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Abstract
Turn-by-turn (TbT) data are readily available in modern

circular accelerators and are widely used to infer machine
parameters in both simulations and experiments. In experi-
ments, TbT data record transverse beam-centroid positions
from beam position monitors (BPMs) and therefore include
measurement noise. We construct high-dimensional time-
delay embeddings of TbT time series, yielding matrix repre-
sentations of transverse oscillation signals. Since the signals
considered are typically near-quasiperiodic and dominated
by harmonics of the fundamental betatron frequencies, the
embedded matrices are expected to have low effective rank.
We leverage this rank structure to define a complexity indica-
tor based on singular-value spectra, which are related to the
underlying quasiperiodic structure of the TbT signals. The
proposed framework provides a simple, data-driven diagnos-
tic for complexity estimation directly from TbT records and
is compatible with experimental datasets.

INTRODUCTION
Modern circular particle accelerators are among the ap-

plications in which Hamiltonian, or symplectic, formalisms
are successfully employed to model the experimentally ob-
served dynamical behavior. During both the design stage
and operation, significant effort is devoted to optimizing the
dynamic aperture (DA) of a circular accelerator. The DA is
a finite-time stability region in phase space, surrounding an
elliptic fixed point, whose initial conditions remain bounded
over a prescribed number of revolutions [1]. While the DA
is a nontrivial object linked to the celebrated KAM [2] and
Nekhoroshev [3] theorems, as well as Arnold diffusion [4],
it is also of great practical importance for efficient beam
injection and beam-lifetime optimization [5, 6].

The most reliable way to characterize the DA in simula-
tions is the direct tracking of initial conditions within the
domain of interest [7]. Together with DA scaling laws [8–11],
direct computation makes it possible to extrapolate the DA
size to long time scales for which direct numerical tracking
is not feasible. Robust and computationally efficient meth-
ods for DA size and shape characterization can also be con-
structed using information from full unstable orbits [12, 13].
While these methods characterize the DA boundary, its in-
ternal structure remains unexplored. To characterize this
structure, chaos indicators can be employed to determine
whether a given initial condition is regular or chaotic. A
family of chaos indicators can be constructed using infor-
mation from tangent dynamics, such as the FLI [14] and
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GALI [15] indicators. The REM indicator [16] is instead
based on the reversibility error obtained from the mismatch
between forward and inverse iterations of a map. These
methods are well suited for characterizing the internal struc-
ture of the DA [17]. FMA [18] is one of the most widely
used chaos indicators in accelerator physics. It is based on
the invariance of frequencies over time and also benefit from
accelerated convergence using Birkhoff averages [19]. In
contrast to many other indicators, FMA is based on TbT
time-series analysis and can therefore be adapted to exper-
imental data [20]. However, it is not necessarily ideal for
the classification of initial conditions [21]. In practice, TbT
signals represent beam-centroid transverse oscillations and
are affected by measurement noise and beam decoherence.

In this contribution, we present a method for time-series
complexity characterization based on the entropy of the
SVD spectrum of high-dimensional time-delay embeddings
of TbT signals [22]. Time-delay embedding represents a
time series in a high-dimensional space of delayed coordi-
nates [23], with Takens’ theorem showing that such a rep-
resentation preserves the geometrical structures relevant to
the underlying dynamical system [24]. The singular-value
spectrum of this representation can be used to characterize
time-series complexity [25, 26] by means of Shannon en-
tropy [27]. Data analysis based on this approach has been
successfully applied in different fields, including finance [28]
and biomedicine [29]. Motivated by the fast decay of har-
monic content in regular quasiperiodic signals, we apply this
method to the complexity characterization of TbT time se-
ries. The resulting indicator distinguishes structured regular
signals, which have low effective complexity, from chaotic
signals, which carry richer spectral information. We com-
pare this method with several commonly used chaos indica-
tors and study the effect of measurement noise.

HIGH-DIMENSIONAL EMBEDDING
The transverse dynamics in a circular accelerator can be

modeled by the following 4D symplectic Hénon map:

𝑞𝑥 → cos(𝜇𝑥) 𝑞𝑥 + sin(𝜇𝑥) (𝑝𝑥 + 𝑞2
𝑥 − 𝑞2

𝑦) ,
𝑞𝑦 → cos(𝜇𝑦) 𝑞𝑦 + sin(𝜇𝑦) (𝑝𝑦 − 2𝑞𝑥𝑞𝑦) ,
𝑝𝑥 → cos(𝜇𝑥) (𝑝𝑥 + 𝑞2

𝑥 − 𝑞2
𝑦) − sin(𝜇𝑥) 𝑞𝑥,

𝑝𝑦 → cos(𝜇𝑦) (𝑝𝑦 − 2𝑞𝑥𝑞𝑦) − sin(𝜇𝑦) 𝑞𝑦,

where (𝑞𝑥, 𝑞𝑦, 𝑝𝑥, 𝑝𝑦) are the normalized transverse phase-
space coordinates. In experimental measurements, only the
transverse position coordinates 𝑞𝑥 and 𝑞𝑦 are available. The
phase advances are given by (𝜇𝑥, 𝜇𝑦) = (2𝜋𝜈𝑥, 2𝜋𝜈𝑦),
with betatron tunes 𝜈𝑥 = 0.168 and 𝜈𝑦 = 0.201.
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Figure 1: Examples of time-delay embeddings for regular (top row) and chaotic (bottom row) observables in one, two, and
three dimensions (a1–c1 and a2–c2), together with their corresponding Hankel matrices (d1 and d2).

