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Abstract
Beam–beam interactions are well known to limit the per-

formance of high-energy hadron colliders, as they can de-
grade beam quality and reduce particle lifetime. When the
strengths of the beam–beam and space-charge forces become
comparable, as in high-intensity, mid-energy colliders, their
interplay results in complex nonlinear dynamics and the
excitation of resonances.

In this project, we perform GPU-enabled simulations, mo-
tivated by the forthcoming Electron–Ion Collider (EIC), to
study the combined effects of beam–beam and space-charge
interactions within a realistic accelerator lattice. In sup-
port of this endeavor, we have developed a preliminary 2.5D
space-charge symplectic model incorporating self-consistent
space-charge forces and the complete magnetic lattice. This
model enables the study of long-term nonlinear dynamics,
which is essential for achieving high average luminosity.

INTRODUCTION
In the context of next-generation hadron collider projects,

understanding collective effects along the beam line is
of fundamental importance, as they directly influence
beam stability, intensity limits, and overall machine per-
formance. Deeper insight into these mechanisms enables
optimization of beam quality, leading to improved lumi-
nosity, operational efficiency, and long-term reliability
of the accelerator complex.

However, accurately modeling collective effects—partic-
ularly space-charge forces—across the full beamline, and
capturing their interplay with individual accelerator com-
ponents, is computationally demanding. This challenge is
especially pronounced for high-intensity beams, where self-
consistent simulations must be performed over many turns or
extended transport sections. As a result, developing efficient
computational approaches for collective-effects simulations
is essential.

To address these limitations, tracking frameworks can be
adapted to exploit graphics processing units (GPUs), lever-
aging their massively parallel architecture to significantly
reduce execution time and improve scalability for simula-
tions with large macroparticle distributions.

This approach is supported by recent advances in high-
performance computing, which have established GPUs as
powerful accelerators for large-scale scientific simulations,
particularly in computationally intensive areas such as beam
dynamics and collective-effects modeling [1–3].
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This paper is organized as follows. Section 1 presents the
GPU-accelerated computational framework developed for
element-wise simulation of a representative lattice similar
to that of the Electron–Ion Collider (EIC) at Brookhaven
National Laboratory [4, 5].

Section 2 details the formulation and implementation of
the 2.5D symplectic space-charge model and examines the
resulting beam dynamics under collective effects. Section 3
reports simulation results incorporating the coupled influ-
ence of space-charge and beam–beam interactions.

GPU FRAMEWORK FOR ELEMENT-WISE
LATTICE TRACKING

In this work, the CUDA.jl package is employed as the pro-
gramming interface for NVIDIA GPU acceleration within
the Julia ecosystem [6]. The implementation exploits fine-
grained parallelism to advance particles in the full six-
dimensional phase space using symplectic transfer maps.
This approach enables efficient element-by-element lattice
tracking while rigorously preserving the underlying Hamil-
tonian structure and nonlinear dynamics. Consequently, it
facilitates high-fidelity simulation of proton beam evolution
over several thousand turns.

The lattice optical parameters, extracted using
TrackPad.jl, are shown in Figs. 1 and 2 [7, 8].

A central component of the implementation is the evalua-
tion of the transverse electric field using the Bassetti–Ersk-
ine formalism. This formulation is consistently employed
in both the space-charge and synchro-beam maps to model
weak–strong beam–beam interactions. This approach was
previously implemented in Ref. [9], where the Weidemann
algorithm is utilized to precompute the polynomial con-
tribution to the Bassetti–Erskine function. This strategy
reduces the computational cost of field evaluation, yield-
ing an approximate threefold performance improvement
[10]. The nominal design specifies a synchrotron tune of
𝑄𝑠 = 0.01. This tune is achieved using an RF cavity operat-
ing at 591 MHz to maintain longitudinal beam bunching [4].

