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Abstract
A new implementation of Deep Lie Map Networks

(DLMNs) based on the single-pass forward-differentiation
capability of MAD-NG is presented. DLMNs were intro-
duced in earlier work as an optics-modelling framework in
which lattice parameters are fitted directly to measured BPM
trajectories. In the present implementation, exact derivatives
of particle coordinates with respect to lattice parameters are
computed during tracking. Rather than relying on backprop-
agation or finite differences, gradients are evaluated on the
fly during tracking, so intermediate states do not need to
be stored. This reduces memory use and computation time
while preserving precision. The result is a scalable tool for
data-driven optics reconstruction that is well suited to larger
multi-turn data sets and, ultimately, to digital-twin applica-
tions in which model parameters are inferred continuously
from live measurements.

INTRODUCTION
Achieving and maintaining good performance in syn-

chrotrons relies on accurate knowledge of the underlying
lattice optics [1, 2]. Magnet strength errors, misalignments,
and higher-order field components all lead to optics distor-
tions that can degrade beam quality and reduce dynamic
aperture, beam lifetime, and machine performance [1, 2].
Identifying and correcting these errors is therefore critical.

Awidely used method for linear optics correction is Linear
Optics from Closed Orbits (LOCO), originally introduced
in [3]. LOCO determines lattice errors by fitting a model
orbit response matrix to measured data, enabling the ex-
traction of quadrupole strength errors and beam position
monitor (BPM) calibration factors [3, 4]. This method can
be slow and cumbersome for large machines, may fail to
converge, and remains sensitive to noise and systematic er-
rors [1, 5]; moreover, typically it is limited to only linear
optics, although there exists extensions to nonlinear optics
from off-energy closed orbits (NOECO) [6, 7]. On the other
hand, methods widely used for example at the Large Hadron
Collider (LHC), rely on optics measurements of AC-dipole-
driven turn-by-turn data; however, these approaches typically
target a specific machine state and do not inherently provide a
simulation model applicable to all or even any machine state.

Deep Lie Map Networks (DLMNs), introduced in [8],
offer a framework in which an accelerator lattice is treated
as a parametrised model whose parameters are optimised
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directly against measurements. The first implementation of
this approach was developed in Julia, using backpropaga-
tion techniques from the machine-learning community. In
that work, a custom tracking code was implemented to opti-
mise quadrupole and sextupole strengths against measured
data [6].

In this work, we present a new DLMN implementation
based on the forward-differentiation capabilities of Method-
ical Accelerator Design – Next Generation (MAD-NG) [9].
By exploiting its truncated power series algebra (TPSA)
framework, derivatives of particle coordinates with respect
to arbitrary lattice parameters can be computed exactly dur-
ing tracking. This enables step-by-step gradient evaluation
without finite differences or backpropagation, improving effi-
ciency, numerical stability, and memory usage. In contrast to
LOCO, which relies on dedicated and expensive beam-time-
intensive measurements and structured orbit-response data,
DLMN can make use of more routine machine data. The
approach has already been applied to LHC measurements
to identify beam-energy offsets [10].

DLMN DESIGN
The parametrised lattice model can be interpreted as a

machine-learning network in which magnet parameters, such
as strengths or misalignments, are optimised to reproduce
measured beam positions [6]. The optimisation aims to
reduce the loss function using stochastic gradient descent,
ℒ, defined as

ℒ = 1
2 ∑

𝑖
[(𝑥𝑠,𝑖 − 𝑥𝑚,𝑖)2 + (𝑦𝑠,𝑖 − 𝑦𝑚,𝑖)2] , (1)

which quantifies the discrepancy between the measured
and simulated beam position monitor (BPM) coordinates,
(𝑥𝑚,𝑖, 𝑦𝑚,𝑖) and (𝑥𝑠,𝑖, 𝑦𝑠,𝑖), respectively. The index 𝑖 spans all
BPMs, turns, and initial conditions. To optimise a parameter
𝑘, the derivative of the loss with respect to 𝑘 is required.
Applying the chain rule gives

dℒ
d𝑘 = ∑

𝑖
( 𝜕ℒ

𝜕𝑥𝑠,𝑖

d𝑥𝑠,𝑖
d𝑘 + 𝜕ℒ

𝜕𝑦𝑠,𝑖

d𝑦𝑠,𝑖
d𝑘 ) . (2)

Substituting Eq. (1) into Eq. (2) gives

dℒ
d𝑘 = ∑

𝑖
[(𝑥𝑠,𝑖 − 𝑥𝑚,𝑖)

d𝑥𝑠,𝑖
d𝑘 + (𝑦𝑠,𝑖 − 𝑦𝑚,𝑖)

d𝑦𝑠,𝑖
d𝑘 ] . (3)

The remaining task is therefore to obtain d𝑥𝑠,𝑖/d𝑘 and
d𝑦𝑠,𝑖/d𝑘, either by automatic differentiation or by finite dif-
ferences.
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IMPLEMENTATION FRAMEWORK
In MAD-NG, the required derivatives are calculated di-

rectly during tracking using TPSA objects. MAD-NG com-
bines a LuaJIT front end with computationally intensive C
and C++ components, including the TPSA objects and the
physics maps [9,11,12]. This structure provides direct access
to tracking internals and allows coordinates and derivatives
to be extracted within the same tracking pass.

