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Abstract
Real-time measurement and control of the longitudinal

momentum spread during the beam transfer from the trans-
fer channel (TK) into the SIS18 synchrotron is needed for
the low-loss high-intensity operation. For this purpose, two
Feschenko-type beam shape monitors (BSM) will be in-
stalled in TK. This will enable the single-pass measurements
and real-time reconstruction. Simulations using a differen-
tiable tracking scheme will be applied. The underlying beam
dynamics model is simplified for computational efficiency,
but retaining the key aspects of space-charge and beam load-
ing effects, while providing a sufficient reconstruction accu-
racy.

INTRODUCTION
Knowledge of longitudinal phase space distribution prop-

erties allows operators to control particle losses and to opti-
mize overall machine performance.

For the GSI SIS18 synchrotron [1] it is required to monitor
and control the longitudinal momentum spread at injection
during regular operation. Additionally, real-time control of
the momentum spread should be used as a target function
for automatic optimization.

The transfer channel (TK) leads the ion beams from the
linear accelerator UNILAC [2] to the synchrotron SIS18.
The UNILAC accelerates ions from hydrogen to uranium, in
this study we consider 𝑈28+ ions with the reference kinetic
energy 11.4 MeV/u.

TK is a 160-meter long beamline with two buncher cavi-
ties, one with a frequency of 108 MHz at the TK’s beginning
and the second one 57 meters further with a frequency of
36 MHz. For diagnostic purposes two beam shape monitors
(BSMs) are going to be installed: one right before the first
cavity (𝑠0 = 0 m) and the other one 150 meters further (𝑠1 =
150 m). A key feature of beam dynamics in this beamline is
beam elongation in presence of space charge forces. Figure 1
illustrates beam rms length ̃𝑧 to transverse size 𝑎 aspect ratio
along the TK. For aspect ratios ̃𝑧/𝑎 ≳ 10 bunches can be
modeled as long bunches in a conducting pipe (using the
well known 𝑔-factor). In the beginning of the TK this crite-
rion is not satisfied and therefore another approximation is
needed. Vertical dashed lines mark positions of buncher cav-
ities (green) and BSMs (red). Horizontal dashed line marks
the boundary between transition and long bunch regimes.

The phase space reconstruction problem for the TK beam
line at GSI can be approached as a constrained optimization
problem, described by Eq. (1). The goal is to minimize the
difference between bunch profile measurements and their
∗ sergei.sherstiuk@tu-darmstadt.de

Figure 1: Longitudinal-to-transverse beam aspect ratio along
the TK beamline. Vertical dashed lines mark positions of
buncher cavities (green) and BSMs (red). Horizontal line
marks a boundary for a long-bunch space charge regime.

counterparts from a simulation model at measurement loca-
tion 𝑠1 in the TK.

We chose the longitudinal envelope equation as a simula-
tion model. It describes evolution of the rms bunch lengths
̃𝑧(𝑠) = √⟨𝑧2(𝑠)⟩ where ⟨⋅⟩ implies the integration over the

distribution functions. Relative momentum spread ̃𝛿(𝑠0)
and emittance ̃𝜀 are simulation parameters that have to be
optimized for minimal difference between simulated length
̃𝑧(𝑠1) and measured length ̄ ̃𝑧(𝑠). Length measured by the

first BSM ̃𝑧(𝑠0) is taken as a boundary condition.
The objective function is defined as a normalized squared

difference between simulations ̃𝑧(𝑠1) and measurements
̃̄𝑧(𝑠1):

min [ 1
𝑀

𝑀
∑
𝑚=1

( ̃𝑧𝑚(𝑠1) − ̃̄𝑧𝑚(𝑠1)
̃̄𝑧𝑚(𝑠1)

)
2
] (1)

where 𝑀 is the number of measurements.
Search of optimal values of ̃𝛿(𝑠0), ̃𝜀 is done by the gra-

dient descent algorithm. Thus the simulation model has to
support the calculation of derivatives with respect to the
parameters ̃𝛿(𝑠0), ̃𝜀. Another requirement is the time per-
formance: SIS18 has a ramp-up frequency of 1 Hz and the
reconstruction should be done on the same timescale in order
to be used in the control room environment.