SELF-CONSISTENT SIMULATION OF
SPACE-CHARGE EFFECTS IN HADRON

RING LATTICE
The space charge model applied to this study has been

described in Refs. [11, 12]. The potential, denoted by
𝜑0(𝑥, 𝑦, 𝑧), is evaluated assuming a 2.5D Gaussian distri-
bution, i.e., 𝜑0(𝑥, 𝑦, 𝑧) = (𝜑(𝑥, 𝑦) + 𝜑00)𝜆𝑧(𝑧), which is
valid under the condition

𝜕2𝜙
𝜕𝑥, 𝑦2 ≫ 1

𝛾2
𝜕2𝜙
𝜕𝑧2 . (1)
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Figure 1: Cumulative transverse phase advance along the
ring circumference.
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Figure 2: Optical Twiss parameters of the simulated lattice
along the ring circumference. The top figure illustrates the
horizontal (𝛽𝑥, blue) and vertical (𝛽𝑦, orange) betatron func-
tions. The bottom figure shows the horizontal and vertical
𝛼 functions.

To account for the distributed nature of space-charge
forces around the ring, a discretized approximation is em-
ployed. In this approach, space-charge kicks are uniformly
distributed in phase advance, with each kick scaled propor-
tionally to the corresponding lattice segment length. For
the following simulations, approximately 245 space-charge
kicks are used, which is sufficient to achieve numerical con-
vergence. This choice represents a practical compromise
between accuracy and computational cost, as the execution
time scales linearly with the number of space-charge kicks.

Space-Charge–Real Lattice Interactions
These initial simulations are designed to investigate tune

shifts in the regime where the space-charge force is compara-
ble in magnitude to the beam–beam interaction. To this end,
the proton beam is tracked over several thousand turns to

enable detailed frequency map analysis, with tunes extracted
using the NAFF algorithm implemented in Python [13].

In comparison with the bare lattice tunes shown in Fig. 3,
Fig. 4 reveals pronounced defocusing tune shifts of up to
about Δ𝜈𝑥 = 0.01 and Δ𝜈𝑦 = 0.03. At high beam intensity,
strong space-charge forces drive a systematic downward shift
of the tune footprint, causing a fraction of particles to cross
synchro-betatron resonances (SBRs). This phenomenon, is
consistent with previous observations reported in Ref. [12].
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Figure 3: Frequency map analysis obtained from tracking
simulations of a bare EIC-like lattice. The color scale repre-
sents the diffusion index highlighting regions of enhanced
tune variation and resonance crossing.
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Figure 4: Frequency map analysis illustrating space-charge
effects in the EIC lattice with a strength equivalent to the
beam–beam interaction.

The computational efficiency of GPUs enables the simula-
tion of long-term emittance evolution throughout the hadron
ring lattice. Specifically, Fig. 5 compares the transverse
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emittance evolution of the bare lattice against a model incor-
porating 2.5D symplectic space-charge effects. The results
demonstrate stable evolution in both cases, with no signifi-
cant divergence observed between the two models over the
simulated timescale.
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Figure 5: Horizontal (top) and vertical (bottom) emittance
growth (%) tracked over 105 turns. The solid blue line rep-
resents the baseline lattice without space charge, while the
orange line illustrates the lattice with space-charge effects
integrated along the entire ring. Dashed lines indicate linear
fits to the simulation data.

Combined Space-Charge and Beam–Beam Effects
in Real Lattice

In this preliminary study, the weak–strong beam–beam
interaction is modeled for head-on collisions without the
inclusion of crab cavities. Their inclusion is left for future
work, where their impact on the synchrotron tune will be
systematically investigated.

The proton beam–beam parameters were calculated using
the proton and electron beam parameters reported in Ref. [5],
yielding 𝜉𝑥 = 0.012 and 𝜉𝑦 = 0.011. Figure 6 shows the
tune footprint obtained from beam–beam simulations, in
which particles are tracked for 105 turns through the full
lattice. A comparison with Fig. 7 reveals a pronounced
downward shift of the footprint when space-charge effects
are included. This shift arises from the cumulative impact of
space-charge kicks distributed along the ring. Furthermore,
a fraction of particles is observed to cross the resonance
at 𝜈𝑦 = 0.2, as well as higher-order resonances, including
fourth- and sixth-order lines.

