radiation loss in dipole calculated by
1D CSR theory for beam with bunch length (a)l ym and
(b)10 nm.

It can be seen that the results from SymCSR and 1D
theory are exactly the same for the long bunch case. For
short bunch with ¢, = 10nm, the deviation of radiation
energy loss compared to the 1D theory comes from the fact
that the beam can no longer be regarded as a 1D line charge.

@ conerent synchrotron radiation energy loss () Coherent synchrotron radiation energy loss
0.010 ., 0.00 -
I 3 %,
3, 0.005 3
é o H 0 4 1e-6
&l 0.000 F | 050
8 -0.005 o & 2 ] k ?
N : $ = 37075 -
3 -0.010 s G E.D o E
2 : & x 2 _100 <
g -0.015 ke g~ ?
< e
& —0.020 2 S-1s -2
] H <
§ ~0.025 £ -150 T 30
2 2 PN, s
-0.030 _175 -~

-3 -2 -1 0 1 2 3 -0.03-0.02 -0.01 0.00 0.01 0.02 0.03
z (um) z (um)

Figure 6: Longitudinal phasespace distribution of the beam
at the entrance and exit of the chicane (a) without CSR effect
and (b) with 6D CSR effect.

Finally, we calculate the 6D coherent synchrotron radia-
tion effect of symmetric C-shape chicane. Consider the beam
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with Ey = 250MeV, O = 3.1pC, N,,, = 800, ¢, = 160 um,
o' = 16prad, o, = 10pm, o5 = 3 x 1073 and energy
chirp 2 = 9m~!. The chicane consists of four dipoles with
bending angle 6 = 0.1125. The drift length between first
two dipole is Lp; = 3.55m, and the drift length between
the second and third dipole is Lpz = 0.5 m. The length of
the rectangular dipole is Lg = 0.6 m. The longitudinal phas-
espace of the beam at the entrance and exit of the chicane
is shown in Fig. 6. Figure 6(a) shows the result without
CSR effect considered, while Fig. 6(b) is the longitudinal
phasespace distribution with 6D CSR effect. It can be seen
that the CSR effect leads to a significant energy loss which
under the effect of dispersion leads to the over-compression
of the beam.
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Figure 7: The relation between angular divergence change
and the longitudinal and transverse position of the particle at
the exit of chicane. (a) horizontal angular divergence change
and (b) vertical angular divergence change.

Here, we also present the result of the change of transverse
angular distribution of the beam induced by CSR effect. The
result is shown in Fig. 7. The change in transverse angular
divergence is given by the difference between the angular
divergence at the chicane exit with and without CSR effect.
The overall horizontal emittance growth is 38.2% and the
vertical emittance growth is 0.20%.

CONCLUSION AND OUTLOOK

The simulation of ultrashort electron beams with coherent
synchrotron radiation is a major challenge in the develop-
ment of future light sources. In this paper, we introduced
SymCSR, a first-principle tracking program for calculating
the 6D phase space dynamics of electron beams with CSR
effects. By calculating the RR field, SymCSR greatly re-
duce the computational demand. It supports the definition
of lattices with arbitrary combinations of drift, dipole, and
undulator by declaring the lattice file. Components such as
quadrupole will be implemented in future versions.
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