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MUELLER, SLATER & CASIMIR VERSUS KAHAN & PAPAS
TIME TO SET THE RECORD STRAIGHT

S. Koscielniak∗, TRIUMF, Vancouver, Canada

Abstract
The relative fractional change of resonance frequency

equals the fractional change in stored energy. This relation
predicts the change of EM frequency when the walls of
a metallic cavity are deformed or small objects inserted.
J.M. Müller derived this formula in 1939 by conceptual and
mathematical errors. Casimir corrected those errors in 1949.
The formula is also associated with J.C. Slater, published
in 1946. Similar formulae were derived by Kahan in 1946
and by Papas in 1954. The Kahan version was reported,
influentially, by Borgnis & Papas in the 1958 Handbook of
Physics. Nevertheless, the relation is often called Slater’s
theorem. The Müller, Slater and Casimir versions rely only
on the properties of eigenfunctions, and electromagnetic
boundary conditions at a metallic surface. The Kahan and
Papas short cut to the formula relies on thermodynamics, the
adiabatic theorem, perfect thermal isolation and infinite time,
and that the cavity contains EM oscillations in quadrature.
The latter derivation (K-S) relies on assumptions that are
artificial and unnecessary, and fails completely if there is no
EM field present while the cavity is deformed. The situation
of multiple derivations and attributions has led to some
confusion. The time to set the record straight is overdue!

INTRODUCTION
The theory of electromagnetic (EM) waves in resonant

cavities is not a modern subject. It was a short step, made by
Lord Rayleigh pre-1900, from Maxwell’s equations to study-
ing trapped waves in closed cavities. And shortly afterward
to the realization of the ultra-violet catastrophe (for cavity
radiation) that spurred the early quantum-mechanics revolu-
tion post-1900. However, the modern understanding of EM
cavity resonators in terms of eigenmodes each of which can
be represented by an equivalent lumped-element (parallel)
LCR-circuit stems from the period immediately proceeding
and, in particular, during World War II. The importance of
radio-communications, and RADAR, spurred many develop-
ments; including the theoretical basis for cavity resonance
tuning and methods for measuring the EM field profile.

Frequency Tuning
The relative fractional change of resonance frequency (𝑓 )

equals the fractional change in stored energy (𝑊):

𝛿𝑓 /𝑓 = 𝛿𝑊/𝑊 . (1)

Equation (1) is a consequence of Slater’s theorem. Slater
never wrote the relation in precisely this form. Equation (1)
predicts the change of EM frequency when the walls of a
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metallic cavity are deformed (𝛿𝑉) or small objects (beads)
inserted. The formulae for 𝛿𝑉 or beads are similar but dis-
tinct. This article concerns five separate versions of the
derivation of Eq. (1). Three start from Maxwell’s curl equa-
tions, use the vector identity

∇ ⋅ (E × H) = H ⋅ (∇ × E) − E ⋅ (∇ × H) , (2)

and stipulate perturbation at constant electric and magnetic
field E, H. A fourth/fifth derivation is loosely based on the
adiabatic theorem for slow variations performed on a lossless
Hamiltonian system. We shall take them in historical order.

IN ESSENCE
With hindsight, the Müller and Casimir derivations can

be reduced to their essence. Take time-harmonic fields 𝑒+𝑖𝜔𝑡

with spatial parts E(x), H(x). Maxwell’s curl equations:

𝐴 ∶ ∇ × E + 𝑖𝜔𝜇H = 0, 𝐵 ∶ ∇ × H − 𝑖𝜔𝜖E = 0 . (3)

For Müller take H∗𝐴 + E∗𝐵 thus:

𝑖𝜔[𝜇HH∗ − 𝜖EE∗] + H∗(∇ × E) + E∗(∇ × H) = 0 . (4)

For Casimir take H∗𝐴 − E∗𝐵 thus:

𝑖𝜔[𝜇HH∗ + 𝜖EE∗] + H∗(∇ × E) − E∗(∇ × H) = 0 . (5)

Here * denotes complex conjugate. For a lossless cavity
resonator, EM fields are in quadrature. Hence E is real, and
H → −𝑖H with H real. We substitute Eq. (2) in Eq. (4).
Let 𝜒 ≡ [H(∇ × E) + E(∇ × H)]. Let 𝑊𝐸 and 𝑊𝐻 be the
electric and magnetic stored energy, respectively. We form
the integrals of Eqs. (4, 5) over the cavity volume:

𝜔[𝑊𝐻 − 𝑊𝐸] − ∫
𝑆
(E × H)𝑑𝑆 = 0 , (6)

𝜔[𝑊𝐻 + 𝑊𝐸] −∫
𝑉

𝜒(E, H)𝑑𝑉 = 0 . (7)

Equation (6), Poynting’s theorem [1] for a cavity, was
used by Müller. In the unperturbed state, both terms in
Eq. (6) are zero. Equation (7) was used by Casimir. Note
that Eq. (7)+Eq. (6), and Eq. (7)-Eq. (6), gives expressions
for 𝑊𝐻 and 𝑊𝐸, respectively.

