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Abstract 
We introduce a closed-form, verified through numerical 

integration, of the beam energy spread induced by oblique 
electron-laser interaction in a short undulator, so-called 
chicane-free laser heater. This scheme is relevant for high 
repetition rate free-electron lasers, space constrained, or 
subject to microbunching instability induced by a standard 
laser heater chicane. A calculation of the instability gain 
with the proposed scheme is presented to demonstrate its 
feasibility [1]. 

INTRODUCTION 
In single pass or recirculating electron linear accelerators 

(linacs), microbunching instability (MBI) is the beam 
collective effect causing disruption or dilution of the 
longitudinal phase space by the amplification of energy and 
density modulations in succession [2]. The instability is 
seeded by the granularity of the electron distribution (shot 
noise), possibly in combination with narrowband phase 
space structures originated in radiofrequency (RF) photo-
injectors [3,4]. The nature of the initial modulations, in 
combination with some damping mechanisms, commonly 
bounds the instability to final wavelengths in the range 
∼0.1–10’s µm, hence the naming. Longitudinal damping of 
the instability is in most cases implemented through a laser 
heater system [5] in the low energy region of the linac, well 
before the instability builds up. In this case, the 
enlargement of the beam longitudinal emittance imposes a 
tradeoff between FEL spectral purity and intensity [6, 7]. 

At least three semi-analytical approaches to model MBI 
have been developed in the last two decades, which can be 
shortly referred to as, respectively, integral linearized 
Vlasov-Maxwell equation [8], matrix multiplication [9], 
and linearized Vlasov-Poisson equation in a plasma 
[10, 11]. We have recently upgraded the first two models 
[1], and translated them into Matlab scripts [12], finding 
excellent agreement in a wide variety of linac-FEL 
configurations and range of parameters. Here, we use one 
of the two to study beam heating in parallel versus oblique 
electron-laser interaction, the latter configuration being 
potentially relevant for very high repetition rate FELs, 
space constrained, or subject to instability development 
through the laser heater chicane. 

Strictly speaking, the electron-laser interaction in the 
laser heater undulator does not require per sé a chicane, and 
the laser-induced energy modulation, in the range ∼0.5–

1 µm, can be translated into uncorrelated energy spread by 
smearing through the downstream magnetic bunch 
compressor. To the best of our knowledge, laser heater 
system at FLASH (Germany) is the only one implementing 
such scheme [13, 14]. However, a mini-chicane is still 
present upstream the undulator to inject the laser collinear 
to the electrons.  

In the following, we evaluate the increase in laser peak 
power required by any pre-determined induced energy 
spread, in the presence of an oblique superposition (e.g., in 
the horizontal plane) of laser and electrons. It is evident that 
the proposed scheme can, on the one hand, save several 
meters of space that would otherwise be occupied by the 
laser heater chicane. Moreover, it can offer a more efficient 
laser-electron interaction, thus a reduced laser power per 
induced energy spread, by virtue of smaller electron and 
laser beam spot size, owing to the absence of dispersive 
electron motion. On the other hand, the increase of peak 
power due to the larger effective interaction area has to 
remain compatible with the available average laser power, 
such as at superconducting linac-FELs requiring beam 
heating up to MHz repetition rate. 

BACKGROUND  
The energy modulation amplitude of an electron bunch 

induced by an external laser at an angle of interaction 𝜃𝜃 was 
derived in [15]. Equations 21–23 describing the induced 
energy modulation amplitude in that paper are recast here 
for the reader’s convenience: 

Δ𝛾𝛾𝐿𝐿𝐿𝐿(𝜃𝜃) = �
𝑒𝑒𝐸𝐸0𝑁𝑁𝑢𝑢𝜆𝜆𝑢𝑢
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where 𝐸𝐸0 is the laser peak electric field, 𝐿𝐿𝑢𝑢 = 𝑁𝑁𝑢𝑢𝜆𝜆𝑢𝑢 the 
number of undulator periods times the period length, z is 
the longitudinal coordinate internal to the bunch, 𝑘𝑘𝑢𝑢 =
2𝜋𝜋 𝜆𝜆𝑢𝑢⁄ , 𝑘𝑘𝑠𝑠 = 2𝜋𝜋 𝜆𝜆𝑠𝑠⁄  the laser wavenumber, and 𝐾𝐾 the 
undulator parameter planarly polarized. The correction 
factors 𝐼𝐼𝑥𝑥,𝑦𝑦 ≤ 1 were introduced following [16] to describe 
the hourglass effect of laser and electron beam at a waist in 
the middle of the undulator. 

