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Abstract
In modern circular accelerators, beam mismatch at injec-

tion into non-linear lattices can play a crucial role for beam
quality degradation. In this work, we explore the process
of non-linear matching in the Kolmogorov–Arnold–Moser
(KAM) quasi-periodic regime, focusing on how the intrin-
sic phase-space structure influences the evolution of initial
beam distributions. Using a topological approach, we quan-
tify how Gaussian beams can develop non-Gaussian tails
when propagated through non-linear focusing elements, as
a consequence of the shape of the underlying invariant tori.
These results are relevant for the design and operation of
high-intensity storage rings and colliders where beam-halo
control is critical.

INTRODUCTION
During the injection process between a transfer line and

a synchrotron, the problem of beam filamentation and its
related beam “emittance dilution” has been systematically
studied in the linear approximation (e.g., Refs. [1, 2]).

The aim of this paper is to generalise the problem to the
non-linear case. Namely, given

1. a non-linear lattice where we neglect all collective ef-
fects (single particle dynamics) and

2. the distribution 𝑓0( ⃗𝑥, ⃗𝑝) at turn 𝑁 = 0 and position 𝑠0,
we aim to find the equilibrium distribution for 𝑁 → ∞,
𝑓∞( ⃗𝑥, ⃗𝑝), also referred to as the matched distribution.

Using the progress of modern computing power and track-
ing codes (see, e.g. Ref. [3]), this problem can be directly
addressed, in its most general form, via numerical tracking,
e.g. by computing turn-by-turn 𝑓𝑁( ⃗𝑥, ⃗𝑝) and monitoring its
evolution from 𝑓𝑁 to 𝑓𝑁+1.

In non-linear lattices, given the known mechanism of
chaotic trajectories and related diffusion, this convergence
is ill-posed in a strict mathematical sense. However, in most
practical cases, the profile of a mismatched beam converges
to a steady state in a fraction of a second.

This is possible because the time constant of the filamen-
tation process, 𝜏ℱ, is much shorter than that of the diffusive
process, 𝜏𝒟 (𝜏ℱ ≪ 𝜏𝒟). In addition, the extent of possible
chaotic layers in quasi-integrable Hamiltonian systems can
be neglected for our purpose. In the CERN Large Hadron
Collider (LHC), the filamentation process takes a few hun-
dred turns [4], while the diffusive processes (mainly driven
by collective effects such as IBS, space charge, electron-
cloud, beam-beam, …) have time constants of tens of min-
utes (see, e.g. Refs. [5–7]).
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It is possible to recover the well-posed mathematical mean-
ing of the convergence of 𝑓𝑁 to 𝑓𝑁+1 for 𝑁 → ∞ by intro-
ducing an additional working hypothesis along with the two
aforementioned ones, namely 𝜏𝒟 → ∞. This is equiva-
lent to assuming that all particles of 𝑓0( ⃗𝑥, ⃗𝑝) undergo quasi-
periodic motion, i.e., the initial distribution is fully contained
in a region where the system is integrable. The existence of
such regions follows from the Kolmogorov-Arnold-Moser
(KAM) theory, which was developed mainly in the context
of the long-term stability of Hamiltonian systems. In fact,
it was an essential offspring of perturbation theory, which
then enabled important applications to the stability analysis
of Hamiltonian systems [8–10]. Here we will focus on its
topological implications [11] for the non-linear matching.

In the following, we will comment on the potential and
limits of this approach. For clarity, we will remain as close
as possible to numerical tracking, maintaining a close con-
nection between simulations, visualisations, and results.

THE 2D HÉNON MAP EXAMPLE
In this section, we show a step-by-step numerical ap-

proach, assuming
1. the simplest non-linear map, the 1-degree-of-freedom

quadratic Hénon map (see Eq. 5.1.2 of [12])

𝑧𝑁+1 = 𝑒𝑖2𝜋𝑄𝑥 [𝑧𝑁 − 𝑖
4 (𝑧𝑁 + 𝑧∗

𝑁)2] , (1)

where 𝑧𝑁 = 𝑥𝑁 − 𝑖 𝑝𝑥,𝑁 is the phase space position at
turn 𝑁 and 𝑄𝑥 is the map’s tune,

2. a uniform beam distribution

𝑓0 =
⎧{
⎨{⎩

1
𝜋𝑟2 , if 𝑥2 + 𝑝2

𝑥 < 𝑟2,

0, otherwise.
(2)

The same approach can be easily applied to different non-
linear lattices and distributions. In fact the analysis is per-
formed on the resulting turn-by-turn data and is based on
the only assumption of quasi-periodic motion. Without loss
of generality, we consider a linearly normalised phase space
(thus, the units of 𝑥 and 𝑝𝑥 are expressed in units of √m).