The next step is to form the total derivative of Eqs. (6)
or (7) including variation of the surface and volume, while
holding E, H constant inside the volume (but not necessarily
on the surface). Starting from Eq. (7) take plus sign in Eq. (8).
Starting from Eq. (6) take the minus sign in Eq. (8).

𝛿𝜔[𝑊𝐻 ± 𝑊𝐸] + 𝜔 ∫
Δ𝑉

[𝐻2𝛿𝜇 ± 𝐸2𝛿𝜖]𝑑𝑉 +

𝜔 ∫
𝛿𝑉

[𝜇𝐻2 ± 𝜖𝐸2]𝑑𝑉 = 𝐽± (8)
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𝐽+ ≡ ∫
𝛿𝑉

𝜒(E, H)𝑑𝑉, 𝐽− ≡ ∫
𝛿𝑆

(E × H)𝑑𝑆. (9)

If the cavity is filled with dielectric or ferrite then Δ𝑉 = 𝑉 ;
otherwise Δ𝑉 is the volume of the beads. Casimir used the
eigenmode expansion to simplify the integral 𝐽+.

MÜLLER
Müller’s 1939 paper [2] is the basis for the so-called “bead-

pull” measurements in which a dielectric or metallic bead
(supported on a filament) is moved through a cavity resonator
to find the “field profile”, the spatial variation of the field
modulus, in terms of a shift of the resonance frequency.
Although the paper contains several good ideas, there are
serious mathematical flaws. Müller makes no use of the
eigenmode expansion. Müller begins with the complex-
algebra form [3] of Poynting’s theorem for time-harmonic
EM fields and a closed, perfectly conducting shell. He then
considers perturbations. Unfortunately, Eq. (1) cannot be
derived from Poynting’s theorem. Because the theorem is
about the rate of change of energy, the constant term (𝑊𝐻 +
𝑊𝐸) must be absent. Müller replaces (without justification)
the minus signs in Eqs. (4, 6) by + signs. Nevertheless, the
results derived by Müller from Eq. (1) concerning bead-pulls
are correct; leading the work to be cited by Bethe [4] and
Schwinger (1943), Hendrik Casimir [5] (1951), Handbuch
der Physik (1958), and Dieter Schulze [6] (1971), etc.

The paper divides into two parts: before and after Müller’s
Eq. (8) in the original manuscript [2] which is Eq. (10) here:

𝛿𝜔[𝑊𝐻 + 𝑊𝐸] + 𝜔 ∫
Δ𝑉

[𝐻2𝛿𝜇 + 𝐸2𝛿𝜖]𝑑𝑉 +

𝜔 ∫
𝛿𝑉

[𝜇𝐻2 − 𝜖𝐸2]𝑑𝑉 = 𝐽− (10)

Müller’s Eq. (8) relates a relative fractional shift in fre-
quency 𝛿𝜔/𝜔 to a fractional change in stored energy. The
first part, Secs. 1-4, appear to establish the basis for Eq. (8).
The second part, Secs. 5-7, apply his Eq. (8) to a small per-
turbing dielectric or metallic sphere to find the frequency
shift. Curiously, while the second part is confident and error
free, the first part is stumbling and filled with mathematical
errors. Ultimately, the key Eq. (8) cannot be derived from
Poynting’s theorem for EM cavity fields. Müller indicates a
more general basis for his Eq. (8) in his Eq. (9) (Eq. (1) in this
paper) which proposes the frequency shift is proportional to
the work (𝛿𝑊) performed on the system. This later relation
is essentially the adiabatic theorem. Perhaps, Secs. 1-4 were
really motivated by the (failed) intuition that a relation like
Eq. (1) could be established for EM-fields using the Poynting
theorem. In contrast, his Secs. 5-7 dealing with “beads” are
essentially correct, experimentally valuable, and need no
commentary here.

