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Motivation: the FAIR project

322/05/2026G. Franchetti

§ SIS100 beam parameters:
§ Every ion from p to U
§ U28+ -ions for RIB 

production:
§ 5x1011 / cycle
§ Rep. rate: 0.5 Hz
§ Energy: 400–2715 MeV/u

https://www.gsi.de/forschungbeschleuniger/fair
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Space charge and resonances
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The incoherent effects of space charge
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The 2012 CERN-PS measurement campaign
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Phys.Rev.Accel.Beams,vol.20,no.8,p.081006,
Aug. 2017. doi:10.1103/PhysRevAccelBeams.20.081006
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Beam Profiles for 
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Qx0 = 6.104

Phys.Rev.Accel.Beams,vol.20,no.8,p.081006,
Aug. 2017. doi:10.1103/PhysRevAccelBeams.20.081006
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Largest resonant orbits at 

8G. Franchetti 22/05/2026

The two larger 
resonant 
orbits…

They have a 
structure 
of a Lissajous orbit

No 
chromaticity

z/�z = 0

Phys.Rev.Accel.Beams,vol.20,no.8,p.081006,
Aug. 2017. doi:10.1103/PhysRevAccelBeams.20.081006
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The theory framework
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x =
p
�x✏x cos( x(s) + �0)

<latexit sha1_base64="d6mhQdZOKXQKKy5GEPR1iLd9ab4="></latexit><latexit sha1_base64="sOOspyoTW4FVWeUfQ7wEEFLRPTg="></latexit><latexit sha1_base64="sOOspyoTW4FVWeUfQ7wEEFLRPTg="></latexit><latexit sha1_base64="TqGkJMPmbloo4ZJazaq/lNz023k=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBAShLArgnoQgl48RjAmkA3L7KSTDJl9ONMrCUt+xIu/4sWDihcPgn/j5HHQxIKGmqpuprv8WAqNtv1tLSwuLa+sZtay6xubW9u5nd07HSWKQ5VHMlJ1n2mQIoQqCpRQjxWwwJdQ83tXI7/2AEqLKLzFQQzNgHVC0RacoZG83En/wtX3ClPXB2Ren7oQayGN1R9Sl0e64Jq31y/oIj2ibtwVnl30cnm7ZI9B54kzJXkyRcXLfbqtiCcBhMgl07rh2DE2U6ZQcAnDrJtoiBnvsQ40DA1ZALqZjq8b0kOjtGg7UqZCpGP190TKAq0HgW86A4ZdPeuNxP+8RoLts2YqwjhBCPnko3YiKUZ0FBVtCQUc5cAQxpUwu1LeZYpxNIFmTQjO7MnzpHpcOi85N3a+fDlNI0P2yQEpEIeckjK5JhVSJZw8kmfySt6sJ+vFerc+Jq0L1nRmj/yB9fUDAUWhXg==</latexit>

New canonical 
dynamical variables

x =
p
�xax cos( x(s) + 'x)

<latexit sha1_base64="kSBYBXfLMWTtH8ftB9IG7bNm1Ic="></latexit><latexit sha1_base64="ke8arMbHW1P3qjU3bVSgPQ+G8XY="></latexit><latexit sha1_base64="ke8arMbHW1P3qjU3bVSgPQ+G8XY="></latexit><latexit sha1_base64="gMS/Oh0cXSIADE2YyiUWIV9Qme4=">AAACGHicbVDLSsNAFJ34rPUVdelmsAgtQkncqAuh6MZlBWMLTQiT6bQdOnk4c1NaQn/Djb/ixoWK2+78G6dtFtp64MKZc+7lzj1BIrgCy/o2VlbX1jc2C1vF7Z3dvX3z4PBRxamkzKGxiGUzIIoJHjEHOAjWTCQjYSBYI+jfTv3GgEnF4+gBRgnzQtKNeIdTAlryTWt47aonCZkbMCD+EOsaY5fGquwmivvDsqrgM+wOiEx6+lnxzZJVtWbAy8TOSQnlqPvmxG3HNA1ZBFQQpVq2lYCXEQmcCjYuuqliCaF90mUtTSMSMuVls8vG+FQrbdyJpa4I8Ez9PZGRUKlRGOjOkEBPLXpT8T+vlULn0st4lKTAIjpf1EkFhhhPY8JtLhkFMdKEUMn1XzHtEUko6DCLOgR78eRl4pxXr6r2vVWq3eRpFNAxOkFlZKMLVEN3qI4cRNEzekXv6MN4Md6MT+Nr3rpi5DNH6A+MyQ/6VJ/S</latexit>

Instead of discussing x,x’,y,y’ 
we discuss ax,'x, ay,'y

<latexit sha1_base64="eBBb/J2IlIV5WNAvYmQNWkKP5BE=">AAACA3icbZC7SgNBFIbPeo3xtmqZZjEKFhJ2bdQuaGMZwTWBJCxnJ5NkyOyFmdngsqSw8VVsLFTETvAZ7HwQeycXRBN/GPjmP+cwc34/5kwq2/405uYXFpeWcyv51bX1jU1za/taRokg1CURj0TNR0k5C6mrmOK0FguKgc9p1e+dD+vVPhWSReGVSmPaDLATsjYjqLTlmQX0bg4bfRRxl2lCL/25pZ5ZtEv2SNYsOBMolve+Xt8BoOKZH41WRJKAhopwlLLu2LFqZigUI5wO8o1E0hhJDzu0rjHEgMpmNlpiYO1rp2W1I6FPqKyR+3siw0DKNPB1Z4CqK6drQ/O/Wj1R7ZNmxsI4UTQk44faCbdUZA0TsVpMUKJ4qgGJYPqvFumiQKJ0bnkdgjO98iy4R6XTknOpwziDsXJQgF04AAeOoQwXUAEXCNzCPTzCk3FnPBjPxsu4dc6YzOzAHxlv3+37msg=</latexit><latexit sha1_base64="/yC/Wl8M0GhgbILU5dNCy0StDnM=">AAACA3icbZC7TsMwFIYdrqXlEmDsYlGQGFCVsABbBQtjkQit1EbRieu2Vp2LbKciijqw8CosDIAQGxNvwMaDwIx7EYKWX7L0+T/nyD6/H3MmlWV9GHPzC4tLy7mVfGF1bX3D3Ny6klEiCHVIxCNR90FSzkLqKKY4rceCQuBzWvN7Z8N6rU+FZFF4qdKYugF0QtZmBJS2PLMI3vVBsw8i7jJN4KU/t9QzS1bZGgnPgj2BUmX38+WtX/iqeuZ7sxWRJKChIhykbNhWrNwMhGKE00G+mUgaA+lBhzY0hhBQ6WajJQZ4Tzst3I6EPqHCI/f3RAaBlGng684AVFdO14bmf7VGotrHbsbCOFE0JOOH2gnHKsLDRHCLCUoUTzUAEUz/FZMuCCBK55bXIdjTK8+Cc1g+KdsXOoxTNFYOFdEO2kc2OkIVdI6qyEEE3aA79IAejVvj3ngynsetc8ZkZhv9kfH6DeUhnEI=</latexit><latexit sha1_base64="/yC/Wl8M0GhgbILU5dNCy0StDnM=">AAACA3icbZC7TsMwFIYdrqXlEmDsYlGQGFCVsABbBQtjkQit1EbRieu2Vp2LbKciijqw8CosDIAQGxNvwMaDwIx7EYKWX7L0+T/nyD6/H3MmlWV9GHPzC4tLy7mVfGF1bX3D3Ny6klEiCHVIxCNR90FSzkLqKKY4rceCQuBzWvN7Z8N6rU+FZFF4qdKYugF0QtZmBJS2PLMI3vVBsw8i7jJN4KU/t9QzS1bZGgnPgj2BUmX38+WtX/iqeuZ7sxWRJKChIhykbNhWrNwMhGKE00G+mUgaA+lBhzY0hhBQ6WajJQZ4Tzst3I6EPqHCI/f3RAaBlGng684AVFdO14bmf7VGotrHbsbCOFE0JOOH2gnHKsLDRHCLCUoUTzUAEUz/FZMuCCBK55bXIdjTK8+Cc1g+KdsXOoxTNFYOFdEO2kc2OkIVdI6qyEEE3aA79IAejVvj3ngynsetc8ZkZhv9kfH6DeUhnEI=</latexit><latexit sha1_base64="6UeK/0YdklaN//XrVqEQcjcSgwc=">AAACA3icbZC9TsMwFIUdfkv5CzB2saiQGFCVsABbBQtjkQit1FbRjeu0Vh0nsp2KKOrAwquwMABi5SXYeBvcNkLQciRLn8+9V/Y9QcKZ0o7zZS0tr6yurZc2yptb2zu79t7+nYpTSahHYh7LVgCKciaop5nmtJVIClHAaTMYXk3qzRGVisXiVmcJ7UbQFyxkBLSxfLsC/v1JZwQyGTBD4Gc/t8y3q07NmQovgltAFRVq+PZnpxeTNKJCEw5KtV0n0d0cpGaE03G5kyqaABlCn7YNCoio6ubTJcb4yDg9HMbSHKHx1P09kUOkVBYFpjMCPVDztYn5X62d6vC8mzORpJoKMnsoTDnWMZ4kgntMUqJ5ZgCIZOavmAxAAtEmt7IJwZ1feRG809pFzb1xqvXLIo0SqqBDdIxcdIbq6Bo1kIcIekBP6AW9Wo/Ws/Vmvc9al6xi5gD9kfXxDSZpl/k=</latexit>

