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Abstract
Periodic resonance crossing driven by space charge in

bunched beams leads to slow diffusion over hundreds of syn-
chrotron oscillations, making emittance growth and beam
loss difficult to control and hard to describe theoretically.
Its pseudo-stochastic nature means reliable predictions typi-
cally require full simulations. Mitigation methods such as
resonance compensation or space-charge compensation are
complex and highly dependent on detailed machine condi-
tions. Here, an alternative approach is proposed: shaping the
longitudinal bunch profile using a suitable combination of
RF harmonics to reduce the effectiveness of periodic cross-
ings. First experimental studies at the CERN PS Booster
show promising results, suggesting this as a viable new di-
rection.

PERIODIC RESONANCE CROSSING IN
HIGH INTENSITY BUNCHES

The rise of new operational regimes in particle accelera-
tors has introduced significant challenges for recent projects
[1, 2]. For example, the FAIR project [1] involves long-
term storage of high-intensity bunched beams over hundreds
of synchrotron oscillations. During this time, particles re-
peatedly traverse regions of varying longitudinal density,
coupling the transverse space-charge tune shift to their longi-
tudinal motion. This becomes critical when the tune spread
overlaps a lattice resonance, causing resonance islands to
vary with longitudinal position and move in the transverse
plane. As particles cross these moving islands, their in-
variant 𝐽𝑥/𝑦 = 2𝜖𝑥/𝑦 can change: fast crossings produce
random-like kicks (scattering), while slow crossings may
trap particles. This leads to transverse diffusion, halo for-
mation, and eventual beam loss if the halo exceeds machine
acceptance. Experiments at GSI (SIS18) [3] and CERN (PS,
SPS) [4, 5] confirm this mechanism. Modeling this process
is challenging because the scattering is pseudo-random [6]
and nonlinear, leading to diffusion that depends on reso-
nance properties, additional nonlinearities (e.g., amplitude-
dependent detuning), and the synchrotron motion speed.

Mitigation Approaches
The impact of resonance islands on particle dynamics de-

pends on resonance strength. Weak resonances cause weaker
scattering during periodic crossings, leading to slower halo
formation and beam loss—making mitigation more feasible.

This was demonstrated at SIS18 [7], where partial compensa-
tion of a third-order resonance reduced emittance growth and
losses. However, resonance compensation is challenging. It
is typically based on single-particle estimates of resonant
driving terms [8], whereas in reality the optics are modified
by space charge [9, 10]. As a result, compensation varies
along the bunch and may become less effective, especially
when multiple resonances overlap with the incoherent tune
spread. An alternative approach targets the space-charge ef-
fect directly using electron lenses, which generate opposing
fields to compensate amplitude-dependent detuning. This
replaces the continuous space-charge force with localized,
longitudinally modulated lenses matched to the bunch pro-
file [11, 12]. Multiple lenses help avoid introducing addi-
tional resonances or perturbing the optics. Another strategy,
explored at IOTA (FNAL) [13], uses integrable optics based
on the McMillan concept [14, 15]. Here, specially designed
magnetic fields intrinsically mitigate space-charge effects
and stabilize beam dynamics. Ongoing experiments are in-
vestigating its effectiveness for periodic resonance crossing
in intense proton beams.

NOVEL APPROACH
Here, a different mitigation strategy is proposed: instead

of targeting the resonance itself (as in resonance compensa-
tion), the detuning (e-lenses), or resonance formation (inte-
grable optics), the goal is to reduce the scattering process
directly. This is done by controlling the speed at which in-
stantaneous resonance islands cross particle orbits. If the
crossing is slow—so the phase advance in the frame island
is many multiples of 2𝜋 during one synchrotron oscilla-
tion—particles can become trapped. If the crossing is fast,
the interaction is much weaker. The next discussion focuses
on a 1D resonance of the form 𝑛𝑥𝑄𝑥 = 𝑁 . The speed of an
island crossing is the composition of the speed of the lon-
gitudinal motion Δ𝑧/Δ𝑛, with 𝑛 the turn number, with the
dependence of the instantaneous fixed point (𝑥fp, 𝑥′

