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Abstract
Estimating the stability domain in view of its character-

isation and optimisation is one of the primary topics of
single-particle non-linear beam dynamics. The boundary of
the stability domain, the dynamic aperture (DA), has a com-
plicated fractal structure that cannot be reliably estimated
by analytical means. Instead, numerical methods are used to
estimate the DA, with the additional constraint of identifying
only the domain that is simply connected around the origin.
The most common case of a DA estimate for 4D systems
can be reduced to a lower-dimensional angular scan, thus
lowering the computational burden. Here we present a new
robust method of DA characterisation based on construct-
ing a cloud of escaping initial conditions that bounds the
stable domain and has a significantly lower computational
complexity than a direct scan of phase-space variables. The
proposed method is applied to a non-linear 4D symplectic
map, and the results are compared with those obtained using
standard methods, both in terms of accuracy and CPU time.

INTRODUCTION
The DA remains one of the main concepts characterising

non-linear performance in currently operating and proposed
circular charged-particle accelerators such as the CERN
LHC [1] and FCC [2, 3]. Relevant effects include the im-
pact of DA on injection efficiency and beam lifetime. Al-
though strict stability would require initial conditions to
remain within the DA region indefinitely, in practice, DA
is commonly defined as a finite-time simply connected sta-
ble region around the origin [4]. Accurate computation of
DA requires repeated iterations of the map representing one-
turn propagation in the ring. The number of iterations per
initial condition can range from the order of 103 for elec-
tron light sources, corresponding to a characteristic time
scale over which synchrotron radiation produces sufficient
damping [5], to 107 for proton machines, where synchrotron
radiation has a negligible effect [6], considering that ulti-
mately the timescale is also dependent on the duration of
the process under consideration, e.g. collisions in the LHC,
which is of the order of several hours, corresponding to about
several 108 iterations. As a result, direct DA computation is
a computationally demanding task.

The standard approach to DA estimation is based on iter-
ating initial conditions along rays starting from the origin,
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which is assumed to be an elliptic fixed point [7]. This pro-
vides a significant computational gain compared with scan-
ning a full rectangular grid of initial conditions and directly
targets the main central stable region. This method assumes
that the DA region has a sphere-like shape, or more generally,
that it is star-shaped, and computes the DA volume using
a structured grid of angular variables in polar coordinates
together with the corresponding equivalent hypersphere ra-
dius as the main DA characterisation parameter. In addition
to ray-based DA computation, modern algorithms [8], as
well as machine learning methods [9–13], are actively being
developed to reduce the computational complexity of DA.

Because the DA boundary has a complicated fractal struc-
ture, it cannot generally be reliably estimated analytically.
Analytical methods work best when the DA boundary is
dominated by a single strong resonance. In this case, single-
resonance normal forms can be used [14], or a more general
map-based computation can be employed [15]. Apart from
DA size, typically represented by its equivalent radius, its
shape and internal structure are also of interest, especially
for studies of the long-term behaviour, when the required
number of one-turn map iterations becomes computationally
infeasible, and in the context of probing the robustness of ac-
celerator lattice to magnetic field errors. While in 2D phase
space the DA boundary is determined by homoclinic or het-
eroclinic tangles composed of stable and unstable manifolds
of hyperbolic fixed points [16–19], in higher dimensions
there is no natural boundary enclosing the orbits, and trans-
port from small amplitudes is possible due to Arnold diffu-
sion [20]. The internal DA structure provides information
about dominant resonances and is commonly explored using
chaos indicators (see, e.g. [21] and references therein), while
symmetry lines also allow exploration of the DA shape [22].