H = H0 +H1
<latexit sha1_base64="LuLfNHACJalTVcOnJmDIZe0vD68=">AAAB9HicbVA9SwNBEJ2LXzF+RQUbm8UgCEK4s9FGCNqkTMB8QHLEvc1esmRv79ydC4SQ32FjoYitP8bOxt/iJrHQxAczPN6bYWdfkEhh0HU/nczK6tr6RnYzt7W9s7uX3z+omzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggGt1O/MeTaiFjd4SjhfkR7SoSCUbSSXybXpNxxybntXidfcIvuDGSZeD+kUDqqft0DQKWT/2h3Y5ZGXCGT1JiW5yboj6lGwSSf5Nqp4QllA9rjLUsVjbjxx7OjJ+TUKl0SxtqWQjJTf2+MaWTMKArsZESxbxa9qfif10oxvPLHQiUpcsXmD4WpJBiTaQKkKzRnKEeWUKaFvZWwPtWUoc0pZ0PwFr+8TOoXRc8telWbxg3MkYVjOIEz8OASSlCGCtSAwQM8wjO8OEPnyXl13uajGedn5xD+wHn/BuQRkbw=</latexit><latexit sha1_base64="Yg/aZuadJyJmynYmKitvqD+sEjs=">AAAB9HicbVDLSgMxFL3js9ZXVXDjJlgEQSgzbnQjlLrpsgX7gHYomTTThiaZMckUytDvcONCEZf6FX6BOzd+i+ljoa0H7uVwzr3k5gQxZ9q47pezsrq2vrGZ2cpu7+zu7ecODus6ShShNRLxSDUDrClnktYMM5w2Y0WxCDhtBIPbid8YUqVZJO/MKKa+wD3JQkawsZJfRjeo3HHRhe1eJ5d3C+4UaJl4c5IvHle/2Vvpo9LJfba7EUkElYZwrHXLc2Pjp1gZRjgdZ9uJpjEmA9yjLUslFlT76fToMTqzSheFkbIlDZqqvzdSLLQeicBOCmz6etGbiP95rcSE137KZJwYKsnsoTDhyERokgDqMkWJ4SNLMFHM3opIHytMjM0pa0PwFr+8TOqXBc8teFWbRglmyMAJnMI5eHAFRShDBWpA4B4e4AmenaHz6Lw4r7PRFWe+cwR/4Lz/ADVhk3g=</latexit><latexit sha1_base64="Yg/aZuadJyJmynYmKitvqD+sEjs=">AAAB9HicbVDLSgMxFL3js9ZXVXDjJlgEQSgzbnQjlLrpsgX7gHYomTTThiaZMckUytDvcONCEZf6FX6BOzd+i+ljoa0H7uVwzr3k5gQxZ9q47pezsrq2vrGZ2cpu7+zu7ecODus6ShShNRLxSDUDrClnktYMM5w2Y0WxCDhtBIPbid8YUqVZJO/MKKa+wD3JQkawsZJfRjeo3HHRhe1eJ5d3C+4UaJl4c5IvHle/2Vvpo9LJfba7EUkElYZwrHXLc2Pjp1gZRjgdZ9uJpjEmA9yjLUslFlT76fToMTqzSheFkbIlDZqqvzdSLLQeicBOCmz6etGbiP95rcSE137KZJwYKsnsoTDhyERokgDqMkWJ4SNLMFHM3opIHytMjM0pa0PwFr+8TOqXBc8teFWbRglmyMAJnMI5eHAFRShDBWpA4B4e4AmenaHz6Lw4r7PRFWe+cwR/4Lz/ADVhk3g=</latexit><latexit sha1_base64="iap9aVlvHXBh4eKKjVk8zTZZP/c=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBEErWi16EopceK9haaJeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfzPB4b4ZMXpgIbizG315hbX1jc6u4XdrZ3ds/KB8etUycasqaNBaxbofEMMEVa1puBWsnmhEZCvYYju5m/uOYacNj9WAnCQskGSgecUqsk4I6ukH1HkYXrvu9cgVX8Rxolfg5qUCORq/81e3HNJVMWSqIMR0fJzbIiLacCjYtdVPDEkJHZMA6jioimQmy+dFTdOaUPopi7UpZNFd/b2REGjORoZuUxA7NsjcT//M6qY2ug4yrJLVM0cVDUSqQjdEsAdTnmlErJo4Qqrm7FdEh0YRal1PJheAvf3mVtC6rPq7697hSu83jKMIJnMI5+HAFNahDA5pA4Qme4RXevLH34r17H4vRgpfvHMMfeJ8/VXmP1w==</latexit>