fp) on the
longitudinal position of the particle 𝑧. For an axi-symmetric
transverse Gaussian distribution, considering a particle with
𝜖𝑦 = 0, the dependence of the incoherent space charge
tuneshift is Δ𝑄𝑥,sc(𝜖𝑥, 𝑧) ≃ Δ𝑄𝑥0,sc(𝑧)/[1 + 𝜖𝑥/(4𝐸𝑥)],
with 𝐸𝑥 the horizontal rms emittance, and Δ𝑄𝑥0,sc(𝑧) the
maximum transverse incoherent space charge tuneshift at
location 𝑧 (where the particle we consider is). The location
of the fixed points is approximately determined by the reso-
nance condition Δ𝑄𝑥,sc(𝜖𝑥,fp, 𝑧) ≃ 𝑄𝑥,𝑟 −𝑄𝑥0, with 𝑄𝑥,𝑟 the
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tune at which the resonance is located, and 𝑄𝑥0 the bare ma-
chine tune. The term 𝜖𝑥,fp refers to the invariant of the instan-
taneous fixed point. As the bunch aspect ratio 𝜎𝑥/𝑦/𝜎𝑧 ≪ 1
we have that Δ𝑄𝑥0,sc(𝑧) ∝ 𝜆(𝑧), with 𝜆(𝑧) the longitudinal
charge line density, hence the speed of migration of the fixed
point implicitly obtained from Δ[Δ𝑄𝑥,sc(𝜖𝑥,fp, 𝑧)]/Δ𝑛𝑡 = 0,
in terms of 𝜖𝑥,fp, reads

Δ𝜖𝑥,fp
Δ𝑛𝑡

≃ 4𝐸𝑥 (1 +
𝜖𝑥,fp
4𝐸𝑥

) 1
𝜆(𝑧)

𝑑𝜆(𝑧)
𝑑𝑧

Δ𝑧
Δ𝑛𝑡

, (1)

where 𝑛𝑡 is the turn number. This relation shows that
the speed of motion of the fixed points, which is ∝
√|Δ𝜖𝑥,fp/Δ𝑛𝑡 |, depends on the speed of the synchrotron mo-
tion Δ𝑧/Δ𝑛𝑡 and on the derivative of the longitudinal charge
line density 𝜆(𝑧).

As the longitudinal distribution can be manipulated via
proper RF gymnastics or a combination of RF harmonics,
we may act on Δ𝜖𝑥,fp/Δ𝑛𝑡 by properly shaping the longitudi-
nal particle distribution 𝜆(𝑧) to alter the speed of resonance
crossing and thus make the scattering process less effective.
Equation (1) suggests that the relevant properties of the longi-
tudinal distribution and the RF, are: P1) existence of a central
region where 𝑑𝜆(𝑧)/𝑑𝑧 ≃ 0, hence particles moving through
it are not crossed by resonance islands; P2) the regions with
𝑑𝜆(𝑧)/𝑑𝑧 ≠ 0 should have very large (𝑑𝜆(𝑧)/𝑑𝑧)(Δ𝑧/Δ𝑛𝑡),
as in this case the fixed points move very fast, making the
scattering process less effective. The properties P1 and P2
seems to conflict with each other, and their implementation
is the challenge. Next, we discuss a dedicated RF bucket
and its matched longitudinal distribution in relation with the
property P1.