Truncated Power Series Algebra
TPSA is the bedrock of MAD-NG [9] and has been suc-

cessfully used in the Polymorphic Tracking Code (PTC) [13].
Instead of tracking a particle only through its phase-space
coordinates, each coordinate is promoted to a TPSA object
representing a truncated Taylor polynomial that is differenti-
ated automatically at every step.

Each object is truncated at a specified order and repre-
sents the particle as a Taylor expansion about its phase-space
point, exact to that order. Propagation through the lattice
uses exact maps where available, thick–kick–thick maps
for quadrupoles, and drift–kick–drift (DKD) maps for sex-
tupoles, all integrated using a symplectic scheme, such as
the fourth-order Yoshida integrator [14].

MAD-NG also uses a generalised TPSA formalism in
which user-defined parameters can be treated as differentia-
tion variables [15], referred to here as parametric tracking.
This allows direct extraction of d𝑥𝑠,𝑖/d𝑘 and d𝑦𝑠,𝑖/d𝑘 for any
fitted parameter during tracking, avoiding backpropagation
while retaining full generality.

Python
PyMAD-NG provides access to MAD-NG commands

and internal data structures from Python [16]. Its ability
to run multiple MAD-NG instances simultaneously allows
trajectories with different initial conditions to be executed in
parallel, which is useful for large data sets on multithreaded
machines. Data extraction and optimisation are handled in
Python, so the implementation can use mature optimisation
and multiprocessing tools.

PROVIDING INITIAL CONDITIONS
Accurate reconstruction of the initial conditions is es-

sential for reliable DLMN fitting. When these are noisy
or poorly constrained, the loss function becomes ill-
conditioned, leading to unreliable optimisation and noise-
dominated parameter estimates. Earlier studies addressed
this by acquiring hundreds of measurements with nearly
identical initial conditions using a single-turn kicker [6]. As
the kicker excites the beam only once per machine cycle,
each cycle yields a single trajectory, making the procedure
time-consuming.

In contrast, optics measurements in machines such as the
LHC are typically performed with an AC dipole, which pro-
duces adiabatic oscillations over thousands of turns [17, 18].
This extended excitation allows multiple short trajectories
to be extracted within a single cycle, substantially reducing

the required measurement time. However, because the exci-
tation ramps over roughly 1000 turns, reproducing identical
oscillations between kicks remains challenging, motivating
the need for an alternative reconstruction strategy.

To address this, a more general reconstruction method
can be employed in which the beam is treated as a single
particle undergoing betatron motion on an ellipse in phase
space [19]. The idea is to use neighbouring BPM measure-
ments together with the known optics to infer the unknown
transverse momenta. In a linear lattice, BPMs separated by
a phase advance of 𝜋/2 correspond to a 90-degree rotation
in phase space, effectively mapping position into momen-
tum [19].

For each transverse plane 𝑢 ∈ {𝑥, 𝑦}, define

̃𝑢 = 𝑢 − 𝛿𝐷𝑢

√𝛽𝑢
, ̃𝑢(±)

𝑛 =
𝑢(±)

𝑛 − 𝛿𝐷(±)
𝑢,𝑛

√𝛽(±)
𝑢,𝑛

, (4)

where 𝛿 ≡ Δ𝑝/𝑝, and (±) denote the previous (upstream)
and next (downstream) 𝜋/2-neighbour BPMs. Let

𝜙(±)
𝑢 = 2𝜋Δ(±)

𝑢 , 𝐴(±)
𝑢 = tan 𝜙(±)

𝑢 ∓ 𝛼𝑢, (5)

where Δ(±)
𝑢 is the signed measured phase error relative to

𝜋/2, and 𝛼𝑢, 𝛽𝑢, 𝐷𝑢, and 𝐷𝑝𝑢 are evaluated at the reference
BPM, with model or measurement values, depending on
accuracy. The two momentum estimates are

𝑝(±)
𝑢 = ± ̃𝑢(±)

𝑛 sec 𝜙(±)
𝑢 + ̃𝑢𝐴(±)

𝑢

√𝛽𝑢
+ 𝐷𝑝𝑢𝛿. (6)

The momentum deviation is calculated using 𝛿 =
⟨𝐷𝑥,𝑖 𝐶𝑂𝑥,𝑖⟩/⟨𝐷𝑥,𝑖⟩ [20]. They are combined by inverse-
variance weighting,

̂𝑝𝑢 =
∑
𝜂=±

𝑝(𝜂)
𝑢 /𝜎2

𝜂,𝑢

∑
𝜂=±

1/𝜎2
𝜂,𝑢

, (7)

where 𝜎𝜂,𝑢 denotes the standard deviation associated with
each estimate, obtained from the optics parameters and BPM
coordinate uncertainties, which are assumed to be uncorre-
lated. This approach allows the initial momenta to be in-
ferred directly from measured orbit data and known machine
optics, without requiring repeated identical excitations. Its
main limitation is that it assumes no magnetic errors between
the BPMs used for the reconstruction, so the inferred initial
conditions can still be biased if the optics in that region are
already incorrect. Extending the method to use N BPMs [21]
should reduce this sensitivity and improve the momentum
estimates.