Quadratic

Nonlinear errors 

Solution of system with H0

Solution of the perturbed 
system with H
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Resonant dynamics
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⇤
<latexit sha1_base64="/w7tmxZsIEFwLhxiZc+GjHiJdX0=">AAAB7XicbVC7SgNBFL0TX3F9RS1tBoNgFXZt1EIM2lhYRHBNIFnC7OxsMmR2dpmZFcIS8BdsLFRs/RR7O//GyaPQ6IELh3PO5T7CTHBtXPcLlRYWl5ZXyqvO2vrG5lZle+dOp7mizKepSFUrJJoJLplvuBGslSlGklCwZji4HPvNe6Y0T+WtGWYsSEhP8phTYqzU7FzbaES6lapbcyfAf4k3I9XzD+fsAQAa3cpnJ0ppnjBpqCBatz03M0FBlOFUsJHTyTXLCB2QHmtbKknCdFBM1h3hA6tEOE6VLWnwRP3ZUZBE62ES2mRCTF/Pe2PxP6+dm/gkKLjMcsMknQ6Kc4FNise344grRo0YWkKo4nZXTPtEEWrshxz7BG/+5L/EP6qd1rwbt1q/gCnKsAf7cAgeHEMdrqABPlAYwCM8wwvK0BN6RW/TaAnNenbhF9D7N+P8kPo=</latexit><latexit sha1_base64="AOw1oRSaySmbzA83XOR0g2A83Oo=">AAAB7XicbVC7SgNBFL0bX3F9RS1tBoNgFXZt1EIM2lhYRHBNIFnC7OxsMmR2dpiZFULIR9hYqNhY+Cn2NuLfOHkUmnjgwuGcc7mPSHKmjed9O4WFxaXlleKqu7a+sblV2t6501muCA1IxjPViLCmnAkaGGY4bUhFcRpxWo96lyO/fk+VZpm4NX1JwxR3BEsYwcZK9da1jca4XSp7FW8MNE/8KSmff7hn8u3LrbVLn604I3lKhSEca930PWnCAVaGEU6HbivXVGLSwx3atFTglOpwMF53iA6sEqMkU7aEQWP1d8cAp1r308gmU2y6etYbif95zdwkJ+GACZkbKshkUJJzZDI0uh3FTFFieN8STBSzuyLSxQoTYz/k2if4syfPk+Coclrxb7xy9QImKMIe7MMh+HAMVbiCGgRAoAcP8ATPjnQenRfndRItONOeXfgD5/0H1BeSbg==</latexit><latexit sha1_base64="AOw1oRSaySmbzA83XOR0g2A83Oo=">AAAB7XicbVC7SgNBFL0bX3F9RS1tBoNgFXZt1EIM2lhYRHBNIFnC7OxsMmR2dpiZFULIR9hYqNhY+Cn2NuLfOHkUmnjgwuGcc7mPSHKmjed9O4WFxaXlleKqu7a+sblV2t6501muCA1IxjPViLCmnAkaGGY4bUhFcRpxWo96lyO/fk+VZpm4NX1JwxR3BEsYwcZK9da1jca4XSp7FW8MNE/8KSmff7hn8u3LrbVLn604I3lKhSEca930PWnCAVaGEU6HbivXVGLSwx3atFTglOpwMF53iA6sEqMkU7aEQWP1d8cAp1r308gmU2y6etYbif95zdwkJ+GACZkbKshkUJJzZDI0uh3FTFFieN8STBSzuyLSxQoTYz/k2if4syfPk+Coclrxb7xy9QImKMIe7MMh+HAMVbiCGgRAoAcP8ATPjnQenRfndRItONOeXfgD5/0H1BeSbg==</latexit><latexit sha1_base64="X8v/WNuKbDUPGQlBYNKaEIDSLi8=">AAAB7XicbVA9T8MwFHwpX6V8FRhZLCokpiphAbYKFgaGIhFaqY0qx3Faq44T2S9IVdQfwcIAiJX/w8a/wW0zQOEkS6e7e/J7F2ZSGHTdL6eysrq2vlHdrG1t7+zu1fcPHkyaa8Z9lspUd0NquBSK+yhQ8m6mOU1CyTvh+Hrmdx65NiJV9zjJeJDQoRKxYBSt1Onf2mhEB/WG23TnIH+JV5IGlGgP6p/9KGV5whUySY3peW6GQUE1Cib5tNbPDc8oG9Mh71mqaMJNUMzXnZITq0QkTrV9Cslc/TlR0MSYSRLaZEJxZJa9mfif18sxvggKobIcuWKLj+JcEkzJ7HYSCc0ZyokllGlhdyVsRDVlaBuq2RK85ZP/Ev+sedn07txG66psowpHcAyn4ME5tOAG2uADgzE8wQu8Opnz7Lw574toxSlnDuEXnI9vdpGPLQ==</latexit> Is the amplitude driving term

Is the phase of the driving term↵
<latexit sha1_base64="ovb/R47c8d3EXChUkvujt03ZKGg=">AAAB7XicbZC7SgNBFIbPeo3rLWppsxgEq7Bro40YtLGMYC6QLOHsZDYZMzuzzMwKYQn4CDYWitj6KPZ2vo2TS6GJPwx8/P85zDknSjnTxve/naXlldW19cKGu7m1vbNb3Nuva5kpQmtEcqmaEWrKmaA1wwynzVRRTCJOG9Hgepw3HqjSTIo7M0xpmGBPsJgRNNaqt5GnfewUS37Zn8hbhGAGpctP9+IRAKqd4le7K0mWUGEIR61bgZ+aMEdlGOF05LYzTVMkA+zRlkWBCdVhPpl25B1bp+vFUtknjDdxf3fkmGg9TCJbmaDp6/lsbP6XtTITn4c5E2lmqCDTj+KMe0Z649W9LlOUGD60gEQxO6tH+qiQGHsg1x4hmF95Eeqn5cAvB7d+qXIFUxXgEI7gBAI4gwrcQBVqQOAenuAFXh3pPDtvzvu0dMmZ9RzAHzkfP/l5kOE=</latexit><latexit sha1_base64="lDPCY4WRCoJi/VxTSfHbOhlVsK4=">AAAB7XicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZN7oRi25cVrAXaEs5k2ba2EwSkoxQhr6DGxeKuHHho7h3I76N6WWhrT8EPv7/HHLOiRRnxgbBt5dbWl5ZXcuv+xubW9s7hd29mpGpJrRKJJe6EYGhnAlatcxy2lCaQhJxWo8GV+O8fk+1YVLc2qGi7QR6gsWMgHVWrQVc9aFTKAalYCK8COEMihcf/rl6+/IrncJnqytJmlBhCQdjmmGgbDsDbRnhdOS3UkMVkAH0aNOhgISadjaZdoSPnNPFsdTuCYsn7u+ODBJjhknkKhOwfTOfjc3/smZq47N2xoRKLRVk+lGccmwlHq+Ou0xTYvnQARDN3KyY9EEDse5AvjtCOL/yItROSmFQCm+CYvkSTZVHB+gQHaMQnaIyukYVVEUE3aEH9ISePek9ei/e67Q058169tEfee8/6wiSVQ==</latexit><latexit sha1_base64="lDPCY4WRCoJi/VxTSfHbOhlVsK4=">AAAB7XicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZN7oRi25cVrAXaEs5k2ba2EwSkoxQhr6DGxeKuHHho7h3I76N6WWhrT8EPv7/HHLOiRRnxgbBt5dbWl5ZXcuv+xubW9s7hd29mpGpJrRKJJe6EYGhnAlatcxy2lCaQhJxWo8GV+O8fk+1YVLc2qGi7QR6gsWMgHVWrQVc9aFTKAalYCK8COEMihcf/rl6+/IrncJnqytJmlBhCQdjmmGgbDsDbRnhdOS3UkMVkAH0aNOhgISadjaZdoSPnNPFsdTuCYsn7u+ODBJjhknkKhOwfTOfjc3/smZq47N2xoRKLRVk+lGccmwlHq+Ou0xTYvnQARDN3KyY9EEDse5AvjtCOL/yItROSmFQCm+CYvkSTZVHB+gQHaMQnaIyukYVVEUE3aEH9ISePek9ei/e67Q058169tEfee8/6wiSVQ==</latexit><latexit sha1_base64="lcOwBPb7yhcY0EtAe2eq5ODmMiE=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5IjzG32kjV7u8funhCO/AcbC0Vs/T92/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozJNWZMqoXQnQsMEl6xpuRWsk2qGSSRYOxrfzvz2E9OGK/lgJykLExxKHnOK1kmtHop0hP1K1a/5c5BVEhSkCgUa/cpXb6BoljBpqUBjuoGf2jBHbTkVbFruZYalSMc4ZF1HJSbMhPn82ik5d8qAxEq7kpbM1d8TOSbGTJLIdSZoR2bZm4n/ed3MxtdhzmWaWSbpYlGcCWIVmb1OBlwzasXEEaSau1sJHaFGal1AZRdCsPzyKmld1gK/Ftz71fpNEUcJTuEMLiCAK6jDHTSgCRQe4Rle4c1T3ov37n0sWte8YuYE/sD7/AGKQY8U</latexit>

