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Abstract

Precise reconstruction of the beam sigma matrix is critical
for transport-line modeling and injection optimization. Our
earlier work demonstrated that the differentiable simulation
framework Cheetah enables gradient-based recovery of the
5x5 non-temporal sigma matrix at the APS BTS transport
line using quadrupole scans. In this paper, we extend the
method to improve efficiency and robustness. We introduce a
generalized formulation that incorporates multi-screen mea-
surements, providing increased stability in realistic lattice
configurations. The differentiable-tracking approach yields
physically consistent reconstructions while remaining com-
putationally scalable. These developments form a practical
framework for sigma-matrix determination in complex trans-
port lines and support future real-time model calibration and
tuning at the APS and similar facilities.

INTRODUCTION

Accurate knowledge of the incoming beam sigma matrix
is essential for transport-line modeling, matching, and injec-
tion tuning. When performing quadrupole scans in regions
with nonzero dispersion, the measured beam moments also
contain information about momentum-dependent correla-
tions, allowing reconstruction of the non-temporal 5x5 beam
sigma matrix [1]. The downstream beam moments can be
determined by linearly solving for the unknown upstream
sigma matrix using first-order transport matrices [1,2]. De-
spite its efficiency and transparency, this approach’s accuracy
degrades when the transport line cannot be represented well
by a first-order model. Strong chromatic effects, nonlinear
fields, and lattice-model errors can produce discrepancies
between the measured moments and the linear prediction.
These discrepancies may be reduced with subsequent non-
linear fitting or black-box optimization, but the resulting
problem is high-dimensional and non-convex, often requir-
ing many tracking evaluations.

Differentiable beam-dynamics simulation provides a prac-
tical way to improve the efficiency of general parameter opti-
mization tasks while retaining physics fidelity. Recent codes
such as Cheetah [3,4], Bmad-Julia [5], and JuTrack [6] use
auto-differentiation (AD) to propagate derivatives through
tracking calculations. This capability has enabled gradient-
based high-dimensional beam reconstruction, including gen-
erative phase space reconstruction (GPSR) methods for six-
dimensional phase-space recovery [7, 8]. In our previous
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work, we proposed and implemented a Cheetah-based ap-
proach for reconstructing the 5 x 5 sigma matrix of the Ad-
vanced Photon Source (APS) booster-to-storage-ring (BTS)
transport line from quadrupole scan measurements [9]. Al-
though the method showed promising results in simulations
and initial measurements, its sensitivity to initial conditions
and computational cost limited its application.

In this paper, we extend that method to improve both effi-
ciency and robustness. We formulate the sigma-matrix re-
construction directly in terms of a differentiable, physically
constrained covariance parameterization. The method is
generalized to include measurements from multiple screens,
which adds independent constraints to improve the robust-
ness and reduce the data requirements of real-world mea-
surements. The resulting differentiable-tracking approach
preserves physical consistency, remains computationally
scalable, and provides a practical path toward online sigma-
matrix determination for model calibration and tuning.

GRADIENT-BASED OPTIMIZATION OF
BEAM SIGMA MATRIX

We briefly summarize the workflow for reconstructing the
incoming beam sigma matrix from quadrupole scan mea-
surements using differentiable simulation. The workflow is
outlined in Fig. 1.
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Figure 1: Workflow for the beam sigma matrix reconstruc-
tion with differentiable simulation.
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The unknown incoming beam distribution is represented
by the covariance matrix X of the five non-temporal phase-
space coordinates (x,p,,y, Py» S8). The covariance can be
parametrized by a lower-triangular Cholesky factor,

Ti(0) = LgL), 6 € R, (1)
which results in 15 degrees of freedom corresponding to the

independent elements of the symmetric sigma matrix. The
diagonal elements of Ly are constrained to be positive using
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a softplus transform,

(Lg);; =log (1 +exp (0} raw)) - )

while the off-diagonal elements are used directly as opti-
mization variables. This parameterization ensures that the
resulting covariance matrix is positive definite without re-
quiring additional constraints in the gradient optimizer.

For each optimizer step, a fixed reference macroparticle
distribution is transformed to match the parametrized co-
variance matrix. Let Xy be the reference distribution with
centroid g and Cholesky factor L. The incoming distribu-
tion for the current trial matrix is generated as

Xin(0) = (Xo — po)(LoLg")T + pro. (3)

Equivalently, this produces macroparticles distributed ac-
cording to

Xin(0) ~ Z4,(0). 4

The transformed particles are tracked through the transport-
line model for each quadrupole setting. For quadrupole
setting 7 and screen s, the predicted screen images are

Y9(0) = f; (Xin(0) | kg ), ©)

where f; denotes tracking from the entrance of the BTS line
to screen s. As the reconstruction in this work assumes a
nearly Gaussian beam distribution, each predicted transverse
profile is reduced to its second moments,

Y(”S)(B) — (Uxx’ Ty axy)(lys) ) 6)
This scalarized objective is more computationally efficient
than direct image matching while still capturing the beam
sizes and transverse coupling relevant to sigma-matrix re-
construction.

The target data consist of measured moments Ygr’;gt for a
set of quadrupole settings and diagnostic screens. The loss
function is defined as the mean squared difference between
the measured and predicted moments,

1 M N 3 . . 2
1(0) = 3MN (Ytzfge):tJ - Yéiéfi)J(e)) . ()
s=1i=1j =1

where N is the number of quadrupole settings and M is
the number of screens. The multi-screen formulation adds
independent constraints from different lattice locations and
helps reduce degeneracy among beam sigma matrices that
can produce similar moments at a single screen.