The peak power 𝑃𝑃𝐿𝐿 and the peak intensity 𝐼𝐼𝐿𝐿 of a 
Gaussian laser pulse, whose transverse size at the waist is 
𝑤𝑤0 = 2𝜎𝜎𝐿𝐿, are: 

𝑃𝑃𝐿𝐿 = 1
2
𝐼𝐼𝐿𝐿𝜋𝜋𝑤𝑤02 = 𝜋𝜋𝜋𝜋𝜀𝜀0𝐸𝐸𝑜𝑜2𝜎𝜎𝐿𝐿2                  (3) 

With the definition of 𝑃𝑃0 = 4𝜋𝜋𝜋𝜋𝜀𝜀0
𝑒𝑒2

(𝑚𝑚𝑒𝑒𝑐𝑐2)2= 8.7 GW and 
from Eq.1, the RMS induced energy spread becomes: 

𝜎𝜎𝐸𝐸,𝐿𝐿𝐿𝐿(𝜃𝜃) = 𝑚𝑚𝑒𝑒𝑐𝑐2
Δ𝛾𝛾𝐿𝐿𝐿𝐿(𝜃𝜃)
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𝑃𝑃0
�𝐼𝐼𝑥𝑥𝐼𝐼𝑦𝑦Σ𝐽𝐽𝐽𝐽(𝜃𝜃).   (4) 

The evaluation of Σ𝐽𝐽𝐽𝐽(𝜃𝜃) through numerical integration 
implies some relevant computation effort in case of 
optimization studies, for which the overall MBI gain of the 
beam line is to be minimized as function of the beam, 
machine parameters and laser heater setting. For this 
reason, we provide below, as an alternative, a series 
representation. The mathematical passages are not reported 
here for the sake of brevity, and the Reader is kindly sent to 
[1] to review them. Here, we jump to the conclusions and 
show the agreement of the numerical integration and the 
proposed analytical form. 

SERIES REPRESENTATION OF INDUCED 
ENERGY SPREAD  

Let us introduce the following notation for the 
trigonometric terms in Eq. 1: 
𝑜𝑜〈… 〉𝑜𝑜 = 𝑜𝑜 ∙ 〈sin�−𝜍𝜍 + 𝑎𝑎sin(2𝜍𝜍) + 𝑑𝑑cos(𝜍𝜍)�〉𝜍𝜍 

𝑝𝑝〈… 〉𝑝𝑝 = 𝑝𝑝 ∙ 〈sin�−𝜍𝜍 + 𝑎𝑎sin(2𝜍𝜍) + 𝑑𝑑cos(𝜍𝜍)� sin(𝜍𝜍)〉𝜍𝜍            (5) 
𝑞𝑞〈… 〉𝑞𝑞 = 𝑞𝑞 ∙ 〈sin�−𝜍𝜍 + 𝑎𝑎sin(2𝜍𝜍) + 𝑑𝑑cos(𝜍𝜍)� cos(2𝜍𝜍)〉𝜍𝜍  
and o, p, q are taken out from the integration (averaging) 
because independent from 𝜍𝜍. Equation 5 is rewritten with 
Euler notation; 𝑝𝑝〈… 〉𝑝𝑝 is taken hereafter as an example: 
〈… 〉𝑝𝑝 = − 1

4
〈𝑒𝑒𝑖𝑖𝑖𝑖sin(2𝜍𝜍)𝑒𝑒𝑖𝑖𝑖𝑖cos(𝜍𝜍) − 𝑒𝑒−2𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑖𝑖sin(2𝜍𝜍)𝑒𝑒𝑖𝑖𝑖𝑖cos(𝜍𝜍) +

               +𝑐𝑐𝑐𝑐〉𝜍𝜍 ≡
1
4

[(〈𝑙𝑙〉 − 〈𝑡𝑡〉) + (〈𝑙𝑙∗〉 − 〈𝑡𝑡∗〉)]                     (6) 
The coupling term introduced in Eq.1 reads: 
∑ (𝜗𝜗)𝐽𝐽𝐽𝐽 =  − 𝑝𝑝

2
� 𝐽𝐽0
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−2,1(𝑎𝑎, 𝑑𝑑)� +                 (7) 

                +  
𝑞𝑞
2 � 𝐽𝐽1

2,1(𝑎𝑎, 𝑑𝑑) − 𝐽𝐽3
−2,1(𝑎𝑎, 𝑑𝑑)� +  𝑜𝑜 ∙  𝐽𝐽1

−2,1(𝑎𝑎, 𝑑𝑑) 

Since the index n of the infinite series in Eq.43 also 
determines the order of the Bessel functions, successive 
terms of the series will be smaller and smaller in value for 
higher n. The convergence of the series is, in fact, 
guaranteed already for |𝑛𝑛| = 4 [1]. One should also be 
reminded that the dependence on the 𝜗𝜗 parameter is hidden 

in the arguments 𝑎𝑎, 𝑑𝑑 of the Bessel functions. By dropping 
the interaction angle to zero, it returns as expected: 

                                ∑ (0)𝐽𝐽𝐽𝐽 = 𝐾𝐾
2𝛾𝛾

[𝐽𝐽𝐽𝐽]                               (8) 

NUMERICAL RESULTS 
Electron beam and laser heater parameters are inspired to 

[13]. In the absence of dispersive motion, we assume 
electron and laser beam sizes at the waist in the undulator 
squeezed to 100 µm and 150 µm respectively, see Table 1. 
The parameters allow beam heating in excess of 30 keV 
with 0.5 MW peak power for the collinear interaction. The 
maximum repetition rate assumed hereafter is 1 MHz. 