This is an invariant of motion 
(in the slow harmonics approximation)

C = Nyâx �Nxây
<latexit sha1_base64="i7ElxGhRojfKxTfoOReoIB6xyWE=">AAACB3icbVC7SgNBFL0bXzG+Vi0tHIyCjWHXRi2EYBoriWBMIFmW2ckkGTL7YGZWsiwpbfwVGwsNlvoLdn6IvZOHoIkHBs49517u3ONFnEllWZ9GZm5+YXEpu5xbWV1b3zA3t25lGAtCKyTkoah5WFLOAlpRTHFaiwTFvsdp1euWhn71jgrJwuBGJRF1fNwOWIsRrLTkmrsldI6u3AQ1Olgh7PbQkS57P2XimnmrYI2AZok9Ifni/tfgDQDKrvnRaIYk9mmgCMdS1m0rUk6KhWKE036uEUsaYdLFbVrXNMA+lU46OqSPDrTSRK1Q6BcoNFJ/T6TYlzLxPd3pY9WR095Q/M+rx6p16qQsiGJFAzJe1Io5UiEapoKaTFCieKIJJoLpvyLSwQITpbPL6RDs6ZNnSeW4cFawr3UYFzBGFnZgDw7BhhMowiWUoQIE7uERnuHFeDCejIHxOm7NGJOZbfgD4/0bQsGaGw==</latexit><latexit sha1_base64="B9bsga+H+nERc/ifrfh4L7C2ksg=">AAACB3icbVC7TsMwFHXKq7Q8AowMWBQkFqqEBRiQKrowoSJRWqmNIsd1WquOE9lO1SjqyMKvsDBAxYr4AzY+BGbcFiRoOZKlc8+5V9f3eBGjUlnWu5GZm19YXMou5/Irq2vr5sbmjQxjgUkVhywUdQ9JwignVUUVI/VIEBR4jNS8bnnk13pESBrya5VExAlQm1OfYqS05Jo7ZXgGL90ENjtIQeT24aEu+z9l4poFq2iNAWeJ/U0Kpb2P4Wsv/1lxzbdmK8RxQLjCDEnZsK1IOSkSimJGBrlmLEmEcBe1SUNTjgIinXR8yADua6UF/VDoxxUcq78nUhRImQSe7gyQ6shpbyT+5zVi5Z84KeVRrAjHk0V+zKAK4SgV2KKCYMUSTRAWVP8V4g4SCCudXU6HYE+fPEuqR8XTon2lwzgHE2TBNtgFB8AGx6AELkAFVAEGt+AePIIn4854MIbG86Q1Y3zPbIE/MF6+ADnnm5U=</latexit><latexit sha1_base64="B9bsga+H+nERc/ifrfh4L7C2ksg=">AAACB3icbVC7TsMwFHXKq7Q8AowMWBQkFqqEBRiQKrowoSJRWqmNIsd1WquOE9lO1SjqyMKvsDBAxYr4AzY+BGbcFiRoOZKlc8+5V9f3eBGjUlnWu5GZm19YXMou5/Irq2vr5sbmjQxjgUkVhywUdQ9JwignVUUVI/VIEBR4jNS8bnnk13pESBrya5VExAlQm1OfYqS05Jo7ZXgGL90ENjtIQeT24aEu+z9l4poFq2iNAWeJ/U0Kpb2P4Wsv/1lxzbdmK8RxQLjCDEnZsK1IOSkSimJGBrlmLEmEcBe1SUNTjgIinXR8yADua6UF/VDoxxUcq78nUhRImQSe7gyQ6shpbyT+5zVi5Z84KeVRrAjHk0V+zKAK4SgV2KKCYMUSTRAWVP8V4g4SCCudXU6HYE+fPEuqR8XTon2lwzgHE2TBNtgFB8AGx6AELkAFVAEGt+AePIIn4854MIbG86Q1Y3zPbIE/MF6+ADnnm5U=</latexit><latexit sha1_base64="Yssl7ELP/sMYGdE0bHYf7afHAa8=">AAACB3icbVDLSsNAFL2pr1pfUZcuHCyCG0viRl0IxW5cSQVjC20Ik+mkHTp5MDORhtKlG3/FjQsVt/6CO//GaRtBWw8MnHvOvdy5x084k8qyvozCwuLS8kpxtbS2vrG5ZW7v3Mk4FYQ6JOaxaPpYUs4i6iimOG0mguLQ57Th92tjv3FPhWRxdKuyhLoh7kYsYAQrLXnmfg1doGsvQ+0eVgh7A3Ssy8FPmXlm2apYE6B5YuekDDnqnvnZ7sQkDWmkCMdStmwrUe4QC8UIp6NSO5U0waSPu7SlaYRDKt3h5JAROtRKBwWx0C9SaKL+nhjiUMos9HVniFVPznpj8T+vlargzB2yKEkVjch0UZBypGI0TgV1mKBE8UwTTATTf0WkhwUmSmdX0iHYsyfPE+ekcl6xb6xy9TJPowh7cABHYMMpVOEK6uAAgQd4ghd4NR6NZ+PNeJ+2Fox8Zhf+wPj4Bnsgl0w=</latexit>
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Stationary solution

20/6/2018Giuliano Franchetti 11

Resonance or fixed line  à ã0x = 0, '̃0
x = 0, ã0y = 0, '̃0

x = 0
<latexit sha1_base64="k6z94Y9ZeNh6hoxfN/c5EKunTbM="></latexit><latexit sha1_base64="6bRF3FTlPVwHByURuVtNwl0c048="></latexit><latexit sha1_base64="6bRF3FTlPVwHByURuVtNwl0c048="></latexit><latexit sha1_base64="SZNdRU0MJb1vE83EjnnPbWnwF/8=">AAACM3icbVDLSgMxFM3UVx1foy7dBIvUhZQZN7opFN2Iqwr2Ae0w3Mlk2tDMgyRTWkr/yY0/4kIQF4q49R9MH4vaeiBwcs65JPf4KWdS2fabkVtb39jcym+bO7t7+wfW4VFdJpkgtEYSnoimD5JyFtOaYorTZiooRD6nDb93O/EbfSokS+JHNUypG0EnZiEjoLTkWfdtxXhAMXiDYtm+wObs3u6DSLus6A0WRAxFb4jLeEFZzHlWwS7ZU+BV4sxJAc1R9ayXdpCQLKKxIhykbDl2qtwRCMUIp2OznUmaAulBh7Y0jSGi0h1Ndx7jM60EOEyEPrHCU3VxYgSRlMPI18kIVFcuexPxP6+VqfDaHbE4zRSNyeyhMONYJXhSIA6YoETxoSZABNN/xaQLAojSNZu6BGd55VVSvyw5dsl5sAuVm3kdeXSCTtE5ctAVqqA7VEU1RNATekUf6NN4Nt6NL+N7Fs0Z85lj9AfGzy9tUacg</latexit>

