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Abstract
The successful non-linear performance of 4th-generation

light sources can be supported through a proper design of
the linear lattice. However, important quantities like the
injection efficiency and the beam lifetime depend on the
optimization of non-linear magnetic fields in the lattice like
sextupoles and octupoles, and therefore on numerical opti-
mization. The underlying quantities to be maximized are
the limits of stable particle motion in the injection plane, the
horizontal dynamic aperture, and the Touschek lifetime, i.e.
the momentum acceptance of the ring. Commonly, multi-
objective genetic algorithms are used for the direct optimiza-
tion of the dynamic aperture and momentum acceptance.
Alternatively, the resonance driving terms can be minimized.
Both approaches need to take the uncertainties introduced
by manufacturing tolerances and misalignment in the real
machine into account. Using the parameters of the BESSY
III storage ring project at HZB, Berlin, this paper compares
both approaches and tries to develop an efficient optimiza-
tion strategy for the upcoming technical design phase of
BESSY III.

INTRODUCTION
HZB is preparing to build a 2.5 GeV storage ring as a

replacement for BESSY II in the mid 2030s. BESSY III will
utilize a multi-bend achromat (MBA) lattice (Fig. 1) to reach
an emittance of 100 pm rad to satisfy the users demand for
diffraction limited light at 1 keV. Much care has been taken
to prepare a promising non-linear performance already in
the development of the linear lattice [1]. Phase advances
between sextupoles have been set to cancel the resonance
driving terms (RDTs) and realise a higher-order achromat
(HOA) lattice [2, 3]. The magnetic arrangement was chosen
such, that the sextupole strength necessary to compensate
for the natural chromaticity is minimal. Small emittance is
reached by an optimal use of reverse bends, rather than by
strong focusing. Nevertheless, the non-linear performance
depends not only on the suppression of resonances, but also
on confining the detuning, i.e. the tune’s motion for large
amplitudes and momentum offsets. This can be achieved
by splitting up the initial two chromatic sextupole families
into individual circuits and numerically finding an optimum
between the robust performance of an HOA lattice with its
reduced dependency on tolerances and sufficient momentum
acceptance (MA) and dynamic aperture (DA). The MA is of
paramount importance for BESSY III, to reach a long Tou-
schek lifetime, important for operational flexibility across
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various user modes. The DA has to provide a sufficiently
large area for injection. This paper investigates how the si-
multaneous reduction of the RDTs and the detuning terms
can be used to define a promising sextupole scheme.

Figure 1: Half of a super period of the BESSY III lattice:
𝛽𝑥,𝑦: blue, red, 𝜂𝑥: green. There is one chromatic octupole
(light blue) and no harmonic multipole so far.

The results are compared to those found by multi-objective
genetic optimization (MOGA).

SHORT INTRODUCTION TO DRIVING
TERMS

The idea to place sextupoles with a certain phase advance
between them to cancel non-linear effects originates in the
1970’s, one early paper being [4], where transport matrices
were used. A general treatment based on Hamiltonian for-
malism was derived in [5]. Based on [6], a closed form for
RDTs applicable to storage rings was developed in [3], and
is widely used today.

Following [7], let Eq. (1) be the Hamiltonian of the parti-
cle motion in an accelerator,

𝐻(𝑥, 𝑝𝑥, 𝑦, 𝑝𝑦; 𝑠) =
𝑝2

𝑥 + 𝑝2
𝑦

2(1 + 𝛿) − 𝑥 𝛿
𝜌 − 𝑥2

2𝜌2

+ Re
𝑀
∑
𝑛=1

𝑘𝑛 + 𝑖𝑗𝑛
(𝑛 + 1)! (𝑥 + 𝑖𝑦)𝑛+1,

(1)

with 𝑥, 𝑦 the transverse particle positions, 𝑝𝑥, 𝑝𝑦 canonical
momentum conjugate to 𝑥 and 𝑦, 𝛿 the relative momentum
deviation, 𝜌 the bending radius of the reference trajectory,
and 𝑘𝑛 and 𝑗𝑛 the normal and skew multipole strengths of
order 𝑛. The first three terms describe the solvable linear part
of the system and the real part of the complex sum describes
the perturbative part due to the non-linear elements in the
ring. It is common to change to normalised coordinates
and then to a resonance basis: 𝑧± = √2𝐽𝑧 𝑒±𝑖𝜙𝑧 = 𝑧 ∓ 𝑖𝑝𝑧,
with 𝑧 = 𝑥, 𝑦, and 𝜙𝑧 the phase advance. Using this basis,
and summing up over all elements in the ring, the 𝑛th order
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Hamiltonian can be expanded as

