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Abstract
Controlling the energy profile of an electron beam is im-

portant for continuous and time resolved spectroscopic and
imaging applications that require narrow energy spreads.
The energy spread of an electron beam is fundamentally
limited by the source, but energy spread that is correlated
in time or space can be corrected using an appropriate time-
and space-varying force. We present a method of reducing
energy spread in photo-emitted electron beams in which
laser-derived terahertz fields are used to shape the radial and
temporal phase spaces. We show analytically and in particle
tracking simulations the absolute limits of monochromation
that this technique can achieve for a given source, and char-
acterize non-ideal effects that occur at higher frequencies.
The interaction is facilitated by a mirror which is reflec-
tive to terahertz and largely transmissive to the electron
beam, requiring current losses of only a few tens of percent.
Our method significantly outperforms the current output of
prism-based monochromators while achieving comparable
monochromation.

INTRODUCTION
Electron beams with narrow energy spread are essential

for high resolution spectroscopy and imaging applications.
In particular, electron energy loss spectroscopy (EELS) in
electron microscopes can be used to measure chemical com-
position [1,2], electronic structure [3,4], and atomic bonding
environments [5–7]. EELS can also be useful for detecting
lattice vibrations (phonons), but such experiments require
energy resolutions of a few tens of meV or below. A typi-
cal electron monochromator is composed of a prism which
disperses the beam followed by an aperture to select out a
narrow band of energies, and usually a vast majority of the
incident beam is rejected [8]. For the case of an ultrafast elec-
tron microscope, in which the charge is already inherently
limited by the pulsed beam, a prism-monochromated beam
would contain an impractically small amount of signal. For
this reason ultrafast EELS has so far been unable to measure
low energy-loss signals such as phonons [9–13]. Monochro-
mation that largely preserves beam current is mandatory for
obtaining the energy resolution needed for low-loss ultrafast
electron spectroscopy.

A promising alternative to prism-based monochromators
involves using electromagnetic fields to reduce energy spread
by manipulating the energy phase-space of the electron beam.
Radiofrequency (rf) cavities are frequently used to improve
time resolution in ultrafast experiments by creating a chirp,
or energy-time correlation, that focuses the electron pulse in
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the longitudinal direction [14–16]. In a conjugate manner,
the time-space-energy correlations that naturally arise in
beam transport can be exploited for precise control of the
beam’s energy distribution.

We propose a monochromation scheme that uses pulses
of terahertz radiation to correct correlated energy spread
stored in the longitudinal and transverse degrees of freedom.
Interaction between the electrons and a terahertz wave is fa-
cilitated by a mirror which is reflective to terahertz radiation
but largely transmissive to the electron beam, for example
a thin mirror membrane or a wire mesh TEM grid. The
general layout we assume is of an electron beam generated
from a photocathode in the single electron per pulse limit
and so Coulomb interactions are avoided. Electrons are ac-
celerated by a 60 keV dc electron gun, and focused with
a solenoid downstream. Our terahertz interaction is tilted
mirror scheme, similar to the layout described in [17]. The
layout of the beamline is shown in Fig. 1a, the shape of a
terahertz pulse is shown in, Fig. 1b, and cartoon of the mirror
geometry is shown in Fig. 1c. In Fig. 2 we show an example
of particle tracking results, which displays the particle dis-
tribution in energy, space, and time for this simulation, and
illustrates the overall effect of the monochromator.

CORRELATION BETWEEN ENERGY,
POSITION, AND ARRIVAL TIME

The fundamental principle at work is that an electron pulse
emitted from a photocathode with vanishing duration and
transverse size will have a downstream position and arrival
time perfectly correlated with its energy, as higher energy
electrons tend to arrive earlier and travel to larger transverse
positions. We assume the beam has a finite spread in mo-
mentum such that it is a gaussian with standard deviation 𝜎𝑝

in both transverse coordinates, and a forward half-gaussian
with standard deviation 𝜎𝑝√

2
in the longitudinal direction. At

some longitudinal distance Δ𝑧 down the beamline a particle
has transverse position (𝑥, 𝑦) and time of arrival 𝑡. In the
approximations of linear transport, no coupling between 𝑥

and 𝑦, and cylindrically symmetric fields, the final particle
coordinates are related to their initial momentum by

𝑥 = 𝑀12𝑝𝑥0, 𝑦 = 𝑀12𝑝𝑦0, 𝑡 = 𝑀56𝑝𝑧0, (1)

where 𝑀𝑖 𝑗 are the components of the 6 × 6 transport matrix
defined in terms of the particle momentum. Defining 𝐸𝑔𝑢𝑛

as the amount of kinetic energy an electron gains inside
the dc gun, we now express the final kinetic energy 𝐸 =