Back to Courant-Snyder coordinates, the resonant orbits in the Poincare’ section

Phys. Rev. Lett., vol. 114, no. 23, p.234801, Jun. 2015.
doi:10.1103/PhysRevLett.114.234801
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Nature Physics, vol. 20, no. 6, pp. 928–
933, 2024. doi:10.1038/s41567-023-02338-3



GSI Helmholtzzentrum für Schwerionenforschung GmbH 1322/05/2026G. Franchetti



GSI Helmholtzzentrum für Schwerionenforschung GmbH

Experiment set-up

1422/05/2026G. Franchetti

72 vertical and 
horizontal
BPMs

First sextupole

Second sextupole

Vertical
kicker

Horizontal
kicker

<latexit sha1_base64="HKBnlQeEdFyKH5GXsVVd4QP48xg=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM120i7dbOLuRCyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWN3jOAE/YgMlQsEZWqndxSEg6z31SmW34s5Al4mXkzLJUe+Vvrr9mKcRKOSSGdPx3AT9jGkUXMKk2E0NJIyP2AA6lioWgfGz2b0TemqVPg1jbUshnam/JzIWGTOOAtsZMRyaRW8q/ud1Ugyv/EyoJEVQfL4oTCXFmE6fp32hgaMcW8K4FvZWyodMM442oqINwVt8eZk0zytetVK9uyjXrvM4CuSYnJAz4pFLUiO3pE4ahBNJnskreXMenBfn3fmYt644+cwR+QPn8wc8pJAe</latexit>

ωx

<latexit sha1_base64="MqSCOYismN37IdGQDgfs1hRocqo=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3J0Io/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAWQJ+xIZKhIIztFKnhyNA1s/65Ypbdeegq8TLSYXkaPTLX71BzNMIFHLJjOl6boL+hGkUXMK01EsNJIyP2RC6lioWgfEn83un9MwqAxrG2pZCOld/T0xYZEwWBbYzYjgyy95M/M/rphhe+xOhkhRB8cWiMJUUYzp7ng6EBo4ys4RxLeytlI+YZhxtRCUbgrf88ippXVS9WrV2f1mp3+RxFMkJOSXnxCNXpE7uSIM0CSeSPJNX8uY8Oi/Ou/OxaC04+cwx+QPn8wc+KJAf</latexit>

ωy

K2,1

K2,2

<latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>ω
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Phase space reconstruction

1522/05/2026G. Franchetti

BPH.10808 BPH.10809 BPH.10810

BPV.10808 BPV.10809

Horizontal
Vertical

<latexit sha1_base64="Ow2NzcGb17wvClYHRhuRhi+vWWw=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiZFqhuhqAuXFewDmhAm00k7dDIZZibFEgr+ihsXirj1O9z5N07bLLT1wIXDOfdy7z2hYFRpx/m2lpZXVtfWCxvFza3tnV17b7+pklRi0sAJS2Q7RIowyklDU81IW0iC4pCRVji4mfitIZGKJvxBjwTxY9TjNKIYaSMF9qF3S5hG3hBJ0afB45Un6FklsEtO2ZkCLhI3JyWQox7YX143wWlMuMYMKdVxHaH9DElNMSPjopcqIhAeoB7pGMpRTJSfTc8fwxOjdGGUSFNcw6n6eyJDsVKjODSdMdJ9Ne9NxP+8TqqjSz+jXKSacDxbFKUM6gROsoBdKgnWbGQIwpKaWyHuI4mwNokVTQju/MuLpFkpu9Vy9f68VLvO4yiAI3AMToELLkAN3IE6aAAMMvAMXsGb9WS9WO/Wx6x1ycpnDsAfWJ8/wnOVXg==</latexit>

!ωx = ε/2

<latexit sha1_base64="ArvZdGM4mvhPnQ0qD9VftTuozWI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVzUpUt0IRV24rGAf0IQwmU7boZPJMDMphFDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JBaNKO863VVhZXVvfKG6WtrZ3dvfs/YOWihOJSRPHLJadECnCKCdNTTUjHSEJikJG2uHoduq3x0QqGvNHnQriR2jAaZ9ipI0U2EfeHWEaeWMkxZAG6bUn6Hk1sMtOxZkBLhM3J2WQoxHYX14vxklEuMYMKdV1HaH9DElNMSOTkpcoIhAeoQHpGspRRJSfzc6fwFOj9GA/lqa4hjP190SGIqXSKDSdEdJDtehNxf+8bqL7V35GuUg04Xi+qJ8wqGM4zQL2qCRYs9QQhCU1t0I8RBJhbRIrmRDcxZeXSatacWuV2sNFuX6Tx1EEx+AEnAEXXII6uAcN0AQYZOAZvII368l6sd6tj3lrwcpnDsEfWJ8/w/2VXw==</latexit>

!ωy = ε/2

<latexit sha1_base64="Ow2NzcGb17wvClYHRhuRhi+vWWw=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiZFqhuhqAuXFewDmhAm00k7dDIZZibFEgr+ihsXirj1O9z5N07bLLT1wIXDOfdy7z2hYFRpx/m2lpZXVtfWCxvFza3tnV17b7+pklRi0sAJS2Q7RIowyklDU81IW0iC4pCRVji4mfitIZGKJvxBjwTxY9TjNKIYaSMF9qF3S5hG3hBJ0afB45Un6FklsEtO2ZkCLhI3JyWQox7YX143wWlMuMYMKdVxHaH9DElNMSPjopcqIhAeoB7pGMpRTJSfTc8fwxOjdGGUSFNcw6n6eyJDsVKjODSdMdJ9Ne9NxP+8TqqjSz+jXKSacDxbFKUM6gROsoBdKgnWbGQIwpKaWyHuI4mwNokVTQju/MuLpFkpu9Vy9f68VLvO4yiAI3AMToELLkAN3IE6aAAMMvAMXsGb9WS9WO/Wx6x1ycpnDsAfWJ8/wnOVXg==</latexit>

!ωx = ε/2
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Phase space reconstruction

1622/05/2026G. Franchetti

In Courant-Snyder
coordinates

Phase advance
of 90 degree

<latexit sha1_base64="J2BNX3nHVZAegjYYsk3goiOG+bY=">AAACBHicbVDLSsNAFJ34rPUVddlNsAiCUhKR6kYounFZwT6gDWEynbZDJ5MwcyMtIQs3/oobF4q49SPc+TdO0yy09cDAuefcy517/IgzBbb9bSwtr6yurRc2iptb2zu75t5+U4WxJLRBQh7Kto8V5UzQBjDgtB1JigOf05Y/upn6rQcqFQvFPUwi6gZ4IFifEQxa8sxSd4ghGadeIk6c9CqrIl2NT0XqmWW7YmewFomTkzLKUffMr24vJHFABRCOleo4dgRugiUwwmla7MaKRpiM8IB2NBU4oMpNsiNS60grPasfSv0EWJn6eyLBgVKTwNedAYahmvem4n9eJ4b+pZswEcVABZkt6sfcgtCaJmL1mKQE+EQTTCTTf7XIEEtMQOdW1CE48ycvkuZZxalWqnfn5dp1HkcBldAhOkYOukA1dIvqqIEIekTP6BW9GU/Gi/FufMxal4x85gD9gfH5A2DnmJU=</latexit>