We consider a composition of several even harmonics in
an RF system to build a well-shaped RF potential well. The
RF force 𝐹 acting on a particle is the result of the composi-
tion of the following RF harmonics

𝐹 =
𝑛

∑
𝑞=1

𝑉𝑞 sin(𝑞 𝜋
𝑧𝑏

𝑧 + 𝑞𝜋),

with 𝑉𝑞 = 𝑉max
1

22𝑛−1 ( 2𝑛
𝑛+𝑞)𝑞 𝜋

𝑧𝑏
, where 𝑧𝑏 is the half bucket

length and 𝑞 is the harmonic number. This force creates
the RF potential 𝑉(𝑧) = 𝑉max sin2𝑛 (𝜋

2
𝑧
𝑧𝑏

) . An example
of the scaled force (red curve) and of the scaled potential
(blue curve) for 𝑛 = 1, and 𝑛 = 10 is shown in Fig. 1 top.
This picture shows clearly the property of this composition
of harmonics: with the increase of 𝑛, the potential well
(blue curve) becomes flatter and flatter, converging towards
a barrier bucket, while the force exerted on the particles
becomes very small in the center of the bucket. The longi-
tudinal dynamics is given by the equation 𝑧″ + 𝜕𝑧𝑉(𝑧) = 0,
and defining 𝑝𝑧 = 𝑧′, the Hamiltonian of the system reads
𝐻 = 𝑝2

𝑧 /2+𝑉(𝑧). The orbits in the phase space are the level
curves of this Hamiltonian shown in Fig. 1 bottom to high-
light their shape. The special form of the potential affects the
amplitude-dependent synchrotron tune, shown in terms of
synchrotron period in Fig. 2 (left). The synchrotron period
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Figure 1: Top: Example of the normalized RF potential and
RF force as created by one harmonic (left), and 10 (even)
harmonics (right). Bottom: Corresponding orbits in the
normalized phase space.

is normalized with the corresponding period 𝑆1 in the center
of a one-harmonic bucket. The picture shows, in terms of
𝑤 = 𝐻/𝑉max, that for 𝑛 = 1 and 𝑤 → 0 the synchrotron
period is equal to the standard one. The black curve also
shows that the period diverges as 𝑤 → 1, which corresponds
to the dynamics at the separatrix. Note the completely dif-
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Figure 2: Left: Normalized synchrotron tune as function
of 𝑤 = 𝐻/𝑉𝑚𝑎𝑥 for several harmonics composition. Right:
Maximum oscillation amplitude 𝑧𝑚 according to orbits and
harmonics used.

ferent dependence for 𝑛 > 1, where the period diverges for
𝑤 → 0 as well as for 𝑤 → 1. This feature arises because the
composition of harmonics produces a potential well with
second derivative zero at the bucket center (𝑤 = 0). This
feature is also highlighted by Fig. 2 (right), which shows the
maximum oscillation amplitude of the particles in the bucket.
For larger 𝑛 and same 𝑤, a particle oscillates on a larger re-
gion, again showing that in the bucket center, there is no
acting force. This feature is relevant in Eq. (1) as the speed
of fixed point migration is also determined by Δ𝑧/Δ𝑛𝑡. We
next investigate for this general type of RF bucket whether
the matched distribution is proper to satisfy the property P1.
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We consider the matched parabolic particle distribution,
here not affected by longitudinal space charge or collective
fields, 𝜌(𝑧, 𝑧′) ∝ √1 − 𝐻/(𝜎𝑉max). The quantity 𝜎 is a
filling factor of the nonlinear RF bucket. The projection on
the 𝑧 axis yields

𝜆( ̃𝑧) = 𝑁0
𝑧𝑏Λ𝑛(𝜎) [1 − 1

𝜎2 sin2𝑛 (𝜋
2 ̃𝑧)] , (2)

with ̃𝑧 = 𝑧/𝑧𝑏 and − ̃𝑧𝑙 < ̃𝑧 < ̃𝑧𝑙, and Λ𝑛(𝜎) a normalization
factor to ensure that ∫ ̃𝑧𝑙

− ̃𝑧𝑙
𝜆( ̃𝑧)𝑑𝑧 = 1. The distribution edge

̃𝑧𝑙 is the solution of the equation 𝜎 = sin𝑛 (𝜋
2 ̃𝑧𝑙). Figure 3

shows an example of beam distribution for 𝑛 = 10, and
occupation 𝜎 = 0.4, with the normalized phase space dis-
tribution (left) and its projection on 𝑧 (right). The magenta
curve is the theoretical prediction of Eq. (2). This distribu-
tion satisfies P1. Next, we investigate the consequences of
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Figure 3: Left: Normalized matched particle distribution,
for 𝑛 = 10, and 𝜎 = 0.4. Right: corresponding longitudinal
particle distribution (blue histogram), and the theoretical
curve (magenta).