ℎ(𝑛) = ∑
𝑗,𝑘,𝑙,𝑚,𝑝>0

𝑗+𝑘+𝑙+𝑚+𝑝−1=𝑛

ℎ𝑗𝑘𝑙𝑚𝑝 (𝑥+)𝑗(𝑥−)𝑘(𝑦+)𝑙(𝑦−)𝑚𝛿𝑝 (2)

The ℎ𝑗𝑘𝑙𝑚𝑝 are called resonance driving terms, as they
can lead to resonant behaviour due to their amplitude and
phase dependant contribution to 𝐻. Not every term drives
resonances, though: the second order terms ℎ(2)

11001 and
ℎ(2)

00111 drive the linear chromaticity, third order terms ℎ(3)
22000,

ℎ(3)
00220 and ℎ(3)

11110 drive the tune shift with amplitude. There-
fore, this paper uses ”driving terms” (DTs) to cover all Hamil-
tonian orders. All DTs, can be expressed as analytic func-
tions of the magnet data and the linear lattice functions,
including 𝛿𝛽/𝛿𝑝, 𝛿𝜂/𝛿𝑝, and 𝛿𝜂/𝛿𝑠. The (rather compli-
cated) formulas have been derived among others in [3, 8, 9].
This paper uses the formulas given in [3, 8].

If 𝑝 = 0, i.e. the on-momentum case, the DTs are called
geometric, if 𝑝 ≠ 0 chromatic. Not all DT have a dependence
on the phases. Phase dependent DTs can be reduced by
explicitly choosing the phase advance between the sextupole
kicks. For perfect matching they would be zero. The need
to cancel the dispersion function in the straight section of a
MBA lattice inevitability prohibits this, but the respective
DTs remain small.

In this work, only the geometric and chromatic DTs of
second order (𝑗 + 𝑘 + 𝑙 + 𝑚 = 3) and the third order terms
causing tune shift with amplitude and momentum are evalu-
ated and minimized. To this end, the freedom arising from
splitting up the two chromatic sextupole families in the arc
into individual, but symmetric circuits is exploited, rather
than adding further non-linear elements, with the exception
of two octupoles, placed symmetrically close to the outer
dipoles.

THE MINIMIZATION PROCEDURE
The goal of minimizing the DTs is to find the optimum

between the robustness of the HOA lattice against errors
and the confinement of the tune’s movement with particle
amplitudes and energy deviation. The BESSY III sextupoles
can be powered in 8 individual families, while keeping the
symmetry in each arc. This flexibility is used to minimize
the DTs. The lattice performance is assessed by the size of
the DA and MA.

The minimization algorithm has to utilize constraints, to
avoid dependence on the choice of the chromaticity compen-
sating sextupoles. The COBYLA algorithm [10,11] allows
for constraints suitable for adjusting the chromaticity 𝜉𝑥,𝑦 to
the desired value. COBYLA showed the fastest and most re-
liable performance of different minimization routines tested.
Global minimization algorithms were not considered, due
to their slow convergence.

All linear lattice and magnet data are collected once at
the beginning and stored in a data frame. The minimization
procedure works exclusively on that data frame, without
further lattice evaluations. DTs might vary by orders of

magnitude in size. A weight function taken from [12], Eq.
71, leverages their magnitude before minimization.

The minimization concentrates on four ’classes’ of DTs.
Geometric and chromatic DTs (2nd order Hamiltonian) and
the amplitude (TSWA) and momentum (TSWM) driven tune
shift terms (3rd order). Higher-order DTs partly depend on
the lower orders, and will be automatically reduced. The
DTs of each class represent different physical phenomena. In
the minimization, the RMS-value of the terms in each class
is used. This is justified for a general minimization. When
specific resonances or detuning needs to be suppressed, in-
dividual DTs have to be considered. To this end, a further
weight function, a simple factor for each individual DT is
introduced that allows to emphasis single DTs or complete
classes. The optimizer’s goal function is the sum of the RMS
values of the four classes.

Each minimization starts with the HOA-case, i.e., 16-fold
symmetry, no errors, two families of sextupoles (SD, SF) of
equal integrated strength and 𝜉𝑥,𝑦 = 1.

In each iteration, the DTs are derived for the new set of
sextupole values and the goal function is calculated. After
convergence, the DA and the MA are calculated for the opti-
mized set of sextupole values using 6D-tracking (1024 turns)
in pyAT [13]. As the lattice does not incorporate errors, a
detuning limit is used to mimic ’particle loss’. A limit of
√𝑄2

𝑥 + 𝑄2
𝑦 < 0.04 on the tune shift is applied (determined in

preliminary studies). The DA is represented by its area. The
minimal stable horizontal amplitude is recorded, important
for injection from the inside of the ring. The MA is the local
MA in the straight section.