x̂n+1 = p̂x,n

<latexit sha1_base64="jk/ApLPTLYzMEJBActlzgAb9TXA=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7AekoWy2m3bpZjfsTsQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrVlLWpEkr3QmKY4JK1gYNgvUQzEoeCdcPJ7czvPjJtuJIPME1YEJOR5BGnBKzk98cEsqd8kMl8UK25dXcOvEq8gtRQgdag+tUfKprGTAIVxBjfcxMIMqKBU8HySj81LCF0QkbMt1SSmJkgm5+c4zOrDHGktC0JeK7+nshIbMw0Dm1nTGBslr2Z+J/npxBdBxmXSQpM0sWiKBUYFJ79j4dcMwpiagmhmttbMR0TTSjYlCo2BG/55VXSuah7jXrj/rLWvCniKKMTdIrOkYeuUBPdoRZqI4oUekav6M0B58V5dz4WrSWnmDlGf+B8/gAFD5HB</latexit>

x̂n

BPM n BPM n+1

<latexit sha1_base64="hnAxxpjW6fx3v/9tky8yTh/mwb4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHoxWMF+wFtKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZq9hJ+We2Xym7FnYOsEi8nZcjR6Je+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/Nj52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMw+JwOukBkxsYQyxe2thI2ooszYfIo2BG/55VXSqla8WqX2cFWu3+ZxFOAUzuACPLiGOtxDA5rAgMMzvMKbI50X5935WLSuOfnMCfyB8/kDMs2OTQ==</latexit>

ω/2
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First approach to find the fixed lines (2015)

1722/05/2026G. Franchetti

1) Prepare a sextupoles setting to excite the resonance properly

2) Set the SPS (Qx, Qy) close to the resonance

3) Try kicking in x/y the beam with many attempts

4) Reconstructing the phase space, hunting the fixed line

Really hard, as the machine modeling always leaves out small 
Features of SPS

By knowing what we expect to see in phase space, we 
literally hunted the fixed lines
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SPS campaign on May 2015

Fixed-lines  do exist
18

Experiment organized by F. Schmidt

22/05/2026G. Franchetti

Shy announcement given in IPAC2017
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Measurement @ SPS

2015-05-24 00:03 –
start at BPM 20 
(800 turns starting at 85)

Energy 26 GeV
Qx = 26.1113
Qy = 26.4453
Qx + 2 Qy = 79.001
H kick 2 kV
V kick 6 kV

H. Bartosik, 
G. Franchetti, 
F. Schmidt, 
M. Titze

19G. Franchetti 22/05/2026
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BPH.10608.txt, αt = 353.3, αe=238, Dre = 0.2

-0.4

-0.2

0

0.2

0.4

-0.2 -0.1 0 0.1 0.2
x

y

theoryexp

2022/05/2026G. Franchetti

BPH.10608.txt, αt = 353.3, αe=238, Dre = 0.2

-0.4

-0.2

0

0.2

0.4
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px

py theoryexp Theory
Experiment

Theory
Experiment

Something was wrong…
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The campaign was repeated in 2017, but something was 
wrong again…

21G. Franchetti 22/05/2026
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What was wrong?

22G. Franchetti 22/05/2026
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Recognized difficulties

2322/05/2026G. Franchetti

1. The effect is intrinsically fragile: tune modulation caused by power converter ripple and 
magnetic-field fluctuations. 
à Beam was accelerated to 100 GeV/c before excitation.  

Machine settings optimized. 

2.    Quadrupole tolerances generate up to ~5% “beta beating.”

3.    The SPS provides only one horizontal and one vertical kicker suitable for the experiment

4.    The synchronization of the kickers had to be carefully controlled.  
Only one kick in the correct order, and not multiple kicks…
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Kicking the beam onto a fixed line: can we?

2422/05/2026G. Franchetti

The beam can be transferred onto a fixed line only if the angle 𝛼 of the driving term is consistent 
with the combined effect of the kickers and the lattice between them

s

x

y

<latexit sha1_base64="HKBnlQeEdFyKH5GXsVVd4QP48xg=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KolI9Vj04rGC/YA2lM120i7dbOLuRCyhf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWN3jOAE/YgMlQsEZWqndxSEg6z31SmW34s5Al4mXkzLJUe+Vvrr9mKcRKOSSGdPx3AT9jGkUXMKk2E0NJIyP2AA6lioWgfGz2b0TemqVPg1jbUshnam/JzIWGTOOAtsZMRyaRW8q/ud1Ugyv/EyoJEVQfL4oTCXFmE6fp32hgaMcW8K4FvZWyodMM442oqINwVt8eZk0zytetVK9uyjXrvM4CuSYnJAz4pFLUiO3pE4ahBNJnskreXMenBfn3fmYt644+cwR+QPn8wc8pJAe</latexit>

ωx

<latexit sha1_base64="MqSCOYismN37IdGQDgfs1hRocqo=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3J0Io/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAWQJ+xIZKhIIztFKnhyNA1s/65Ypbdeegq8TLSYXkaPTLX71BzNMIFHLJjOl6boL+hGkUXMK01EsNJIyP2RC6lioWgfEn83un9MwqAxrG2pZCOld/T0xYZEwWBbYzYjgyy95M/M/rphhe+xOhkhRB8cWiMJUUYzp7ng6EBo4ys4RxLeytlI+YZhxtRCUbgrf88ippXVS9WrV2f1mp3+RxFMkJOSXnxCNXpE7uSIM0CSeSPJNX8uY8Oi/Ou/OxaC04+cwx+QPn8wc+KJAf</latexit>

ωy
Horizontal kick

Vertical kick

<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d

After the vertical kick

This is  a 2-dimensional surface
embedded in the 4-dimensional
phase space

<latexit sha1_base64="bAteT1gOoC2nKnASbdoiGDV1Q9I=">AAACLnicbVDLSsNAFJ34rPVVdelmsAgVSklE1GVRBJcV7AOaUm6m03ZwMgkzN2op/SI3/oouBBVx62eYtAG19cDA4ZxzuXOPF0ph0LZfrbn5hcWl5cxKdnVtfWMzt7VdM0GkGa+yQAa64YHhUiheRYGSN0LNwfckr3s354lfv+XaiEBd4yDkLR96SnQFA4yldu6i4GKfI7TviykZHFBXi14fQevgLlvoUBdBTafui/bPQLady9sleww6S5yU5EmKSjv37HYCFvlcIZNgTNOxQ2wNQaNgko+ybmR4COwGerwZUwU+N63h+NwR3Y+VDu0GOn4K6Vj9PTEE35iB78VJH7Bvpr1E/M9rRtg9bQ2FCiPkik0WdSNJMaBJd7QjNGcoBzEBpkX8V8r6oIFh3HBSgjN98iypHZac49Lx1VG+fJbWkSG7ZI8UiENOSJlckgqpEkYeyBN5I+/Wo/VifVifk+iclc7skD+wvr4BuVuoVQ==</latexit>

(ωx, ωy) → (d tan ωx, ωx, 0, ωy)
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New campaign strategy

2522/05/2026G. Franchetti

The difficulty required a full exploration via scanning with LSA of 

a) the sextupole strengths 𝐾2,1,𝐾2,2;
b) the distance from resonance Δ𝑟
c) the kicker amplitudes 𝜃𝑥, 𝜃𝑦. 

Strategy employed: 

Kicking the beam on the fixed line: fixed lines were identified by scanning 𝛼 to find suitable 
conditions. 

Once evidence of a fixed line was found, scans of Δ𝑟, sextupole strengths, and kicker 
amplitudes were performed. 

For every measurement, turn-by-turn beam positions acquired from all available BPMs were 
recorded.
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Measurement of the orbit in the phase space

2622/05/2026G. Franchetti

These are the raw data !!

Nature Physics, vol. 20, no. 6, pp. 928–
933, 2024. doi:10.1038/s41567-023-02338-3
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Is it truly a fixed line?

