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Abstract
Steady-state microbunching (SSMB) is a promising mech-

anism for generating high-average-power coherent radia-
tion by maintaining microbunches in a storage ring. In an
SSMB laser modulator (LM), the interaction between elec-
tron bunches and the recirculating coherent undulator radi-
ation can drive longitudinal beam instabilities, which may
limit the overall performance. In this work, we investigate
the longitudinal single-bunch multi-turn instability using
a cavity mode decomposition approach. The evolution of
the longitudinal wakefield is derived by expanding the radi-
ation into a complete set of cavity eigenmodes, accurately
capturing the optical evolution of the field over multiple
turns. Based on the derived wakefields, the longitudinal
beam dynamics equations are formulated to analyze the in-
stability growth rates. Numerical simulations show excellent
agreement with the theoretical model, validating the mode
decomposition technique. These findings provide critical
insights into the instability characteristics and suggest ef-
fective mitigation strategies for the design and operation of
SSMB storage rings.

INTRODUCTION
In 2010, Ratner and Chao proposed the concept of steady-

state microbunching (SSMB) to generate high-average-
power coherent radiation in storage rings [1]. In an SSMB
storage ring, the conventional radiofrequency (RF) cavity is
replaced by a laser modulator (LM) system, which generally
comprises an undulator and a laser cavity, as schematically
illustrated in Fig. 1. When the electron beam traverses the
undulator, it oscillates and is modulated by the laser field, en-
abling microbunching at optical wavelengths. However, the
emitted undulator radiation will bounce and evolve within
the cavity. The interaction between the beam and the radia-
tion may trigger longitudinal beam instabilities, degrading
the performance of the storage ring [2–6].

Figure 1: Laser modulator.

To account for the recirculating nature of radiation within
the optical cavity, the cavity properties, such as diffraction
and mirror-induced focusing, must be considered. In this
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work we adopt a mode-decomposition approach. By expand-
ing the radiation into a complete set of cavity eigenmodes,
we are able to represent the global evolution of the radiation
as the sum of individual mode components. This approach
provides further insights into the LM instability characteris-
tics of SSMB storage rings. More details of this work can
be found in Ref. [7].

CAVITY MODE DECOMPOSITION
Hermite–Gaussian Modes

In the optical cavity, the envelope 𝑢(𝒓) of a laser field with
frequency 𝜔 and wavenumber 𝑘 = 𝜔/𝑐 propagating along
the 𝑧-axis satisfies the paraxial wave equation. In Cartesian
coordinates, the solutions are the Hermite–Gaussian modes
[8]:
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where 𝐸0 is the amplitude normalization constant, 𝐻𝑚 and
𝐻𝑛 are Hermite polynomials, 𝑤(𝑧) = 𝑤0

√︁
1 + (𝑧/𝑧R)2 is

the beam waist, 𝑅(𝑧) = 𝑧 + 𝑧2R/𝑧 is the radius of curvature
of the wavefront, 𝜓(𝑧) = arctan(𝑧/𝑧R) is the Gouy phase,
and 𝑧R = 𝜋𝑤2

0/𝜆 is the Rayleigh length.

Mode Decomposition of Undulator Radiation
By completeness, any paraxial field can be expanded in

terms of Hermite–Gaussian modes:

𝑬 (𝒓) =
∑︁
𝑚𝑛

𝐶𝑚𝑛𝑬𝑚𝑛 (𝒓), (2)

the excitation of mode coefficientΔ𝐶𝑚𝑛 by a moving electron
with velocity 𝒗 is proportional to the work done by the mode
field on the electron along its trajectory 𝒓 (𝑡) [9]. The energy
spectrum of the radiation of the mode is given by the Parseval
theorem:
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where 𝑃𝑚𝑛 is the power normalization constant of the mode
[9, Eq. (4)]. The Hermite–Gaussian mode components of
the undulator radiation are shown in Fig. 2 with the parame-
ters in Table 1.

For planar undulators, due to the absence of electron
motion along the 𝑦-axis, only the even-𝑛 modes with 𝑥-
polarization (𝜎-mode) and odd-𝑛 modes with 𝑦-polarization
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Figure 2: Hermite–Gaussian mode components of undula-
tor radiation. Different line colors are for different 𝑚, and
different line styles are for different 𝑛. The odd-𝑛 modes is
much weaker than the even-𝑛 modes.

(𝜋-mode) are excited, and the 𝜋-mode radiation is much
weaker than the 𝜎-mode radiation. The peaks of the mode
spectrum are around the harmonics of the fundamental res-
onant frequency 𝜔r. While the fundamental mode (HG00)
is the strongest mode, high-order modes with 𝑚, 𝑛 > 0 also
contribute significantly to the total radiation spectrum, espe-
cially for higher harmonics.