This map captures representative nonlinear effects present
in more detailed lattice maps composed of individual magnet
transformations, including finite stability, resonances, and
chaos. Figure 2 shows the result of applying a GALI-based
indicator in the (𝑞𝑥, 𝑞𝑦) plane, together with projections of
phase-space for regular and chaotic initial conditions.

Figure 2: GALI indicator in the (𝑞𝑥, 𝑞𝑦) plane (a) and phase-
space trajectories for regular (red) and chaotic (magenta)
initial conditions (b and c).

Given an initial condition, time series for the phase space
coordinates can be generated by repeated application of the
map. An observable 𝑥(𝑛) = 𝑓 (𝑞𝑥(𝑛), 𝑝𝑥(𝑛), 𝑞𝑦(𝑛), 𝑝𝑦(𝑛))
can then be constructed, together with its corresponding
time-delay representation, as illustrated in Figure 1. For a

delay 𝜏, an embedding dimension 𝑑, and a window length
ℓ, the time-delay Hankel matrix is defined as

𝐻 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑥0 𝑥𝜏 𝑥2𝜏 ⋯ 𝑥(ℓ−1)𝜏
𝑥𝜏 𝑥2𝜏 𝑥3𝜏 ⋯ 𝑥ℓ𝜏
𝑥2𝜏 𝑥3𝜏 𝑥4𝜏 ⋯ 𝑥(ℓ+1)𝜏

⋮ ⋮ ⋮ ⋱ ⋮
𝑥(𝑑−1)𝜏 𝑥𝑑𝜏 𝑥(𝑑+1)𝜏 ⋯ 𝑥(𝑑+ℓ−1−1)𝜏

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

HANKEL-SVD ENTROPY INDICATOR
We quantify the complexity of a scalar observable by

constructing a time-delay Hankel embedding, computing
its singular values, and evaluating the Shannon entropy of
the normalized singular-value spectrum. Let 𝐻 = 𝑈Σ𝑉T

be the singular value decomposition of 𝐻, with singular
values 𝜎1, 𝜎2, … , 𝜎𝑟, where 𝑟 = min(𝑑, ℓ). The normalized
singular-value spectrum is

𝑝𝑖 = 𝜎𝑖
∑𝑟

𝑗=1 𝜎𝑗
, 𝑖 = 1, … , 𝑟.

The Hankel–SVD entropy indicator is then defined as the
Shannon entropy of this spectrum,

𝑆SVD = −
𝑟

∑
𝑖=1

𝑝𝑖 log2 𝑝𝑖,

or, in normalized form, ̂𝑆SVD = 𝑆SVD/ log2 𝑟. Small values
of ̂𝑆SVD indicate that the embedded signal is well described
by a small number of dominant singular directions, whereas
values close to one indicate a broad singular-value spec-
trum and therefore a more complex embedded time-series
representation. An example of a normalized singular-value
spectrum is shown in Figure 4 for regular and chaotic initial
conditions.
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Figure 3: Application of the GALI (a1–c1), FMA (a2–c2), and HSVDE (a3–c3) indicators to a dense grid of initial
conditions in the transverse (𝑞𝑥, 𝑞𝑦) plane. Indicator distributions are shown in panels (b1–b3), and sorted indicator values
are shown in panels (c1–c3).

Figure 3 shows the application of the GALI, FMA, and
HSVDE indicators to a dense grid of initial conditions in
the space of transverse coordinates. All indicators reveal the
internal resonance structure, visible as feather-like patterns
emerging from inside the stable region and extending toward
its boundary, as well as the chaotic layer defining the stability
boundary. The HSVDE indicator exhibits a structure similar
to the mirrored GALI indicator and demonstrates a bimodal
distribution, corresponding to regular and chaotic classes.

Figure 4: Example of a normalized singular-value spectrum
for Hankel matrices constructed from regular (blue) and
chaotic (red) initial conditions.

The effect of measurement noise is illustrated in Figure 5,
where Gaussian noise with standard deviation 𝜎 = 0.01 was
added to the generated signals before applying the FMA
and HSVDE workflows. The signals were standardized,
and ̂𝑞2

𝑥 + ̂𝑞2
𝑦 was used as the scalar time-series observable.

No additional filtering or combination of frequency data
from several BPMs was performed to improve the frequency-
estimation accuracy of the FMA indicator. The same color
range as in the noiseless case is used. As can be seen, while
FMA still highlights the boundary and some of the internal
resonance structures, the overall indicator range is reduced
by the noise, and a noise-induced band appears at small

amplitudes. The HSVDE indicator is also affected by noise,
but the effect is less severe and appears near the boundary.

Figure 5: Application of FMA and HSVDE to the Hénon
map with added noise. The sorted indicator values without
noise are shown as solid black curves for comparison.

CONCLUSION
The application of the HSVDE chaos indicator, based on

high-dimensional time-delay embedding of an observable
constructed from TbT time series, has been presented. The
indicator is straightforward to construct and is well motivated
by the quasiperiodic structure of regular orbits. Similarly to
the GALI indicator, HSVDE reveals internal DA geometric
structures and is sensitive to chaotic initial conditions. A
preliminary study with noisy signals demonstrates the ro-
bustness of the indicator, making it a promising candidate
for experimental applications.
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