2722/05/2026G. Franchetti

Lissajous patterns happen even if there is no resonance

<latexit sha1_base64="3osa6goBt+Xu6QfA0GyrxdqxaX8=">AAACJHicbZDLSgMxFIYzXmu9jbp0EyxC3ZSZIlUQoejGZQv2Ap1SMmmmDc0kQ5KRDkMfxo2v4saFF1y48VlMp11o64HAz/+dw8n5/YhRpR3ny1pZXVvf2Mxt5bd3dvf27YPDphKxxKSBBROy7SNFGOWkoalmpB1JgkKfkZY/up3y1gORigp+r5OIdEM04DSgGGlj9ewrb4h0Op7Aa+hhoYplL6Kw3htDfgY9L5/RZJEmM9qzC07JyQouC3cuCmBetZ797vUFjkPCNWZIqY7rRLqbIqkpZmSS92JFIoRHaEA6RnIUEtVNsyMn8NQ4fRgIaR7XMHN/T6QoVCoJfdMZIj1Ui2xq/sc6sQ4uuynlUawJx7NFQcygFnCaGOxTSbBmiREIS2r+CvEQSYS1yTVvQnAXT14WzXLJrZQq9fNC9WYeRw4cgxNQBC64AFVwB2qgATB4BM/gFbxZT9aL9WF9zlpXrPnMEfhT1vcPXaOiKg==</latexit>

x̂ = cos(2ωQxn)

ŷ = cos(2ωQyn)

<latexit sha1_base64="1x/F8n1gcmRkA8stg40/K6q3Ums=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDSF6EYJ68BjBPCC7LrOTSTJk9sFMrxCWePFXvHhQxKt/4c2/cZLsQRMLGoqqbrq7/FhwBZb1beSWlldW1/LrhY3Nre0dc3evqaJEUtagkYhk2yeKCR6yBnAQrB1LRgJfsJY/vJr4rQcmFY/COxjFzA1IP+Q9TgloyTMPnGsmgHjyouwAD5jCtnWfnlbGnlm0StYUeJHYGSmiDHXP/HK6EU0CFgIVRKmObcXgpkQCp4KNC06iWEzokPRZR9OQ6GVuOv1gjI+10sW9SOoKAU/V3xMpCZQaBb7uDAgM1Lw3Ef/zOgn0zt2Uh3ECLKSzRb1EYIjwJA7c5ZJRECNNCJVc34rpgEhCQYdW0CHY8y8vkma5ZFdL1dtKsXaZxZFHh+gInSAbnaEaukF11EAUPaJn9IrejCfjxXg3PmatOSOb2Ud/YHz+AN2BleI=</latexit>

!r = 2→ 10→4

<latexit sha1_base64="K77qxBw3V2OofGrjmLYLrWhdhAE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4sSRFqheh6MWTtGA/oI1hs920SzebsLtRS+j/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/yYM6Vt+9taWl5ZXVvPbeQ3t7Z3dgt7+00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+cPrid96oFKxSNzpUUzdEPcFCxjB2kj3de8JnaJy3RuhS3TrFYp2yZ4CLRInI0XIUPMKX91eRJKQCk04Vqrj2LF2Uyw1I5yO891E0RiTIe7TjqECh1S56fTqMTo2Sg8FkTQlNJqqvydSHCo1Cn3TGWI9UPPeRPzP6yQ6uHBTJuJEU0Fmi4KEIx2hSQSoxyQlmo8MwUQycysiAywx0SaovAnBmX95kTTLJadSqtTPitWrLI4cHMIRnIAD51CFG6hBAwhIeIZXeLMerRfr3fqYtS5Z2cwB/IH1+QPVe5DM</latexit>

Qx → 2Qy = N
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Back to the dynamics

20/6/2018Giuliano Franchetti 28

Defining
<latexit sha1_base64="zW/BegQL7atM0qIhCsYIo15jDH0=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBEEoSZHqRii6cVnBXqAJYTKdNEMnkzAzEUOoG1/FjQtF3PoW7nwbp20W2vrDwMd/zuHM+f2EUaks69soLS2vrK6V1ysbm1vbO+buXkfGqcCkjWMWi56PJGGUk7aiipFeIgiKfEa6/uh6Uu/eEyFpzO9UlhA3QkNOA4qR0pZnHjitkMJL6CQh9R7gKazPMPPMqlWzpoKLYBdQBYVanvnlDGKcRoQrzJCUfdtKlJsjoShmZFxxUkkShEdoSPoaOYqIdPPpBWN4rJ0BDGKhH1dw6v6eyFEkZRb5ujNCKpTztYn5X62fquDCzSlPUkU4ni0KUgZVDCdxwAEVBCuWaUBYUP1XiEMkEFY6tIoOwZ4/eRE69ZrdqDVuz6rNqyKOMjgER+AE2OAcNMENaIE2wOARPINX8GY8GS/Gu/Exay0Zxcw++CPj8wfj/5VG</latexit>

! = ωx + 2ωy
<latexit sha1_base64="rsKKvuiH0z95fZ8gpltDA4qRU/E=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWy3bRLN5uwOxFL6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7QAMl0LxBgqUvJ1oDlEgeSsY3U791iPXRsTqAccJ9yMYKBEKBmilTtYNQgqTa+g99Uplt+LOQJeJl5MyyVHvlb66/ZilEVfIJBjT8dwE/Qw0Cib5pNhNDU+AjWDAO5YqiLjxs9nJE3pqlT4NY21LIZ2pvycyiIwZR4HtjACHZtGbiv95nRTDKz8TKkmRKzZfFKaSYkyn/9O+0JyhHFsCTAt7K2VD0MDQplS0IXiLLy+T5nnFq1aq9xfl2k0eR4EckxNyRjxySWrkjtRJgzASk2fySt4cdF6cd+dj3rri5DNH5A+czx/lM5EF</latexit>a = ax

If a particle is not on the resonance
<latexit sha1_base64="0VVPTddOg6iXYwkJ0TkACLuK00U=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkItVj0YvHCvYDmlA22027dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3C2vrG5lZxu7Szu7dftg8O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPoRHgoWMoK1kfp2uZp5QYjw9Bx5zRE769sVp+bMgVaJm5MK5Gj27S9vEJM0okITjpXquU6i/QxLzQin05KXKppgMsZD2jNU4IgqP5sfPkWnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9d+xkSSairIYlGYcqRjNEsBDZikRPOJIZhIZm5FZIQlJtpkVTIhuMsvr5L2Rc2t1+r3l5XGTR5HEY7hBKrgwhU04A6a0AICKTzDK7xZT9aL9W59LFoLVj5zBH9gff4A+HaSAw==</latexit>