Using the Xsuite tracking code [3], we can compute, for
a given set of initial conditions (e.g. linearly distributed in
0 ≤ 𝑥 ≤ 0.5 √m with 𝑝𝑥 = 0 and tune 𝑄 = 0.2071 [12]),
their (𝑥, 𝑝𝑥)|𝑁 coordinates for 𝑁max = 5 kturns, as in Fig. 1.

If the distribution of Eq. (2) is non-vanishing in the region
of resonant stable islands of Fig. 1, the limit distribution
𝑓∞(𝑥, 𝑝𝑥) will not, in general, converge, i.e., we will observe
persisting envelope oscillations in the 𝑥-projected profile
of 𝑓∞. For simplicity, we will assume that the distribution
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Figure 1: Turn-by-turn phase-space evolution with 0 ≤
𝑁 < 200 of 20 particles (initial conditions are marked with
squares).

vanishes in the regions of the resonance islands (Fig. 1, in
red), e.g. 𝑟 ≲ 0.3 √m in Eq. (2). We will therefore focus on
the tori around the fixed point of periodicity 1 (the origin of
the 𝑥 − 𝑝𝑥 plane).

For each of the 15 initial conditions (particles) of Fig. 1,
we can associate a torus. To find a numerical expression for
this set of tori (a foliation of tori) we

1. compute orbit spectra with the NAFF algorithm [13–
15]

2. perform frequency identification (FI) [16], i.e. express
each spectral frequency as harmonic combination of
the fundamental frequencies (the “tunes”).

The aforementioned steps can be performed using the
packages nafflib [17] and pytori [18], respectively. By
performing step 1, we assume that the motion of the particle
is quasi-periodic (KAM region assumption). Step 2 (sorting)
is more complex when we consider 4D or 6D motion [11].
As an example, the harmonic content of particle #15 (Fig. 1)
is presented in Fig. 2 (top), truncated to its first 50 harmon-
ics. Particle #15 is the largest-amplitude one, lying on the
outermost torus (and that with the richest frequency content,
being very close to the inner side of the separatrix around
the stable islands). It is clear that the first 5 harmonics are
the most excited, indicating proximity to the 5th-order reso-
nance (that of the islands in Fig. 1). Given the nine orders
of magnitude between the first and the ℎ = 26 harmonic
(Fig. 2 (bottom)), the spectrum could be further truncated.
The convergence as a function of harmonic content of the
torus associated with particle #15 is shown in Fig. 3: the
first 10 harmonics are sufficient to represent it within a rea-
sonably small error compared to the scale of the plot’s axes.
Tori closer to a resonance will require more harmonics to
be represented with similar accuracy.
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Figure 2: Top: Harmonic content of the spectrum of particle
#15. The labels refer to the harmonic of the fundamental
frequency (tune). To be noted that the corresponding torus
is not centred in (0, 0), therefore the 𝑛 = 0 harmonic is not
vanishing. Bottom: Convergence plot of the torus action
(see Eq. (5)), normalized to its value at 𝑛max = 50.
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Figure 3: Convergence study versus harmonic content of the
torus associated with the orbit of particle #15.

The 𝑥 − 𝑝𝑥 phase-space position of each particle at turn
𝑁 can be represented by a Fourier expansions expressed in
terms of its set of frequencies 𝑄𝑛

𝑥(𝑁) − 𝑖𝑝𝑥(𝑁) = ∑
𝑛

𝐴𝑛𝑒𝑖 2𝜋𝑄𝑛𝑁 FI= ∑
𝑛

𝐴𝑛𝑒
𝑖 𝑛 2𝜋𝑄𝑥𝑁⏟⏟⏟⏟⏟

𝜃𝑥 , (3)
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Figure 4: A foliation of the phase space in tori. The different
slabs are colour-coded. Each slab is divided into 200 sectors.

and after FI, instead of following the particle at turn 𝑁 , we
can express its associated torus as

𝑥(𝜃𝑥) − 𝑖𝑝𝑥(𝜃𝑥) = ∑
𝑛

𝐴𝑛𝑒𝑖 𝑛𝜃𝑥 (4)

where 𝜃𝑥 ∈ [0, 2𝜋) is the angular coordinate along the torus,
while the action of the torus, 𝐼𝑥, is the area enclosed by the
torus normalised by 2𝜋 [19]. One can express the action of
the torus as a function of the 𝐴𝑛 coefficients of its spectrum
(see Eq. (2.28) of [11] for the 6D generalisation):

𝐼𝑥 = 1
2 ∑

𝑛
𝑛|𝐴𝑛|2. (5)

Equation (4) allows us to express the turn-by-turn repre-
sentation of the 15 particles of Fig. 1 as a foliation of 15
tori (or leaves), as in Fig. 4. The region between two tori is
called a slab, and the region of a slab between 𝜃1 ≤ 𝜃𝑥 ≤ 𝜃2
is called a sector. In Fig. 4, each slab is partitioned into 200
sectors with the same extent Δ𝜃𝑥 = 2𝜋

200 . In the outermost
slab of Fig. 4 we plotted, for each sector, its centre (white
dot), i.e. the average of the vertices of the sector.