During optimisation, the updated optics parameters can
be used to repeat the momentum reconstruction and improve
the accuracy of the inferred initial conditions [6]. Another
approach for noisier conditions is to use a much larger num-
ber of initial conditions, so that the loss and its gradients are
evaluated over a larger sample and the inferred coordinates
become less sensitive to noise. This latter approach is now
practical thanks to the faster MAD-NG implementation.
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CODE COMPARISON
To compare the original Julia implementation of DLMN

with the MAD-NG version, both were evaluated on the same
SIS18 ring [22] using identical quadrupole perturbations
drawn as Gaussian errors with 1% rms. To avoid favouring
either code, reference free-oscillation tracking data was gen-
erated independently in XSuite [23], without noise and with
exact initial momenta.

The comparison was constructed so that the underlying
machine model remained identical, while the tracking set-
tings were chosen to make the implementations as consistent
as possible. In XSuite, this meant fourth-order Yoshida
tracking with the full bend-fringe model, whereas Julia used
sixth-order Yoshida DKD maps with two slices per element.
This keeps the comparison focused on differences between
the implementations rather than tracking inaccuracies. The
data was split into four training samples and one validation
sample, and each code ran for 3000 iterations.

Accuracy
Figure 1 compares the relative 𝛽-beating in the horizontal

and vertical planes for the Julia and MAD-NG implementa-
tions, before and after fitting 36 quadrupole strengths, with
respect to the perturbed XSuite reference model. Before
optimisation, both implementations show almost identical
baseline discrepancies along the ring. After fitting, both
reduce the relative 𝛽-beating by roughly one to two orders
of magnitude, indicating that the two approaches achieve
comparable optics reconstruction quality in this benchmark.

Figure 1: Relative 𝛽-beating along the ring in the horizontal
and vertical planes, before and after fitting 36 quadrupole
strengths for the MAD-NG and Julia implementations. The
perturbed XSuite model is used as the reference. Without
errors, the maximum relative 𝛽-beating between XSuite and
MAD-NG is 3 × 10−10.

Efficiency
Figure 2 shows that the PyMAD-NG implementation is

overall more than 15 times faster than the Julia implementa-
tion. Part of this gain comes from parallel execution across
multiple MAD-NG instances, while another important con-
tribution arises from the tracking model and TPSA imple-
mentation. This computational advantage not only reduces
optimisation time but also makes it practical to evaluate the

loss and gradients over much larger multi-turn data sets in
noisy conditions than was feasible in the earlier Julia imple-
mentation. Independent memory measurements, not shown
in the figure, give a peak RAM usage of 722 ± 4 MiB for
MAD-NG and 805 ± 25 MiB for the Julia code, indicat-
ing that the MAD-NG implementation is also slightly more
memory efficient despite the use of four parallel MAD-NG
instances.

Figure 2: Comparison of mean step time and total optimisa-
tion runtime for the PyMAD-NG and Julia implementations.

Generality
The implementation was designed to be largely machine

independent and has been used in simulation studies of the
LHC, Super Proton Synchrotron, SIS18, and Proton Syn-
chrotron Booster (PSB). The method has been validated on
real LHC measurements [10], with further measurements in
the PSB currently being analysed.

DLMNs can in principle be used to establish effective
accelerator models in a data-driven way by fitting beam
energy, quadrupole displacements, fringe parameters, and
other quantities of interest; together with its ability to use
routine measurement data, this makes it a promising frame-
work for accelerator digital twins. MAD-NG makes this
straightforward by enabling differentiation with respect to
any parameter entering the tracking [9].

CONCLUSION
A new DLMN implementation based on MAD-NG for-

ward differentiation has been presented. Parametric TPSA
tracking computes exact coordinate derivatives with respect
to lattice parameters in a single pass, removing the need for
custom backpropagation while preserving precision. The
approach has been successfully demonstrated on real LHC
measurements, validating its applicability to operational ac-
celerators. Compared with the earlier Julia implementation,
the MAD-NG version achieves similar optics-reconstruction
quality at significantly lower computational cost.

The proposed momentum-reconstruction strategy enables
the extraction of multiple short trajectories from a single
excitation cycle, reducing the number of synchrotron cycles
required to collect trajectory data and saving measurement
time. Together, these results make DLMN in MAD-NG a
practical basis for measurement-driven optics modelling and
future accelerator digital twins.
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