(a,!) oscillates 

C = Nyâx �Nxây
<latexit sha1_base64="i7ElxGhRojfKxTfoOReoIB6xyWE=">AAACB3icbVC7SgNBFL0bXzG+Vi0tHIyCjWHXRi2EYBoriWBMIFmW2ckkGTL7YGZWsiwpbfwVGwsNlvoLdn6IvZOHoIkHBs49517u3ONFnEllWZ9GZm5+YXEpu5xbWV1b3zA3t25lGAtCKyTkoah5WFLOAlpRTHFaiwTFvsdp1euWhn71jgrJwuBGJRF1fNwOWIsRrLTkmrsldI6u3AQ1Olgh7PbQkS57P2XimnmrYI2AZok9Ifni/tfgDQDKrvnRaIYk9mmgCMdS1m0rUk6KhWKE036uEUsaYdLFbVrXNMA+lU46OqSPDrTSRK1Q6BcoNFJ/T6TYlzLxPd3pY9WR095Q/M+rx6p16qQsiGJFAzJe1Io5UiEapoKaTFCieKIJJoLpvyLSwQITpbPL6RDs6ZNnSeW4cFawr3UYFzBGFnZgDw7BhhMowiWUoQIE7uERnuHFeDCejIHxOm7NGJOZbfgD4/0bQsGaGw==</latexit><latexit sha1_base64="B9bsga+H+nERc/ifrfh4L7C2ksg=">AAACB3icbVC7TsMwFHXKq7Q8AowMWBQkFqqEBRiQKrowoSJRWqmNIsd1WquOE9lO1SjqyMKvsDBAxYr4AzY+BGbcFiRoOZKlc8+5V9f3eBGjUlnWu5GZm19YXMou5/Irq2vr5sbmjQxjgUkVhywUdQ9JwignVUUVI/VIEBR4jNS8bnnk13pESBrya5VExAlQm1OfYqS05Jo7ZXgGL90ENjtIQeT24aEu+z9l4poFq2iNAWeJ/U0Kpb2P4Wsv/1lxzbdmK8RxQLjCDEnZsK1IOSkSimJGBrlmLEmEcBe1SUNTjgIinXR8yADua6UF/VDoxxUcq78nUhRImQSe7gyQ6shpbyT+5zVi5Z84KeVRrAjHk0V+zKAK4SgV2KKCYMUSTRAWVP8V4g4SCCudXU6HYE+fPEuqR8XTon2lwzgHE2TBNtgFB8AGx6AELkAFVAEGt+AePIIn4854MIbG86Q1Y3zPbIE/MF6+ADnnm5U=</latexit><latexit sha1_base64="B9bsga+H+nERc/ifrfh4L7C2ksg=">AAACB3icbVC7TsMwFHXKq7Q8AowMWBQkFqqEBRiQKrowoSJRWqmNIsd1WquOE9lO1SjqyMKvsDBAxYr4AzY+BGbcFiRoOZKlc8+5V9f3eBGjUlnWu5GZm19YXMou5/Irq2vr5sbmjQxjgUkVhywUdQ9JwignVUUVI/VIEBR4jNS8bnnk13pESBrya5VExAlQm1OfYqS05Jo7ZXgGL90ENjtIQeT24aEu+z9l4poFq2iNAWeJ/U0Kpb2P4Wsv/1lxzbdmK8RxQLjCDEnZsK1IOSkSimJGBrlmLEmEcBe1SUNTjgIinXR8yADua6UF/VDoxxUcq78nUhRImQSe7gyQ6shpbyT+5zVi5Z84KeVRrAjHk0V+zKAK4SgV2KKCYMUSTRAWVP8V4g4SCCudXU6HYE+fPEuqR8XTon2lwzgHE2TBNtgFB8AGx6AELkAFVAEGt+AePIIn4854MIbG86Q1Y3zPbIE/MF6+ADnnm5U=</latexit><latexit sha1_base64="Yssl7ELP/sMYGdE0bHYf7afHAa8=">AAACB3icbVDLSsNAFL2pr1pfUZcuHCyCG0viRl0IxW5cSQVjC20Ik+mkHTp5MDORhtKlG3/FjQsVt/6CO//GaRtBWw8MnHvOvdy5x084k8qyvozCwuLS8kpxtbS2vrG5ZW7v3Mk4FYQ6JOaxaPpYUs4i6iimOG0mguLQ57Th92tjv3FPhWRxdKuyhLoh7kYsYAQrLXnmfg1doGsvQ+0eVgh7A3Ssy8FPmXlm2apYE6B5YuekDDnqnvnZ7sQkDWmkCMdStmwrUe4QC8UIp6NSO5U0waSPu7SlaYRDKt3h5JAROtRKBwWx0C9SaKL+nhjiUMos9HVniFVPznpj8T+vlargzB2yKEkVjch0UZBypGI0TgV1mKBE8UwTTATTf0WkhwUmSmdX0iHYsyfPE+ekcl6xb6xy9TJPowh7cABHYMMpVOEK6uAAgQd4ghd4NR6NZ+PNeJ+2Fox8Zhf+wPj4Bnsgl0w=</latexit>

Phys. Rev. Accel. Beams, vol. 22, no. 11, p.114201, Nov.2019.
doi:10.1103/PhysRevAccelBeams. 22.114201
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Resonant dynamics in the space 

20/6/2018Giuliano Franchetti 29

Qx + 2Qy = 19

Outer separatrix

Inner separatrix

Fixed line (stable)

Simulation example:

<latexit sha1_base64="0VVPTddOg6iXYwkJ0TkACLuK00U=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkItVj0YvHCvYDmlA22027dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3C2vrG5lZxu7Szu7dftg8O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxrczv/NIpWKxeNCThPoRHgoWMoK1kfp2uZp5QYjw9Bx5zRE769sVp+bMgVaJm5MK5Gj27S9vEJM0okITjpXquU6i/QxLzQin05KXKppgMsZD2jNU4IgqP5sfPkWnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9d+xkSSairIYlGYcqRjNEsBDZikRPOJIZhIZm5FZIQlJtpkVTIhuMsvr5L2Rc2t1+r3l5XGTR5HEY7hBKrgwhU04A6a0AICKTzDK7xZT9aL9W59LFoLVj5zBH9gff4A+HaSAw==</latexit>

(a,!)

Phys. Rev. Accel. Beams, vol. 22, no. 11, p.114201, Nov.2019.
doi:10.1103/PhysRevAccelBeams. 22.114201
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From the measurements

3022/05/2026G. Franchetti

Prove that
Is a fixed-line

Nature Physics, vol. 20, no. 6, pp. 928–
933, 2024. doi:10.1038/s41567-023-02338-3
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From the measurements: unwanted drift

3122/05/2026G. Franchetti

Nature Physics, vol. 20, no. 6, pp. 928–
933, 2024. doi:10.1038/s41567-023-02338-3

Particle
trapping 

on a fixed-line
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Nature Physics, vol. 20, no. 6, pp. 928–
933, 2024. doi:10.1038/s41567-023-02338-3
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a

<latexit sha1_base64="lkbS1T5Yk9QUn7UNuBIoGugGNO0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIVJdFNy4r2Ac0IUymN+3QySTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5hyprTjfFulldW19Y3yZmVre2d3z94/aKskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdDP1Ow8gFUvEvR6n4MdkIFjEKNFGCuyj3AsjTCbBGHuQKsaNKAO76tScGfAycQtSRQWagf3l9ROaxSA05USpnuuk2s+J1IxymFS8TEFK6IgMoGeoIDEoP59dP8GnRunjKJGmhMYz9fdETmKlxnFoOmOih2rRm4r/eb1MR1d+zkSaaRB0vijKONYJnkaB+0wC1XxsCKGSmVsxHRJJqDaBVUwI7uLLy6R9XnPrtfrdRbVxXcRRRsfoBJ0hF12iBrpFTdRCFD2iZ/SK3qwn68V6tz7mrSWrmDlEf2B9/gBropU6</latexit> a
y
ω r

Outlook

3322/05/2026G. Franchetti

Due to periodic resonance crossing, 
the particle diffuses along the 
invariant lines, à the edge of the halo 
formation can be predicted, and beam 
emittances can be optimized

Creating a cross-plane beam correlation 
using the fixed lines 
à see the work of Eleanor Lamb et al. 

Phys. Rev. Accel. Beams, vol. 22, no. 11, p.114201, Nov.2019.
doi:10.1103/PhysRevAccelBeams. 22.114201

Advanced beam manipulation
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