𝐸𝑔𝑢𝑛 + 1
2𝑚 (𝑝2

𝑥0 + 𝑝2
𝑦0 + 𝑝2

𝑧0) in terms the final positions:
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Figure 1: Schematics of the THz monochromator and beamline. 𝒂) Electrons are emitted from a flat photocathode and
accelerated by a 60 kV dc gun with a peak field of 6 MV/m and an anode diameter of 3 mm. The beam is collimated in a
solenoid before passing through the THz mirror monochromator. 𝒃) The THz pulse shape used for this set of simulations,
where 𝑡 is the time of arrival and 𝑇 is the period of one cycle. 𝒄) The two THz pulses reflect off of a mirror at angle 𝜃𝑇 to
the normal. An electron with zero transverse momentum passes through the mirror at angle 𝜃𝐵.

Figure 2: GPT particle distributions before and after the
THz monochromator with two pulses at 0.3 THz. Particle
energy vs time of arrival colored by radius (left) and particle
energy vs radius colored by time of arrival (right).

𝐸𝑖𝑑𝑒𝑎𝑙 (𝑟, 𝑡) = 𝐸𝑔𝑢𝑛 +
𝑟2

2𝑚𝑀2
12

+ 𝑡2

2𝑚𝑀2
56

(2)

where 𝑟 =
√︁
𝑥2 + 𝑦2 is the transverse radius, and the sub-

script on 𝐸𝑖𝑑𝑒𝑎𝑙 labels it as the ideal, zero size emitter case.
We can see that the energy distribution is a three dimen-
sional paraboloid centered at 𝑥, 𝑦, 𝑡 = 0. This parabolic
energy spread can be seen in the particle tracking simula-
tions that produced the distributions in Fig. 2, where some
spreading occurs due to the finite emittance of the beam.
The dc gun provides a constant energy boost to every parti-
cle, and therefore does not change the energy spread after
the point of emission, provided that space-charge effects are
negligible.

ANALYTIC MODEL OF ELECTRON BEAM
AND TERAHERTZ INTERACTION

Our model is that of a THz pulse incident upon a perfectly
reflective mirror, and the electron trajectories are treated as
straight line paths through the THz field. The THz pulse is
modeled as a gaussian wave packet where 𝐸0 is the ampli-
tude of the electric field at the origin, 𝑤0 is the size of the
beam waist, 𝜔0 is the angular frequency, 𝜎𝑡 is the rms pulse
duration, and 𝜙0 is an overall phase offset. The total electric

field is the superposition of the incident and reflected THz
pulses, each at an angle 𝜃𝑇 relative to the mirror normal.
The electron beam passes through the mirror at angle 𝜃𝐵
relative to the mirror normal, with velocity 𝛽𝑐, and gains
momentum equal to the integral of the force along its tra-
jectory: Δ ®𝑝 =

∫ ∞
0 𝑅𝑒

[
®𝐹total (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡), 𝑡)

]
𝑑𝑡. Within

the approximation of a narrow spectrum (𝜔0𝜎𝑡 >> 1), the
paraxial limit (𝑤0𝜔0/𝑐 ≫ 1), and small enough forces to not
perturb the electron trajectories, the resulting components
of the momentum transfer are,

Δ𝑝𝑧 =
𝑒𝐸0
𝜔0

× exp

[
−1
𝑤2

0

(
𝑦2 +

(
𝑥

cos 𝜃𝑇
cos 𝜃𝐵

)2
)]

× 2 cos 𝜃𝐵 (𝛽 sin 𝜃𝐵 − sin 𝜃𝑇 )(
𝛽 cos (𝜃𝐵 − 𝜃𝑇 ) − 1

) (
𝛽 cos (𝜃𝐵 + 𝜃𝑇 ) + 1

)
× sin

[
𝜙0 − 𝜔0

(
𝑡 − 𝑥(𝛽 sin 𝜃𝑇 − sin 𝜃𝐵)

𝛽𝑐 cos 𝜃𝐵

)]
, (3)

and the transverse momentum changeΔ𝑝𝑥 goes to zero when
the angle of incidence is chosen to satisfy 𝛽 sin 𝜃𝑇 = sin 𝜃𝐵.
In this case, we can write the total energy change as Δ𝐸 =

𝛽𝑐Δ𝑝𝑧 . Taylor expanding Δ𝐸 about (𝑥, 𝑦, 𝑡) = (0, 0, 0) we
find that:

Δ𝐸 ≈ 𝐴

(
1 − 𝑟2

𝑤2
0
−
𝑡2𝜔2

0
2

)
, for 𝜃𝑇 ≪ 1

For small THz incident angles, the energy change evidently
takes the form of a negative paraboloid in 𝑟 and 𝑡. Impor-
tantly, the coefficients in front of 𝑟2 and 𝑡2 can be tuned
independently of one other using the two relevant degrees
of freedom for a laser, amplitude and focal size. The cur-
vature in time is determined by the amplitude 𝐴 (which is
proportional to the pulse energy), while the focal size 𝑤0 can
be adjisted to match the desired curvature in 𝑟. Therefore,
to second order, a single THz pulse can perfectly correct
energy correlations in an electron beam.
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Figure 3: Energy change from 1 pulse (red) and two pulses
(blue) for cross sections in a) time offset and b) radius for
a central frequency of 0.3 THz. The gray dots show the
negative energy distribution from GPT simulations. The
cross sections in time are taken at (𝑥, 𝑦) = 0, and the cross
sections in 𝑥 are taken at (𝑦, 𝑡) = 0.

Figure 3 shows the energy change as a function of arrival
time and radius for one and two pulses with frequency of 0.3
THz. The parameters 𝐸0 and 𝑤0 were determined based on a
numerical minimization of the final energy spread for a sim-
ulated distribution of particles. The gray distribution shows
the negative energy of the particles, and represents the de-
sired energy change. In other words, maximal monochroma-
tion occurs when the curvature of Δ𝐸 matches the curvature
of the particle energies.
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Figure 4: Final energy spread after the THz interaction as
a function of THz frequency. The solid lines are found by
minimizing 𝜎𝐸 with respect to the parameters 𝐸0 and 𝑤0
in Eq. (3). The points correspond to the result of a GPT
simulation using the same parameters.

PARTICLE SIMULATIONS
In this section we describe the particle tracking simula-

tions used to model the THz monochromator, which were
performed in General Particle Tracer (GPT) [18]. The GPT
simulation consisted of a DC gun at 60 kV, a collimating
solenoid, and the THz mirror. The THz pulse and electron
beam have angles of incidence 𝜃𝑇 of 20° and 𝜃𝐵 of 5.8°
relative to the mirror normal. The initial distribution at the
cathode was chosen to resemble that of a realistic state of
the art electron source, with a radial size 𝜎𝑥0 = 1 µm and a
duration of 30 fs (𝜎𝑡0 = 8.6 fs).

We modeled the effect of the terahertz mirror on a distri-
bution of particles first by calculating the energy change on
each individual particle using the analytic relations described
earlier, and second by including the interaction as a custom

Table 1: Terahertz Pulse Parameters For Three Frequencies

0.3 THz 0.6 THz 0.9 THz Units
Pulse 1: Energy 0.16 2.25 5.14 nJ
Pulse 1: Focal width, rms 0.64 0.81 0.69 mm
Pulse 2: Energy 0.75 3.33 4.55 nJ
Pulse 2: Focal width, rms 0.81 0.83 0.71 mm
Pulse duration, rms 3.33 1.66 1.11 ps
Initial energy spread 0.39 0.39 0.39 V
Final energy spread 32 45 74 meV

GPT element with the electric and magnetic fields of a gaus-
sian terahertz wavepacket. We performed a multi-variable
numerical minimization on the analytic function (Eq. (3))
to determine the field parameters (pulse energy, width, and
time delay) that yielded the smallest energy spread, then
used those same parameters for the THz element in GPT.
Fig. 4 shows the best final energy spread for one pulse or two
pulses as a function of frequency between 0.1 and 1 THz,
and demonstrating nearly identical results for the analytic
calculations and GPT mirror element.

For one pulse there exists a straightforward optimal combi-
nation of parameters at each frequency, while for two pulses
the optimization is under-constrained. We find that the final
energy spread and pulse energy are competing variables,
meaning 𝜎𝐸 can always be made smaller by increasing the
energy of the pulses. Conveniently, 𝜎𝐸 asymptotes to its
minimum value relatively quickly, and we anticipate that
THz energies on the order of tens of nanojoules would be
adequate, well within the limit of what current THz genera-
tion techniques can achieve. Details on the pulse energy and
the optimization parameters are summarized in Table 1.

CONCLUSION
We have shown that laser-derived THz radiation can be

used to correct energy spread in an electron beam by exploit-
ing the natural parabolic energy-space correlations that arise
from a source with finite momentum spread. We predict that
an rms energy spread reduction of more than a factor of ten
is possible for a beam with initial energy spread of hundreds
of meV, yielding rms energy spreads of a few 10s of meV. We
determine through numerical minimization the conditions
necessary to correct energy spread correlated with both time
and transverse position, and show excellent agreement be-
tween our analytic solution and particle tracking simulations.
By using a thin membrane or wire mesh as a mirror, the
amount of current loss in the electron beam can be limited
to a few 10s of percent, thereby significantly outperforming
prism-based monochromators in this regard.
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