LONGITUDINAL ENVELOPE EQUATION
It was shown [3, 4] that for a group of particles and

under an assumption of emittance conservation ̃𝜀 =
√⟨𝑧2⟩⟨𝛿2⟩ − ⟨𝑧𝛿⟩2, rms coordinate offset ̃𝑧 follows the enve-
lope equation:
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̃𝑧″ − ̃𝜀2

̃𝑧3 − 𝑞𝜂
𝑚𝛽2𝛾3𝑐2

⟨𝑧𝐸𝑠𝑐⟩ + ⟨𝑧𝐸𝑟𝑓 ⟩
̃𝑧 = 0. (2)

Here prime denotes 𝜕/𝜕𝑠, 𝐸𝑠𝑐 and 𝐸𝑟𝑓 are the local space
charge and external electric fields, 𝑞 is particle’s charge and
𝛽 and 𝛾 are relativistic factors.

In drifts, where only 𝐸𝑠𝑐 is present,

̃𝑧″ − ̃𝜀2

̃𝑧3 − 𝐾𝐿

5√5 ̃𝑧2
= 0, (3)

here 𝐾𝐿 = 3𝑟𝑐𝑁𝜂
2𝛽2𝛾3 ̄𝑔(𝑠) is the longitudinal perveance, 𝑟𝑐 =

𝑞2

4𝜋𝜖0𝑚𝑐2 is the classical particle radius, 𝑁 is the number
of particles in a bunch, 𝜂 is the slippage factor, ̄𝑔 is the
generalized g-factor and will be discussed in the next section.

Impact of RF fields 𝐸𝑟𝑓 is represented in a thin cavity
approximation. For a cavity with a wavelength 𝜆 and volt-
age amplitude 𝑉 provides sinusoidal energy kicks, Δ𝐸 =
𝑞𝑉 sin (2𝜋 𝑧

𝛽𝜆 ). They translate into momentum kicks and
change of envelope’s derivative:

Δ ̃𝑧′ = 𝑞𝑉
𝑚𝛽2𝛾𝑐

⟨𝑧 sin (2𝜋 𝑧
𝛽𝜆 )⟩

̃𝑧 (4)

Nonlinearities of the sine are treated by expanding it into
Taylor series. In order to express higher longitudinal mo-
ments of a beam, its profile inside the cavity is assumed to
be gaussian:

Δ ̃𝑧′ = 2𝜋𝑞𝑉
𝑚𝛽3𝛾𝜆𝑐

( ̃𝑧 − 1
2( 2𝜋

𝛽𝜆)2 ̃𝑧3 + 1
8( 2𝜋

𝛽𝜆)4 ̃𝑧5)) (5)

Combination of Eq. (3) and Eq. (5) provides a model for
envelope-based simulation.

SPACE CHARGE
Evolution of the bunch length along TK implies the

regimes of a short bunch and a long bunch with the respect
to the space-charge model [4]. We use the formalism [5] of
the generalized g-factors ̄𝑔,

̄𝑔 = 40√5𝜖0𝜋 ̃𝑧3

3𝑞𝑁
⟨𝑧𝐸𝑧⟩
⟨𝑧2⟩

. (6)

The specific values for ̄𝑔 have been obtained from a space
charge solver based on Green’s function in a perfectly con-
ducting pipe of a radius 𝑏. We calculated longitudinal elec-
tric field in the bunch rest frame along the beamline. Electric
fields were calculated using a Gaussian bunch model. This
gives a least-square fit for the linear field inside a bunch,

̄𝐸𝑧 = 3𝑞𝑁

40√5𝜖0𝜋 ̃𝑧3
̄𝑔𝑧. (7)

Eq. (2) depends on the first moment of the electric field
⟨𝑧𝐸𝑠𝑐⟩, therefore 𝑠-dependent ̄𝑔-factors give accurate results
in the envelope model.

In the long bunch limit the ̄𝑔-factor depends only on the
transverse beam size 𝑎:

lim
̃𝑧→∞

̄𝑔 = 1 + 2 ln 𝑏/𝑎. (8)

Figure 2 compares the limit values from Eq. (8) (the red
line) to the results of field-based calculations [Eq. (6), dots].
In the areas where long bunch criterion is not satisfied the
logarithmic formula Eq. (8) gives an overestimation. Oth-
erwise, ̄𝑔 follows the evolution of the bunch transverse size.
This adaptive ̄𝑔-factor function was used in the simulations
with space charge.