The infinitesimal area, 𝑑𝒜, of each sector (assuming a
dense foliation of tori) is

𝑑𝒜 = 𝑑𝐼𝑥𝑑𝜃𝑥, (6)

where 𝑑𝐼𝑥 is the difference between the actions of the two
tori that bound the slab. Within an error that can be reduced
at will by increasing the density of the foliation, sectors be-
longing to the same slab have identical area. In fact, there
is a symplectic mapping (i.e. that preserves the sector ar-
eas) that transports the topology of Fig. 4 to a purely polar
topology, which is given by the normal form, where sectors
belonging to the same slab clearly have the same area.

We can numerically construct this map by associating to
each sector a symplectic matrix

𝑀 = 𝑒Ω 𝑆1𝑒Ω 𝑆2, (7)

with 𝑆1,2 = 𝑆𝑇
1,2 and Ω = ( 0 1

−1 0). The matrix 𝑀

transports a generic sector of Fig. 4 to its corresponding
polar sector (Δ𝑟𝑥, Δ𝜃𝑥) with √2𝐼1 < Δ𝑟𝑥 < √2𝐼2 and
𝜃1 < Δ𝜃𝑥 < 𝜃2. For each sector, 𝑀 is the Jacobian of
the normalisation map evaluated in the centre of the sector.

FROM KAM TORI TO BEAM PROFILES
Once we have defined the foliation of KAM tori as de-

scribed in the previous section, the next natural step is to use
it as a mesh to represent the beam distribution. Each sector
of the foliation will correspond to a cell of the mesh.

We will assign to the centre of each cell a value 𝑓0, c,
proportional to the initial beam distribution density, 𝑓0, eval-
uated at the cell vertices; in other words, we will consider a
cell-centred mesh rather than a node-centred one. It is im-
portant to note that, in general, cells belonging to different
slabs have different areas, which is a natural consequence of
the linear spacing of the initial conditions as in Fig. 1. For
this reason, it is important to weight the cell-centre value by
the cell area

𝑓0, c ∝ 𝒜c ∑
𝑣∈𝒱(c)

𝑓0(𝑣) (8)

where 𝒱(c) denotes the set of cell vertices.
To maintain the condition ∑c∈cells 𝑓0, c = 1, the expression

in Eq. (8) must be appropriately normalised.
In Fig. 5, we used a much denser tori foliation than in the

example of Fig. 4, and the 𝑓0, c values corresponding to the
density of Eq. (2) (with 𝑟 = 0.33) are shown (colour coded)
at the centres of the mesh cells. Although the initial density
is uniform, the weighting by cell area yields, as expected, a
non-uniform 𝑓0, c (blue tones indicate lower values, close to
the origin of phase space, where the cell areas are smaller).

Projecting the meshed distribution onto the 𝑥-axis gives,
within the numerical accuracy of the finite mesh, the 𝑥-
profile obtained by the Abel transform, ∝ max(√𝑟2 − 𝑥2, 0),
of the uniform distribution (see Fig. 6). It is important to
note that even if the mesh is not rotationally symmetric,
𝑓0 should be. As an additional sanity check, we can ver-
ify that projecting the initial distribution (after rotations of
𝜋/4, 𝜋/2, and 3𝜋/4) gives the same 𝑥-profile, within the
numerical accuracy of the finite mesh.

To find the matched density representation on our mesh,
we simply assign to each slab a slab-averaged value 𝑓slab =
⟨𝑓0, c⟩slab. In fact, the initial density of the slab will be con-
strained to filament between the two tori bounding the slab:
the natural detuning of the action differential 𝑑𝐼𝑥 will act
on the initial slab distribution until it becomes 𝜃𝑥-invariant.
The result of this averaging is shown in Fig. 7, while the
corresponding 𝑥-projections are shown in Fig. 8.