CONCLUSION
This work presents a preliminary study of a GPU-based

framework for simulating the complex collective effects crit-
ical to the early design stages of hadron rings. The model
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Figure 6: Frequency map analysis of the EIC lattice incor-
porating the weak-strong beam–beam kick.
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Figure 7: Frequency map analysis of the EIC lattice in-
corporating both space-charge and beam–beam effects of
comparable magnitude.

captures the impact of strong nonlinear interactions on par-
ticle dynamics within a realistic lattice without relying on
linear approximations, all while maintaining high computa-
tional efficiency.

By accounting for beam–beam and space-charge interac-
tions, the simulations identify resonance crossings that could
compromise beam stability. This capability provides deep
insight into long-term beam performance, supporting the
design and optimization of future high-intensity accelerator
configurations.

REFERENCES
[1] H. Xu et. al., “Calculation of Longitudinal Collective Insta-

bilities with Mbtrack-Cuda”, Nucl. Instrum. Methods Phys.
Res. A, vol. 922, pp. 345–351, Apr. 2019.
doi:10.1016/j.nima.2019.01.041

[2] Y. Kurimoto, “Particle Tracking with Space Charge Effects
Using Graphics Processing Unit”, IEEE Trans. Nucl. Sci., vol.

IPAC'26 Preliminary proceedings (edited version): WEP1309



68, no. 8, pp. 1912–1919, 2021.
doi:10.1109/TNS.2021.3084214

[3] Z. Liu and J. Qiang, “Symplectic Multi-Particle Tracking on
GPUs”, Comp. Phys. Commun., vol. 226, pp. 10–17, May
2018. doi:10.1016/j.cpc.2018.02.001

[4] F. Willeke, “The Electron-Ion Collider at Brookhaven Na-
tional Laboratory”, Brookhaven National Laboratory (BNL),
Upton, NY, US, Rep. BNL-219935-2020-NEWS, Oct. 2020.
doi:10.2172/1670680

[5] F. Willeke and J. Beebe-Wang, “Electron-Ion Collider Con-
ceptual Design Report 2021”, Brookhaven National Labo-
ratory (BNL), Upton, NY, USA, Rep. BNL-221006- 2021-
FORE, 2021. doi:10.2172/1765663

[6] T. Besard, C. Foket, and B. De Sutter, “Effective Extensible
Programming: Unleashing Julia on GPUs”, IEEE Transac-
tions on Parallel and Distributed Systems, vol. 30, no. 4, pp.
827–841, 2019. doi:10.1109/TPDS.2018.2872064

[7] J. Wan, H. Alamprese, C. Ratcliff, J. Qiang, and Y. Hao,
“JuTrack: A Julia package for auto-differentiable accelerator
modeling and particle tracking”, Comp. Phys. Commun., vol.

309, p. 109497, 2025.
doi:10.1016/j.cpc.2024.109497

[8] TrackPad Git Hub,
https://github.com/MSU-Beam-Dynamics/
TrackPad.jl

[9] WSTrack Git Hub,
https://github.com/ykkan/WSTrack.jl

[10] Y. -K. Kan, “EIC Beam-Beam Simulation with IBS on the Op-
erational Time Scale”, EIC Beam-Beam Simulation Meeting,
Brookhaven National Laboratory, Sept. 2025

[11] J. Qiang, “Two-and-a-Half Dimensional Symplectic Space-
Charge Solver”, Phys. Rev. Accel. Beams, vol. 28, no. 11, p.
114602, 2025. doi:10.1103/npx1-nclt

[12] Alamprese, H., Hao, Y., Qiang, J., “Preliminary study of
Space Charge and Beam-Beam interplay in a collider ring”,
in Proc. NAPAC’25, Sacramento, CA, USA, Aug. 2025, paper
TUP080.

[13] J. Laskar, “Frequency analysis of a dynamical system.”, Ce-
lestial Mech. Dyn. Astron., vol. 56, no. 1, pp. 191–196, Mar.
1993. doi:10.1007/bf00699731

IPAC'26 Preliminary proceedings (edited version): WEP1309