In this contribution, we present a new approach to DA
estimation based on a bounding set of unstable initial con-
ditions [23]. The method provides a robust estimate of the
central stable region by enclosing it with a shell of unstable
points. It can be used both to characterise the DA through
an equivalent radius and to explore the detailed structure
of the stable domain, since full unstable orbits are used in
the construction of the bounding set. We present the steps
required to construct the bounding set, and we study its com-
putational complexity and the scaling laws of the enclosed
stable region [24–28]. The constructed domain is not in one-
to-one correspondence with that obtained using standard
ray-based DA computation, and it should be understood as a
related but distinct object, representing the region enclosed
by a cloud of unstable initial conditions.
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DIRECT DA COMPUTATION
We study the following 4D symplectic non-linear map:
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where (𝑞𝑥, 𝑞𝑦, 𝑝𝑥, 𝑝𝑦) are the transverse normalised phase-
space coordinates, (𝜇𝑥, 𝜇𝑦) = (2𝜋𝜈𝑥, 2𝜋𝜈𝑦), with 𝜈𝑥, 𝜈𝑦
being the fractional part of the betatron tunes, and the prime
indicates the coordinates after one iteration. This map is
a generalisation of the 2D Hénon map [29] and despite its
simplicity, it exhibits the main non-linear features of in-
terest: a finite stability domain, resonances, and chaotic
behaviour. Furthermore, it represents the transverse dynam-
ics in a FODO cell with a sextupole and an octupole in the
single-kick approximation [30].

The entire stable domain can be probed using the follow-
ing polar parametrisation of rays:

(𝑞𝑥, 𝑝𝑥) = 𝑅 cos 𝜓(cos 𝜙𝑥, sin 𝜙𝑥),
(𝑞𝑦, 𝑝𝑦) = 𝑅 sin 𝜓(cos 𝜙𝑦, sin 𝜙𝑦),

where 𝑅 > 0 is the length of the rays, 𝜙𝑥, 𝜙𝑦 ∈ [0, 2𝜋) are
the phase angles in the canonical planes, and 𝜓 ∈ [0, 𝜋/2]
controls the mixing between them. This parametrisation
covers a sphere-like domain whose volume is

𝑉 = 1
8 ∫

2𝜋

0
∫

2𝜋

0
∫

𝜋/2

0
𝑟4(𝜓, 𝜙𝑥, 𝜙𝑦) sin(2𝜓)d𝜓 d𝜙𝑥d𝜙𝑦,

where 𝑟(𝜓, 𝜙𝑥, 𝜙𝑦) is the last stable radius in a given di-
rection and the equivalent DA radius is ̂𝑟 = (2/𝜋2𝑉)1/4.
Numerically, the volume integral is estimated by discretising
the angular variables. The notation (𝑘, ℓ) denotes 𝑘 steps for
𝜓 and ℓ steps for each of 𝜙𝑥,𝑦, for a total of 𝑘×ℓ2 rays. Along
each ray, 𝑅 increases in steps of Δ𝑅 until the unboundedness
of the orbit is detected. Note that an alternative ray-based
computation can be formulated using Monte Carlo sampling
of random directions. In this case, the equivalent radius is
estimated through the Hölder mean ̂𝑟4 = 1/𝑁 ∑𝑖 𝑟4

𝑖 , where
4 is the phase-space dimension. This approach also provides
a statistical uncertainty of ̂𝑟.

An example of a direct ̂𝑟 computation over 𝑛 = 4096 map
iterations, typical for electron machines, and Δ𝑅 = 0.02
radial step size for different numbers of initial rays, is shown
in Fig. 1 (top), together with the corresponding computa-
tional cost (bottom). The number of rays considered is
(𝑘, ℓ) = (2𝑖, 2𝑖), 2 ≤ 𝑖 ≤ 6, giving a total of 23𝑖 values.
For direct computation, the equivalent radii are computed
from the last stable and first unstable ray radii (black and
grey crosses). Further refinement is performed by bisec-
tion (red markers), which is not part of the direct method
but is included for illustration. As expected, convergence
of ̂𝑟 is observed: for 𝑖 = 4, ̂𝑟 differs only by 0.2% from
the 𝑖 = 6 result, while being several orders of magnitude

faster to evaluate. The number of one-turn map evaluations
grows approximately linearly with the number of rays and
is dominated by stable initial conditions, about 99% for
(𝜈𝑥, 𝜈𝑦) = (0.28, 0.31). For hadron rings, the DA bound-
ary is defined by initial conditions with much larger escape
times, corresponding to a different dynamical regime that
lacks any damping. Hence, a larger number of iterations
should be used for DA computation.

Figure 1: Equivalent DA radius (top) and corresponding
computational complexity (bottom) for direct and bounding-
set methods vs. the number of used rays.

THE BOUNDING-SET METHOD
The construction of the unstable bounding set that en-

closes the stable region is based on the following steps:
• Domain specification: Discretize the region of interest,

specified by lower and upper bounds, using cells of side
Δ𝑆 and a radial step Δ𝑅 = 2Δ𝑆.