Because each operation in the workflow is differentiable,
the gradient Vgl is obtained directly through AD. The
Cholesky parameters can then be updated with gradient
descent,

Ori1 < 0, —1Vel(60y), )

or with adaptive gradient-based optimizers. In this study, we
use Adam [10], which adjusts the effective learning rate for
each parameter and improves convergence for parameters
with different numerical scales.
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MULTI-SCREEN MEASUREMENT AT BTS
TRANSPORT LINE

The multi-screen reconstruction was tested on the APS
BTS transport line. The scan varied the AQ5, BQ2, and
BQ3 quadrupoles, while the beam moments were measured
on the downstream FS3 and FS4 diagnostic screens. Two
dipoles are located between AQS5 and BQ2, and the region
between FS3 and FS4 includes skew quadrupoles used for
emittance exchange. The two screens therefore sample the
beam after different dispersive and coupled transport sec-
tions, providing complementary constraints on the incoming
sigma matrix. For each run, 30 quadrupole settings were
selected from simulation. The quadrupole strengths were
randomly sampled within their allowed ranges, and only set-
tings with full beam transmission were retained. The scan
sets were also filtered by the predicted beam size on the
screens: the maximum accepted beam size was 1.5 mm for
Runl, 2.0 mm for Run2, and 2.5 mm for Run3.

In the reconstruction process, 1000 macroparticles were
tracked, and the optimization was performed with Adam for
2000 steps, corresponding to around 4 minutes of compu-
tation time on a laptop. The Run?2 result is shown in Fig. 2,
where the predicted moments from the reconstructed sigma
matrix are compared with the measured moments on FS3
and FS4, with o, ;, being the horizontal and vertical beam
sizes, and p,, = 0,,/(0,0,) being the correlation coeffi-
cients. The agreement across both screens indicates that the
fitted incoming distribution reproduces the measured beam
response over the scanned optics.
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Figure 2: Transverse beam moments measured on the FS3
and FS4 diagnostic screens compared with the predicted
moments from the reconstruction.

The reconstructed beam parameters from the three runs
are listed in Table 1. Run2 and Run3 were measured on
the same day, while each run used a different scan set (see
above). The reconstructed parameters are broadly consistent
across the three measurements: the horizontal emittance is
near 60 nm, and the vertical emittance is near 1.2 nm. All
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Table 1: Results of the beam matrix estimated from three
measurements. Each scan used a different set of quadrupole
settings. Run2 and Run3 were measured on the same day.

Parameter Runl Run2 Run3

€, (nm) 60.6851 61.9216 59.9041
B, (m) 12.5346 12.4223 11.9061
a, 2.2871 2.3125 2.2326
7, (m) -0.3867 -0.3597 -0.3987
Ny 0.0818 0.0740 0.0781

€, (nm) 1.1734 1.2196 1.1038

B, (m) 3.3092 2.9092 3.2008
ay -0.9478 -0.5663 —-0.8293
1y (m) 0.0193 0.0341 0.0256
My 0.0057 0.0051 0.0087
O xy -0.0314 -0.0478 -0.0354
ap 0.0012 0.0013 0.0013

three runs also predict a horizontal dispersion of approxi-
mately —0.4 m and a transverse tilt angle of order —0.03 rad
to —0.05 rad, which may indicate an optics mismatch in the
booster.

As the inverse problem is nonlinear, the gradient-based
optimization may converge to local minima. However, the
consistency obtained from three independently selected scan
sets suggests that the relevant minima are close in the physi-
cal beam-parameter space. This repeatability is an important
indication that the multi-screen formulation improves the
robustness of the reconstruction.
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Figure 3: mean absolute error (MAE) of the beam moments
on FS3 screen when using different numbers of images for
the reconstruction. The images are down-selected from the
set of 30 measured images.

Incorporating multi-screen measurements could further
reduce the number of required images, and therefore the
beam time needed for a measurement. Figure 3 shows the
reconstruction result using only a subset of the measured im-
ages. As expected, the reconstruction error in the transverse
beam moments decreases with increasing number of images.
This is consistent with the fact that, although the problem is
formally overdetermined, it remains partially degenerate in
practice. The five-dimensional sigma matrix has 15 degrees
of freedom, while each image provides three observables,
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so in principle only five images are required. In practice,
however, additional measurements help better constrain cor-
relations and reduce ambiguities in the reconstructed initial
beam distribution. For this study, using around 20 images ap-
pears to preserve most of the reconstruction accuracy. This
should be regarded as an initial estimate, since the current re-
sult is based only on down-selecting from an existing dataset.
If fewer images are to be acquired in practice, the quadrupole
settings could instead be re-optimized to maximize the in-
formation content of the measurement set.

The present reconstruction does not yet account for sev-
eral real-world effects. In particular, beam orbit variation
during the quadrupole scan can lead to variable contribution
to the beam sizes. Small but not precisely known quadrupole
misalignments also influence the result by introducing spu-
rious dispersion to the measured beam moments. Extending
the reconstruction model to include these effects is expected
to further improve both the accuracy and robustness of the
inferred beam parameters.

CONCLUSION

We have developed and implemented a novel method for
reconstructing the five-dimensional beam sigma matrix in
a transport line from quadrupole-scan measurements using
the differentiable simulation code Cheetah. The approach
is computationally efficient, robust, and yields physically
consistent solutions. Its formulation is also flexible, making
it readily extensible to more general measurement configu-
rations, such as multi-screen setups, and broadly applicable
to transport lines with nonzero dispersion. Experimental
results demonstrate good consistency of the reconstructed
sigma matrices across measurements taken on different days,
indicating that the method is sufficiently reproducible for
practical operation. Incorporation of real-world effects like
beam and magnet offsets is expected to further improve the
reconstruction accuracy. These promising results motivates
its future online deployment in automated beam characteri-
zation workflows [11] and provide a natural foundation for
further extensions, such as integrated system identification
and adaptive measurement strategies.
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