the property P1. To this purpose we compute, as figure of
merit, the fraction of particles 𝑁nc/𝑁0, which always remain
in the flat region of the bunch, hence that are not subject
to the periodic resonance crossing phenomenon. As the
larger 𝜆(𝑧) is found at 𝑧 = 0, we consider the flat region
of the bunch as − ̃𝑧𝑓 < ̃𝑧 < ̃𝑧𝑓 with ̃𝑧𝑓 the edge of flatness
defined as 𝛽 = 1 − 𝜆(𝑧𝑓 )/𝜆(0), with 𝛽 the criterion for
assessing the region of flatness. All particles that oscillate
in the flat region will not be periodically crossed by the mov-
ing islands. Hence, it would be desirable that for 𝑛 → ∞
we had 𝑁nc/𝑁0 → 1. Figure 4 shows the number of parti-
cles in the flat region as a function of 𝑛, 𝛽, 𝜎. The picture
clearly shows a weak sensitivity to the occupation number 𝜎,
whereas it is much stronger to the criterion of flatness 𝛽. The
curves pattern also show that the fraction of particles in the
flat region does not grow to 100 % increasing 𝑛, but rather
converges to an asymptotic limit. This surprising finding
stems form the matching condition. In fact, once 𝛽 is set
then 𝑤𝑓 is set, and by increasing 𝑛, the edge of flatness ̃𝑧𝑓
move towards the edge of the bucket, while at the same time
the height of the orbit passing through ( ̃𝑧𝑓 , 0) remain the
same 𝑝𝑧,𝑚 = √2𝑤𝑓 𝑉max, and the full orbit becomes more
and more rectangular, hence creating the asymptotic pattern.
Note that Fig. 4 gives a very conservative estimate; in fact,
there are more particles that travel through the varying 𝜆(𝑧),
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Figure 4: Fraction of particles that remain in the flat region
(defined by 𝛽) of the longitudinal particle density. It is
also investigated the dependence on the filling of the bucket
(defined by 𝜎).

but necessarily do not cross the resonance. Assessing this
amount requires a full computation of the transverse inco-
herent space charge tuneshift and its dependences from the
transverse oscillation amplitudes (𝑥𝑚, 𝑦𝑚), 𝑧, and verifying
when, for a given 𝑄𝑥0 and 𝑄𝑥,𝑟, particles never cross the
resonance.

Following these preliminary results, we experimentally
investigated the beam response to a multi-harmonics RF in
a few cases. The experiment have been carried out at the
CERN-PSB, the 3rd order resonance 3𝑄𝑦 = 13 has been
intentionally excited, and a bunched beam with Δ𝑄sc ≃ 0.05
was stored for ∼1 s. Figure 5 (left) shows the emittance re-
sponse employing a one-harmonics bucket for a tune scan
in the region of the stop-band. The emittance response fol-
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Figure 5: The gray area is the resonance stop-band. Left:
emittance growth due to the periodic resonance crossing;
Right: beam loss for space charge equivalent bunched
beams.

lows the same pattern observed in previous studies [1, 4, 5].
At the time of the measurement, only odd harmonics were
available, which nevertheless have been used to approximate
the ideal RF potential. Figure 5 (right) shows the beam sur-
vival when 1st (blue), odd harmonics up to 3rd (green), and
up to the 11th (red) harmonics are used to confine bunches
with a similar space-charge tune shift (adapting the bunch
population accordingly).

CONCLUSIONS
This preliminary result of improved beam transmissions

when deploying a multiharmonic RF system to resemble
a barrier bucket is very encouraging, and further endorses
more precise experimental investigations with an RF bucket
composed by even harmonics only.
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