It is important to note that the distributions develop tails
as a result of filamentation. Although the rms width of these
profiles is larger than that of the initial profile (Fig. 6), by
construction, ⟨𝐼𝑥⟩ of the distribution (and, more generally,
pdf(𝐼𝑥)) is an invariant of the filamentation process (sym-
plectic mapping). In fact, while the 𝑠-invariant beam profile
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Figure 5: Initial distribution represented on the mesh derived
from the tori foliation.
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Figure 6: 𝑥-projection of the initial distribution.

is a well-posed concept for linear lattices (after a suitable
𝑥-scaling), in the presence of non-linearities (within our
KAM-region approximation), the profiles change along the
longitudinal coordinate 𝑠: the 4 profiles of Fig. 8 could corre-
spond to different Poincaré sections of the Hamiltonian flow,
and only pdf(𝐼𝑥) is an 𝑠-invariant. Furthermore, the 𝑥-profile
is in general not symmetric with respect to the 𝑥 = 0 axis.

The analysis presented for the distribution of Eq. (2) can
be easily repeated for other distributions, for example a
2D Gaussian distribution with 𝜎 = 0.055 truncated at 6 𝜎.
In Fig. 9, the results for the different 𝑥-projections (with

Figure 7: Final distribution represented on the mesh derived
from the tori foliation.
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Figure 8: Beam profiles of the matched distribution.

the usual rotations) are reported and compared to the 𝑥-
projections of the initial distribution. It is clearly visible
that, for the system and the initial distribution considered,
heavier tails develop.

KAM TORI AND GENERALISATION OF
THE ABEL TRANSFORM

The Abel transform offers an invaluable tool for recon-
structing the transverse beam distribution from transverse
beam profiles in linear lattices [20,21]. A tori foliation, as
represented in Fig. 4, also offers a natural way to numerically
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Figure 10: 𝑥-projected slabs of the tori foliation of Fig. 4.

reconstruct a matched beam distribution from the 𝑥-profiles.
We can construct a set of 𝑥-profiles corresponding to each
slab of the foliation (see Fig. 10), and solve a non-negative
least-squares problem (or perform an elimination algorithm
starting from the largest-amplitude slab) to find the density
of each individual slab. In normal form, the projection of
the slabs is proportional to the kernel (𝑥-symmetric) of the
Abel transform (∝ 1

√𝑟2−𝑥2
for 𝑥 < 𝑟, where 𝑟 is the radius of

the torus). Examining Fig. 10, we can recognise the 1
√𝑟2−𝑥2

symmetric behaviour of the low-amplitude slabs, while the
outer slabs are asymmetric with respect to the 𝑥 = 0 axis (as
observed in the profiles of Figs. 8 and 9).

CONCLUSIONS
The concept of a “matched distribution” implicitly as-

sumes that the initial beam distribution is fully contained
within a pseudo-KAM region, i.e. a region of phase space
where particle motion is quasi-periodic and the system is in-
tegrable in the KAM sense. This working hypothesis, while
not strictly rigorous in the presence of chaotic motion and
diffusion, is well justified in practice by the separation of
time scales between the filamentation process and the diffu-
sive processes. We have shown that a foliation of KAM tori
provides a natural cell-centred mesh to represent the beam
distribution and that this framework enables three related
applications:

1. the computation of the beam distribution after filamen-
tation, as the slab-averaged density;

2. the computation, for each cell, of the local symplectic
matrix and the associated quadratic Hamiltonian;

3. the reconstruction of the matched beam distribution
from measured transverse beam profiles, as a generali-
sation of the Abel transform to non-linear lattices.

We have shown that, although pdf(𝐼𝑥) is an invariant of the
filamentation process, the transverse beam profile is not:
it changes along the longitudinal coordinate 𝑠 and, in gen-
eral, is not symmetric with respect to the 𝑥 = 0 axis. This
has direct practical implications for the characterisation of
beam quality at injection: quantities such as the variance or
the parameters of a 𝑞-Gaussian fit to the beam profile are
not, in general, 𝑠-invariant in the presence of non-linearities.
Consequently, the 𝑞-Gaussian parameters describing the
beam profile at injection can be affected by non-linear ele-
ments such as strong octupoles, high chromaticity settings,
or beam–beam interactions. As the LHC, and in particular
the High-Luminosity LHC (HL-LHC), operates with increas-
ingly stronger non-linear elements, these effects are expected
to become progressively more significant and should be ac-
counted for in beam quality and collimation studies.

The approach presented here, based on the nafflib and
pytori packages and the Xsuite tracking code, is general
and can be readily extended to 4D and 6D phase space,
paving the way for a systematic non-linear matching frame-
work applicable to the full complexity of realistic accelerator
lattices. In addition, a first-order Resonance Driving Terms
analysis could offer an alternative to tracking for reconstruct-
ing an approximation of the tori foliation.
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