MULTI-TURN WAKEFIELD EVOLUTION
The electromagnetic interaction between the beam and

its environment is described by the radiation impedance
and wakefield. For a single electron, the real part of the
impedance Re[𝑍∥ (𝜔)] is directly proportional to the radi-
ation spectrum [10, 11]. In free space, the longitudinal
wake function is the inverse cosine transform of the real
part of the impedance 𝑊∥ (𝑧) = F −1

cos [𝑍∥ ] (𝑧) when 𝑧 > 0,
where [10, 11]

F −1
cos [𝑍∥ ] (𝑧) :=

2
𝜋

∫ +∞

0
Re[𝑍∥ (𝜔)] cos(𝑘𝑧) d𝜔. (4)

In the cavity, however, the frequency spectrum is discrete due
to the resonance condition. For a cavity with two identical
mirrors, the resonance frequencies are [12]:

𝜔𝑚𝑛𝑞 =
𝑐

𝐿
(𝜓𝑚𝑛 + 𝜋𝑞), (5)

where 𝐿 is the cavity length, 𝜓𝑚𝑛 = (𝑚 + 𝑛 + 1) arccos(1 −
𝐿/𝑅) is the transverse phase shift introduced by the Gouy
phase, 𝑅 is the radius of curvature (ROC) of the cavity mir-
rors, and 𝑞 = 1, 2, 3, . . . is the longitudinal mode index.
Thus the integral in Eq. (4) should be replaced by series:
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2
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where Re[𝑍∥𝑚𝑛] is the impedance of HG𝑚𝑛 mode, 𝑘𝑚𝑛𝑞 =

𝜔𝑚𝑛𝑞/𝑐 is the wavenumber of the mode, and Δ𝜔FSR =

𝜔𝑚𝑛(𝑞+1) − 𝜔𝑚𝑛𝑞 = 𝜋𝑐/𝐿 is the free spectral range. In
the short-range regime where 𝑧 ≪ 𝐿, the discrete series of
𝑊∥ (𝑧) asymptotically approaches the continuous integral
F −1

cos [𝑍∥ ] (𝑧) in Eq. (4), which can be denoted as:

𝑊∥ (𝑧) ≃ F −1
cos [𝑍∥ ] (𝑧), 𝑧 ≪ 𝐿. (7)

In the long-range regime where 𝑧 ∼ 𝐿, conversely, the
discreteness becomes manifest. For SSMB applications,
we only focus on the local properties of the wakefield on
multiple round-trips, i. e. shifting the coordinate from 𝑧

to (𝑧 + 2𝑝𝐿), where integer 𝑝 = 0, 1, 2, . . . is the number
of round-trips and the local coordinate 𝑧 ≪ 𝐿, then the
asymptotic behavior in the short-range regime gives:

𝑊∥ (𝑧 + 2𝑝𝐿) ≃
∑︁
𝑚𝑛

[
cos(2𝑝𝜓𝑚𝑛) F −1

cos [𝑍∥𝑚𝑛] (𝑧)

− sin(2𝑝𝜓𝑚𝑛) F −1
sin [𝑍∥𝑚𝑛] (𝑧)

]
.

(8)

Therefore, the evolution of the wakefield is determined by
the superposition of all modes with different phase shift 𝜓𝑚𝑛.
Figure 3 shows the evolution of the wakefield𝑊∥ (𝑧 + 2𝑝𝐿)
over round-trips with the parameters in Table 1. In contrast
to the short-range wakefield 𝑊∥ (𝑧) strictly constrained to
𝑧 > 0 due to causality, the long-range wakefield𝑊∥ (𝑧+2𝑝𝐿)
exhibits a non-zero distribution for both positive and negative
𝑧.

-1.5 -1 -0.5 0 0.5 1 1.5
z=6r

-1

0

1

2

3

4

5

6

7

8

9

W
k(

z
+

2
p
L
)

[V
/
C

]

#1018

p = 0
p = 1
p = 2
p = 3

Figure 3: Evolution of the wakefield𝑊∥ (𝑧+2𝑝𝐿). The blue,
orange, yellow, and purple lines represent the wakefield after
zero (𝑝 = 0), one (𝑝 = 1), two (𝑝 = 2), and three (𝑝 = 3)
round-trip(s) within the cavity, respectively. Here the phase
shift 𝜓00 = 0.01 to show a small evolution.