Table 1. Laser Heater Parameters 
Electron Bunch   
Mean energy 146 MeV 
Normalized emittance, RMS 0.6 µm 
Betatron function at the waist 5 m 
Transverse rms size at the waist  100 µm 
Charge < 1 nC 
Duration, FWHM 8 ps 
LH-induced energy spread, 
RMS < 30 keV 

Undulator   
Period length 43 mm 
Number of periods 11  
Undulator parameter K  1.43  

Laser Pulse   
Central wavelength 532 1064 nm 
RMS size at the waist (x,y) 150 µm 
Duration, FWHM 11 ps 
Peak power at 𝜃𝜃 = 0 < 0.50 < 0.12 MW 
Average power at 𝜃𝜃 = 0 & 1 
MHz RR. < 5.5 < 1.5 W 

Figure 1 shows the dependence from the interaction 
angle of the LH-induced RMS energy spread at fixed peak 
power (top), and of the laser peak power at fixed induced 
energy spread of 30 keV (bottom). Two sets of undulator 
period are considered, to match the laser wavelength at the 
fundamental wavelength and at the 2nd harmonic, 
respectively (see Tab.1). The deviation of the series 
representation (Eq.7) and of the integral (Eq.1) is negligible 
for all angles, as also shown in Fig. 2, so confirming that 
our analytical derivation is exact. 

At the interaction angle of 3 mrad, the maximum heating 
level of 30 keV can be obtained with 4 MW peak – 50 W 
average power at the second harmonic of the Yb-Nd laser, 
or at 1 MW peak–11 W average, for the laser at the 
fundamental harmonic (1.065 µm). The nominal peak 
power reported in [14] at the laser second harmonic is 
2 MW.  
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Figure 1. Laser heater-induced energy spread (top) and 
laser peak power (bottom) as function of the interaction 
angle. The laser heater is at the resonant condition at the 
fundamental and at the 2nd harmonic of the IR laser. Series 
representation and numerical integration superimpose. 

 
Figure 2. Numerical deviation of the series representation 
(Eq. 7) and of the numerical integration (Eq. 1), in unit of 1017, 
as function of the interaction angle. 

By keeping 𝜃𝜃 = 3 mrad as the maximum tolerable angle 
for the laser power, and assuming a vacuum chamber iris 
radius of ∼10 mm, the laser injection port should be 
approximately 4 m upstream the undulator. Assuming a 
laser RMS size of 150 µm at waist in the middle of the 
undulator, the laser spot size at the port would be 230 µm 
or 170 µm, at the fundamental or at the 2nd harmonic, 
respectively. Neither need of special focusing nor 
interference with the linac layout emerges at this stage. 

To make a connection with the aforementioned 
comparative study, a 2-D map of the MBI gain of the 
1.5 GeV linac, two-stage compression – whose gain is the 
largest among all four setups considered so far, see Fig. 8 – 
is produced in Fig. 3. The spectral gain is function of the 

laser heater peak power at the interaction angle of 3 mrad. 
The FERMI laser heater parameters are adopted [7]. The 
feasibility of the oblique interaction is confirmed in this 
case too. 

 
Figure 3. Contour plot of the spectral gain at the end of the 
1.5 GeV, two-stage linac setting as function of the laser 
heater peak power. The induced energy spread is calculated 
for an interaction angle of 3 mrad.  

CONCLUSIONS 
The observed interaction of the laser heater chicane with 

the development of MBI at low energy suggests a scheme 
in which beam heating is implemented without a chicane. 
An approximated series representation for the energy 
spread induced by an obliquely incident laser is found and 
successfully compared to the numerical integration 
introduced in [13]. The study shows the feasibility of the 
oblique interaction in suppressing the instability for 
incident angles up to few mrad. In this case, the oblique 
interaction would save some meters of space along the linac 
axis, at the expense of a laser power 2 to 3-fold larger than 
in collinear laser-electrons geometry. In spite of the power 
increase, up to ∼30 keV RMS energy spread can be induced 
at beam energies <200 MeV by an IR laser average power 
<50 W, up to MHz repetition rate. 
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