• Ray-boundary specification: Select a set of rays prob-
ing the entire domain. A ray is activated if it intersects
at least one marked cell, i.e., a cell containing an un-
stable initial condition. For each activated ray, the first
intersected marked cell is used to define the boundary.

• Initial set construction: The initial bounding set is
constructed by moving along a small number of ran-
dom rays until an unbounded orbit is found. The entire
unstable orbit is then used to mark as unstable the cells
containing its points.

• Ray-based boundary filtering: For each activated ray,
retain only the first intersected marked cell. All other
marked cells are discarded at this stage, although a copy
of the full marked-cell set can be saved and updated.

• Domain expansion: Generate new initial conditions
from the ray-based filtered cells using either uniform
or angle-based random sampling.

• Repeat expansion & filtering steps: Repeat steps until
all rays are activated or a prescribed number of activated
rays is reached.
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• Equivalent radius computation: Use the resulting
boundary cells to compute the ray-based equivalent DA
radius, or use the Hölder mean if the threshold-based
termination is used.

The results obtained using the above steps and the param-
eters used in the direct calculation are shown in Fig. 1. For
the bounding-set method, the rays are used to explore the
boundary of the DA. Similarly to the direct computation, the
final value converges as the number of rays is increased. The
estimated radius is systematically smaller than that obtained
from the direct computation. The main reason is that the
atomic objects of the bounding-set method are hypercubes,
that is, full-dimensional, finite-size objects, whereas the rays
used in the direct method can probe regions smaller than the
cell size. The finite cell size seems to provide a more robust
mean of DA estimation, since it excludes narrow regions
that are of limited practical interest. The computational cost
depends weakly on the number of rays used to define the
boundary and, for the largest ray set, is about two orders of
magnitude lower than that of the direct computation. The
error bars, obtained from several initial-set samples, demon-
strate the small spread achieved with a large number of rays.

Figure 2: Equivalent DA radius (top) and computational
complexity (bottom) for different termination thresholds.

A comparison of the distribution of explored ray radii
demonstrates that direct and bounding-set methods explore
similar phase-space regions even in the presence of termi-
nation. Complete boundary convergence is achieved, on
average, in 70 rounds of domain expansion and filtering over
32 realisations using (64, 64) rays. Figure 2 illustrates how
termination, defined by archiving a prescribed percentage
of activated rays, affects the equivalent radius and computa-
tional complexity.

Figure 3 shows the fitted equivalent DA radius scaling-
law curves ̂𝑟(𝑛) = 𝜌(𝜅/2e)𝜅/ ln𝜅(𝑛) [28] obtained using
the data points indicated by the grey lines. The average
results over 32 different realisations, including statistical
uncertainties, are fitted for the bounding-set method. The
shaded area represents the 95% confidence interval, and the
prediction of last point is accurate to better than 1%.

Figure 3: Fit of the DA scaling law for the direct (red) and
bounding-set (blue) methods using data indicated by the
vertical lines.

The generated ray boundary can be used further to grow
the domain, with new marked cells being added without ray-
based filtering. This allows detailed exploration of the shape
of the stable domain, and visualisation of its projections (see
Fig. 4 and [31] for interactive 3D projections). The full 4D
bounding set is constructed, and its projections are compared
with boundaries obtained from 2D ray tracking. The pro-
jected boundary closely matches the ray-based one, except
in the horizontal plane, where the project of the bounding
set may represent a singular behaviour of the dynamics.

Figure 4: Projections of the bounding set (magenta) and
comparison with 2D ray-based DA computation (black) and
grid survival scans for the four possible 2D projections.

CONCLUSIONS AND OUTLOOK
A new method for DA estimation and characterisation is

presented, based on a bounding set of unstable initial con-
ditions. By using information from entire unstable orbits,
rather than only from their initial conditions, the method
provides a conservative estimate of the DA region and its
geometric shape. For a large number of rays, it is also more
computationally efficient than direct ray-based DA compu-
tation. Initial studies with the Hénon map demonstrate that
the DA scaling law is respected by the bounding set. Further
studies with a larger number of iterations are foreseen to
assess the method’s behaviour for applications to hadron
accelerators.
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