BEAM DYNAMICS AND INSTABILITY
Longitudinal Dynamics Equations

For simplicity here we only consider one macroparticle
representing the entire microbunch consisting of 𝑁e elec-
trons. The longitudinal coordinates of the macroparticle
in the 𝑗-th turn are denoted as (𝑧 𝑗 , 𝛿 𝑗 ), where 𝑧 𝑗 is the
longitudinal position relative to the reference particle and
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𝛿 𝑗 = 𝛾 𝑗/𝛾0 − 1 is the relative energy deviation. The longi-
tudinal dynamics equations are:

𝑧 𝑗+1 = 𝑧 𝑗 + 𝑅56𝛿 𝑗+1, (9a)

𝛿 𝑗+1 = 𝛿 𝑗 +
𝑒𝑉L
𝐸0

sin(𝑘L𝑧 𝑗 ) + Δ𝛿 𝑗 , (9b)

where 𝑅56 is the longitudinal dispersion strength, 𝑉L and 𝑘L
are the effective voltage and wavenumber of the laser in the
modulator, and Δ𝛿 𝑗 is the energy deviation change due to
the interaction with the undulator radiation field [7]:

Δ𝛿 𝑗 = −𝑁e𝑊u
𝐸0

− 𝑁e𝑒
2

𝐸0

𝑗∑︁
𝑝=1

𝑊∥ (𝑧 𝑗−𝑝 − 𝑧 𝑗 + 𝑝𝐶), (10)

where 𝐶 is the circumference of the storage ring. The
first term 𝑊u represents the energy loss due to the spon-
taneous radiation emitted by the bunch itself; the second
term𝑊∥ (𝑧 𝑗−𝑝 − 𝑧 𝑗 + 𝑝𝐶) represents the energy modulation
due to the stimulated radiation from the previous turns. To
ensure the phase-locking condition, the revolution time 𝐶/𝑐
of electron beams in the storage ring is designed to be an
integer multiple of the round-trip time 2𝐿/𝑐 of laser in the
cavity, which is exactly our case of Eq. (8).

Growth Rate of Instability
The linearized beam dynamics around the equilibrium

point gives the growth rate of instability [7]:

1
𝜏
=
𝑁e𝑒

2𝑐𝑅56
2𝜇0𝐸0𝐶

∞∑︁
𝑝=1

𝑊 ′
∥ (𝑝𝐶) sin(𝑝𝜇0), (11)

where 𝜇0 =
√
−ℎ𝑅56 is the synchrotron oscillation fre-

quency, and ℎ = 𝑒𝑉L𝑘L/𝐸0 is the energy chirp strength.
The superposition of all modes gives the total growth rate,
which exhibits a complex resonance structure with multiple
peaks and valleys as a function of the tune 𝜇0 [7, Fig. 13].

SIMULATION AND DISCUSSION
As an example, we simulate the dynamics with parameters

listed in Table 1 [13].

Table 1: Parameters for an SSMB Example

Symbol Value Description

𝐸0 250 MeV Beam energy
𝜆L 1064 nm Modulation laser wavelength
𝐾 1.76 Undulator parameter
ℎ 5000 m−1 Energy chirp strength
𝑁u 10 Number of undulator periods
𝐿u 2 m Undulator length
𝐿 4 m Cavity length
𝑅 2.26 m ROC of cavity mirrors
𝑧R 0.72 m Rayleigh length
𝐶 48 m Storage ring circumference
𝑅56 −10 µm Storage ring dispersion

Under small electron number, the longitudinal coordinate
𝑧 𝑗 could be well fitted by a sinusoidal function of turn num-
ber 𝑗 . Figure 4 shows good agreement between the growth
rate fitted from the simulation results and the theoretical
growth rate calculated by Eq. (11).
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Figure 4: Growth rate with different electron number 𝑁e.
Blue line refers to the theoretical growth rate calculated by
Eq. (11), and orange dots refer to the growth rate fitted from
the simulation results.

Finally, it should be emphasized that the convergence of
high-order cavity modes is relatively slow, with the fun-
damental mode accounting for only a fraction of the total
contribution. Consequently, high-order modes exert a sig-
nificant influence on the instability. In the practical design
of laser cavities for SSMB, various techniques such as the
implementation of D-shaped mirrors are typically employed
to accelerate the attenuation of these high-order modes by in-
troducing mode-selective losses [14]. Such measures serve
as an effective means to suppress the instabilities induced by
high-order transverse modes. Futher details in this respect
are expected to be discussed in our later work.

SUMMARY
In this paper, we have established a comprehensive theoret-

ical and numerical framework to investigate the longitudinal
beam instabilities driven by coherent undulator radiation
within the LM of an SSMB storage ring. By expanding
the radiation field into a complete set of Hermite-Gaussian
modes, the evolution of the wakefields within the optical
cavity is accurately captured, revealing the complex inter-
play between different modes and their contributions to the
instability growth rates. Our work provides insights into the
LM instability and mitigation strategies for the design and
operation of SSMB storage rings.
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