SLATER
John Slater worked at the MIT Radiation laboratory (dur-

ing WWII) on the development of microwave techniques.
Immediately after the war, much of the MIT work was de-
classified. In 1946 Slater’s summary of the theoretical and

practical advances made, “Microwave Electronics”, was pub-
lished in Physical Review [7]. The material was later greatly
extended and published as a book [8] in 1950. However,
Chap. 4 of Ref. [8] is essentially the same material as in
Ref. [7]. The theory of cavity modes, and expansion in
terms of orthogonal functions, is prominent but far from
being the only topic in this summary. Slater notes other au-
thors (E. Condon and J. Schwinger) working independently
on mode expansion.

Section III-1 presents the orthogonal functions for the hol-
low cavity, and their vector-calculus properties. Section III-2
presents Maxwell’s equations for the hollow cavity in terms
of expansions in normal modes. ∇ × E + 𝜕B/𝜕𝑡 = 0 leads to
his Eq. (III.34). ∇ × H − 𝜕D/𝜕𝑡 = J leads to his Eq. (III.35).
The equations are combined to give second-order differential
equations, Eqs. (III.42) and (III.43) for E and H respectively.
Slater’s Theorem is Eqs. (III.34, 35) or Eqs. (III.42, 43). In
Sec. III-3 to III-5 he introduces ohmic losses and makes the
formal analogy of the EM mode to a driven LCR oscillator.
Section III-7 presents the effect of perturbing the metallic
boundaries leading to a volume change 𝛿𝑉 . The vector iden-
tity Eq. (2) is used to transform a surface integral leading
to

𝜔2 = 𝜔2
𝑎 [1 + ∫

𝛿𝑉
(𝐻2

𝑎 − 𝐸2
𝑎)𝑑𝑉] , mode index 𝑎 . (11)

This (Eq. (III.89) in the original) has been called Slater’s
perturbation theorem. The eigenfunctions 𝐸𝑎, 𝐻𝑎 are ortho-
normalized, so there is no need to divide ∫𝛿𝑉 … by 𝑊 . The
frequency shift due to conducting or dielectric beads is given
in Eqs. (III.82-84). Slater’s theorem is cited by Yamazaki [9].

ADIABATIC INVARIANT
Let 𝑄, 𝑃 be conjugate Hamiltonian coordinates, e.g. posi-

tion and momentum or energy and time. For an oscillator
system, periodically cycling, the path integral

𝐼 =∮𝑃𝑑𝑄 = ⟨𝐻/𝜔⟩ is an adiabatic invariant 𝛿𝐼 = 0 .

𝐻 is the Hamiltonian, and 𝜔 the angular oscillation fre-
quency. The invariant is attributed to Boltzmann [10]. The
original intent, going back to Rayleigh [11], of the adiabatic
theorem was to predict the change in amplitude in response
to slow variation of system parameters that determine the
oscillation frequency, for example changing the steepness of
a confining potential well. The amplitudes 𝑄, 𝑃 of the mo-
tion (and 𝐻, 𝜔) may vary widely, but 𝐼 is (almost) constant.
Ehrenfest gave a quantum interpretation in 1911.

KAHAN
In 1946, Théodore Kahan presented [12] an entirely differ-

ent derivation of Eq. (1). He begins from Boltzmann’s theo-
rem [10] for the incremental heat (𝛿𝑄) per cycle period 𝑇 :
𝛿𝑄 = (2𝑇)𝛿(𝑇 × 𝐾) where 𝐾 is the kinetic energy. For cer-
tain systems 𝐾 = 𝑊/2 where 𝑊 is the total energy (kinetic
plus potential). Hence 𝛿𝑄 = 𝛿(𝑇𝑊)/𝑇 . For a reversible
variation (no increase of entropy) 𝛿𝑄 = 0, leading to the
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adiabatic invariant 𝛿(𝑇.𝑊) = 0 or 𝛿𝑊 − (𝑊/𝜔)𝛿𝜔 = 0.
Without further explanation, Kahan identifies the total en-
ergy with 𝑊 = ∫𝑉 [𝜖𝐸2 + 𝜇𝐻2]𝑑𝑉 . And hence for small
perturbations:

𝛿𝑊 = ∫
𝑉

[𝜇𝛿𝐻2 + 𝜖𝛿𝐸2]𝑑𝑉 (12)

+ ∫
Δ𝑉

[𝐻2𝛿𝜇 + 𝐸2𝛿𝜖]𝑑𝑉 + ∫
𝛿𝑉

[𝜇𝐻2 + 𝜖𝐸2]𝑑𝑉 .