MINIMIZATION RESULTS
The HOA-case

The BESSY III lattice realisation with only two sextupole
families with equal integrated strength is called the ”HOA-
case”. The DTs of interest for this case are listed in Table 1.
The second order terms are not exactly zero, but small, as
explained above. The TSWA terms are strongly dominant.

Table 1: Driving Terms of the HOA-case

class DT value
geometric ℎ21000, ℎ30000 3.71, 2.41

ℎ10110, ℎ10020 1.04, 4.75
ℎ10200 5.14

chromatic ℎ20001, ℎ00201 1.81, 0.94
ℎ10002 0.0

TSWA ℎ22000, ℎ00220 -187643, -62524
ℎ11110 -54343

TSWM ℎ11002, ℎ00112 36.58, 12.16

Table 2 lists the RMS-values for each DT class without
weights and when the weights to leverage magnitudes are ap-
plied. Despite the weighting, the TSWA still is dominant and
weights are used during minimization to boost the TSWM
terms.
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Table 2: RMS and Weighted RMS Values for Each DT Class
for the HOA-case

class RMS weighted RMS
geometric 3.73 0.086
chromatic 1.18 0.257
TSWA 118424 14.46
TSWM 27.26 0.324

For a tune shift limit of 0.04, the HOA-case has a MA
of 3.4 %, an area of the DA of 3.2 mm2 at 𝛽𝑥,𝑦-function of
3.2 m, 3.6 m, respectively, and a minimal stable x-amplitude
of 1.2 mm, all not sufficient for the BESSY III goals.

Deviations from the HOA
To illustrate the effect of the phase matching, the DA of the

HOA-case is calculated by tracking for 10 different error sets,
based on the values in Table 3. The resulting orbit distortion
is corrected, but not the residual 𝛽-beat. The DA of the
HOA-case is very insensitive towards errors, see Fig. 2 (left).
Figure 2 (right) shows the DA, when a 20 percent deviation
of the sextupoles strengths from the HOA-case is allowed
during minimization of the DTs. Clearly, errors have a much
larger effect. The larger the deviation is from the HOA-case,
the smaller the detuning terms, the larger is the DA, but also
the sensitivity towards errors increases. The black lines in
Fig. 2 mark the mean DA.

Figure 2: Left: the DA of the HOA-case for 10 sets of
errors. Right: DA when allowing for a 20 % deviation of
the sextupole strength in the DTs minimization.

Table 3: Standard RMS Tolerances

transverse misalignment (all magnets) 30 µm
roll (all magnets) 180 µrad
pitch and yaw - dipoles 60 µrad
pitch and yaw - other magnets 400 µrad
calibration 1e-4

Increasing the DA
The DT minimization (DTM) is performed for a stepwise

increasing limit, 10 % to 40 %, on the deviation of the 8
sextupole family strengths from the HOA-case values. Nine
weights (1, 50, 100, ..., 400, 450) are applied to leverage be-
tween TSWA and TSWM. In addition, six discrete strengths
of the symmetrically placed octupole, Fig. 1, are used, from

0 m−3 to 500 m−3. Octupoles only contribute to the 3rd order
Hamiltonian terms (and larger), by adding

ℎiijj0 (𝑜𝑐𝑡) ∝ ∮ 𝑘3𝛽𝑖
𝑥𝛽𝑗

𝑦𝑑𝑠 𝑖, 𝑗 = (2, 0), (0, 2), (1, 1)

to the TSWA, where 𝑘3 is the integrated octupole strength.
The contribution to the TSWM terms is

ℎiijj2 (𝑜𝑐𝑡) ∝ ∮ 𝑘3𝛽𝑖
𝑥𝛽𝑗

𝑦𝜂2
𝑥𝑑𝑠 𝑖, 𝑗 = (1, 0), (0, 1).

Figure 3 shows the area of the DA over the MA for sex-
tupole settings obtained by DTM for six octupole strengths
(colors), and 9 weights (symbol size), each, and limits on
the sextupole strength deviation from the HOA-case, with
± 10 % (dots), ± 20 % (triangles), ± 30 % (squares), and ±
40 % (crosses). The RF acceptance lies at ≈ 6.25 %. While
the 10 % case can increase the MA to the RF limit, it takes
at least 20 % deviation to also increase the DA.

Figure 3: DA over MA for 4 limits on the deviation from the
HOA-case sextupole strengths: 10 % (dot), 20 % (triangle),
30 % (square), and 40 % (cross). Colours mark octupole
strengths [m−3] and symbol sizes mark different weights.

DA and MA in Fig. 3 are calculated using the tune shift
limit in the tracking. It has to be verified, how much reduc-
tion occurs when the related multipole strengths are used in
lattices where magnet tolerances are applied.