Figure 2: The generalized ̄𝑔-factors along the TK from the
exact field solver (dots) and the asymptotic values (Eq. (8),
the red line).

Examples of the simulations are shown in Fig. 3. Different
beam currents (giving different space-charge strength) with
the fixed other settings are considered. Intense bunches can
have ̃𝑧 up to 40% of bucket length, therefore nonlinear effects
in cavities need to be considered. Space-charge forces are
responsible for significant bunch length increase at high
beam currents. Therefore the accurate description of the
space-charge forces is needed in a reconstruction scheme .

Figure 3: Bunch length evolution along TK for different
beam current.

Our PyTorch implementation for the envelope model
based simulations delivers the bunch length ̃𝑧 at the point 𝑠1,
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and also its derivatives with respect to phase space distribu-
tion parameters ̄𝜀, ̃𝛿.

PHASE SPACE RECONSTRUCTION
The envelope discussed above became a foundation for

a reconstruction scheme based on Eq (1). Figure 4 illus-
trates the workflow of the reconstruction process. A guess
of momentum spread and emittance is used to simulate di-
agnostics output. This output is compared to measurements
and a difference between them is calculated. The guess is
updated to minimize this difference. The cycle is repeated
until desired difference level are achieved.

Making a guess
𝛿̃, 𝜀̃.

Simulation of measurements
Compute ̃𝑧𝑚(𝑠1)

Discrepancy computation
𝐿 = 1

𝑀 ∑𝑀
𝑚=1( ̃𝑧𝑚(𝑠𝑛)− ̃̄𝑧𝑚(𝑠𝑛)

̃̄𝑧𝑚(𝑠𝑛) )2

Learned information
Adaptive g-factors ̄𝑔(𝑠)

Guess Update

Finish
Tolerance/Max iter.

Figure 4: Phase space tomography algorithm. A guess of
phase space distribution is used to simulate diagnostics out-
put. This output is compared to measurements. The guess
is updated to minimize loss function’s value. The cycle is
repeated until desired discrepancy level are achieved.

To test its performance we set ground truth values from [6]
for emittance and momentum spread into a particle-tracking
simulation and simulated profiles at positions 𝑠0 and 𝑠1. As
a result, the scheme was able to reconstruct ground truth
emittance and ground truth momentum spread with a 1%
accuracy.

VOLTAGE OPTIMIZATION
Calculation of gradients allows us not only to use gradi-

ent descent algorithm in reconstruction, but perform auto-
mated machine tuning as well. We optimized settings of two
buncher cavities in the TK beamline to minimize momentum
spread of bunches injected into SIS18.

Figure 5 gives an example of two voltage optimization
runs for 1 mA and 15 mA currents. This illustrates different
roles of buncher cavities in a momentum spread minimizing

beamline: the fist one serves a bunch as long as possible
to maximize the efficiency of the second buncher, which
minimizes the momentum spread. This explains why behav-
ior of the first buncher voltage depends on current - intense
bunches get elongated by their own space charge forces and
the overall efficiency gets limited by nonlinear effects in the
second cavity.

I = 1 mA

I = 15 mA

Figure 5: Voltage optimization runs for 𝐼 =1 mA (top) and
𝐼 =15 mA (bottom). Voltage settings of the second buncher
reach a plateau with momentum spread, while settings of
the first buncher continue to change. This indicates high
sensitivity of ̃𝛿 to 𝑉2 and a lower sensitivity to 𝑉1 at high
intensities.

On the optimization level this role difference is expressed
in a low value of 𝜕 ̃𝛿/𝑉1 at high beam intensities. This leads
to a drift of 𝑉1 without noticeable improvement of ̃𝛿.

SUMMARY
The phase space reconstruction at the GSI TK should pro-

vide the initial longitudinal bunch distribution provided by
the UNILAC, using the bunch profiles measured by BSMs at
two positions. An important application is the prediction and
the minimization of the momentum spread for SIS injection,
at the TK end.

A simulation model based on the longitudinal envelope
equation with the adaptive g-factors was chosen to predict
the bunch length along the TK. The model takes into account
space-charge forces in a Gaussian profile approximation and
cavity field nonlinearities.

The simulation model and the reconstruction scheme give
the derivatives of all parameters and therefore also allows for
the optimization of the buncher cavity settings, for minimum
momentum spread.
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