Let us be clear the assumptions being made:
• the properties of EM cavity normal modes can be taken

for granted,
• the fields 𝐸, 𝐻 are present at all times,
• the variations are made infinitely slowly,
• the system is Hamiltonian (perfectly lossless),
• there is no external drive.
The latter assumptions imply that the formalism is incom-

patible with the perturbative calculation of losses or quality
factor. Note: Kahan does not give explicit formulae for
the perturbations due to small metallic or dielectric objects.
Note also the + sign in the integral ∫𝛿𝑉 … (Eq. (12)) is in-
correct for the work done against radiation pressure. A few
months later, Kahan applied [13] his theory to radiation pres-
sure; specifically to a piston or diaphragm in a cylindrical
cavity. The sign error is not corrected.

CASIMIR
Hendrik Casimir gave a series of lectures on EM waves

in cavity resonators in 1949. The lectures, published [5] in
1951, lead from basic principles to the perturbation theory
for beads. Although he cites Müller, Casimir generously
does not mention the mathematical errors; and instead pro-
vides his own derivation (using the Slater eigenmode ex-
pansion) of the perturbation formulae Eq. (8) for metallic,
dielectric and ferrite spheres. The last enables to find the
permeability tensor.

PAPAS
In 1954 Charles Papas wrote a brief paper [14] which

is the antecedent of the 1958 entry [15] in Handbuch der
Physik. Here Papas acknowledges Müller and Slater as the
independent authors of Eq. (1). Unaware of Kahan, Papas
then proposes a most simple derivation of the M-S formula
based on thermodynamics (i.e. the adiabatic theorem) for
the frequency shift due to small beads.

BORGNIS AND PAPAS
Borgnis [15] and Papas gave an influential account (Sec. G,

Articles 31-33) of the properties of cavity resonators in the
august Encyclopedia of Physics (1958). They begin in Ar-
ticle 32 Small perturbations, with the complex Poynting
theorem and Müllers purported derivation of Eq. (1). How-
ever, they do not to reproduce Müller’s derivation, choosing
instead to outline the approach of Kahan [12,13]. Borgnis
and Papas state a version of the Boltzmann-Ehrenfest the-
orem 𝑊/𝜔 = constant; and then recover results similar to
Kahan. They correct the sign error for radiation pressure in

Kahan’s integral ∫𝛿𝑉 … . In a departure from Kahan, Borg-
nis and Papas give explicit formulae for the perturbations
due to small metallic or dielectric or ferrite spheres, as are
needed in bead-pull measurements or in the measurement
of material properties. They also give an explicit formula
for Lorentz-force detuning, again based on Kahan’s notion
of work performed on the system infinitely slowly. In Arti-
cle 33, “Forced Oscillations”, despite extensive use of the
eigenmode expansion, Borgnis and Papas make no mention
of the work of Slater.

Unfortunate Consequence
The Borgnis-Papas entry has the unfortunate consequence

of cementing the Kahan thermodynamic derivation on the
same (or even superior) footing as the Maxwell-eigenmode
derivations of Müller, Slater and Casimir (M-S-C). Let us
be clear what Kahan’s result cannot do. It does not predict
the resonance frequency shift when we take a cold cavity
(no EM field), strike it with a mallet to deform the shell, and
then apply an RF drive. In contrast, the MSC derivation
predicts the new frequency provided only that we know the
local volume change of the metallic shell and the mode.

The Kahan derivation mis-interprets the Boltzmann adia-
batic theorem in two ways: (1) The Boltzmann relation is
only for a dynamical system in a state of continuing oscil-
lation. (2) Kahan has inverted cause and effect: actually
the changes in oscillation amplitude (effect) are due to the
changes in oscillation frequency (cause).

CONFUSION REIGNS
The situation of multiple derivations and attributions

has led to some confusion. For example, Whittun [16, 17]
calls Eq. (1) Slater’s formula but recounts the Kahan-Papas-
Borgnis derivation, as does Delayen [18, 19]. Both Whittun
and Delayen work up a quasi-quantum version of the adia-
batic theorem based on a photon gas of a fixed number of
photons equal to 𝑊/(ℏ𝜔). Contrastingly, Apel [20] recounts
Casimir’s derivation but attributes the result to Müller; and
Schulze [6] relies on the derivation of Borgnis/Papas, but
makes attribution to Müller.

CONCLUSION
This brief history chronicles the various contributors and

authors of what is often called Slater’s theoerm. An English
translation of Müller’s paper, and a commentary, is given in
Ref. [21]. We recommend the name Müller-Slater-Casimir
theorem; and for the purpose of text books presenting the
Slater version starting from Eqs. (III.42, 43).
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