The 10 best cases of Fig. 3 were (somewhat arbitrarily)
defined by MA > 6.0 % and DA > 15.2 mm2, and have 20 %,
30 % or 40 % deviation from the HOA-case. They have each
been applied in 10 misaligned lattices (100 cases), with cor-
rected orbit, but no 𝛽-beat correction. The stability criteria
in tracking with errors is particle loss. Table 4 lists the mean
values of the best 10 results (bare lattice, tune shift limit)
and the statistics of 100 calculations including tolerances:
mean, standard deviation, and the reduction with respect to
the bare lattice.

Table 4: 16-fold Symmetry, Tune Shift Limit=0.04

bare lattice including tolerances
DTM mean std reduction

MA % 6.22 5.21 0.31 -16%
DA mm2 16.28 11.85 2.93 -27%
xmin mm -2.76 -2.62 0.49 -5%

There are further losses due to the excited resonances,
but the MA above 5 % could be confirmed, and the losses
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of 27 % in the DA mainly occur in the vertical plane, as
the minimal stable horizontal amplitude varies only by 5 %.
Nevertheless, a larger acceptance is needed for injection.

Including the Injection Straight
BESSY III will utilize a modified injection straight [14].

A non-linear kicker (NLK) will be installed between the two
parts of the devided 2nd quadrupole in the straight section,
and the 1st quadrupole is shifted towards the two septa, see
Fig. 4. The injected beam propagates to the NLK, where it
is kicked into the stored beam’s acceptance. At the NLK
𝛽𝑥 = 11.9 m.

Figure 4: The modified injection straight with the thick and
thin septa (light brown) and the NLK (brown).

The changes in the injection straight break the symmetry
of the 16-fold lattice. To reduce effects on the non-linear
performance, the phase advance across the injection straight
is kept constant. Nevertheless, the super periodicity is one
and the chromatic DTs differ from the periodic lattice as they
include 𝐾1, 𝛽𝑥,𝑦 and 𝑑𝛽𝑥,𝑦

𝑑𝑠 . Therefore, the minimizer will
find different solutions.

As above, Fig. 5 shows the results of the rough scan over
octupole strengths and weights, for 10 % to 40 % deviation
from the HOA-case. The 10 best results were (again some-

Figure 5: DA and MA at the NLK for 10 % (dots), 20 %
(triangle), 30 % (square), and 40 % (cross) allowed deviation
from the HOA. Colours mark different octupole strengths
and symbol sizes mark different weights

what arbitrarily) defined by choosing the largest DAs with a
MA > 5.4 %. The integrated octupole kicks of these cases
concentrate around 200 m−3, see Fig. 6. The deviation from
the HOA-case is 30 % for 9 cases and 40 % for one case.

Again, ten different error realisations have been used to
confirm the results for the most promising multipole con-
figurations. Table 5 shows the mean of the 10 best results,

Figure 6: Scan parameters of the 10 best results.

(bare lattice, tune shift limit) and the mean values and stan-
dard deviations when 10 error sets each are applied (100
cases), and the loss compared to the bare lattice; the orbit,
the 𝛽-beat and the coupling were corrected. The MA is
stable above 5 %, and the DA even increases, indicating that
the tune limit of 0.04 is too tight for the TSWA. For the
averaged multipole strengths, of these 10 cases, simulated
commissioning predicts an injection efficiency 97 % [15].

Table 5: Injection Lattice, Tune Shift Limit=0.04

bare lattice including tolerances
unit DTM mean std reduction

MA % 5.93 5.29 0.17 -11%
DA mm2 27.53 39.48 3.00 +43%
xmin mm -8.88 -8.60 0.66 -5%

MOGA OPTIMIZATION OF DA AND MA
Multi-objective genetic algorithms, MOGA, are a com-

mon choice to optimize many parameters for multiple goal
functions. They have the advantage that theoretically very
complex physical models can be simulated. Their drawback
is the large CPU and time consumption.

In this study, MOGA runs directly optimize the DA and
MA. They use the NSGA-II algorithm of the Python pymoo
package [16]. The physics is covered by pyAT and pySC [17].
The runs start from the linear lattice, with eight distinct, but
symmetric sextupole families, and a single octupole. Before
optimization, the errors presented in Table 3 are applied to
the lattice, the orbit is corrected. Magnet values are confined
to their technical limits and a constraint function pins the
chromaticity to 𝜉𝑥,𝑦 = 1. Full 6D tracking is performed for
1024 turns, and the MA and DA at the NLK (𝛽𝑥 = 11.9 m)
are defined by particle loss. Physical apertures of ±9 mm are
applied around the ring to avoid non-relevant results. With
a population of 300 points, each generation of the genetic
algorithm produces 100 off-springs, and the optimization
runs for 200 generations. For each generation, the population
and the off-springs are evaluated according to their result in
the objective space, and the 100 points with the worst results
are discarded. A run takes around 20 hours on 100 CPUs of
an HPC.

Figure 7 shows the resulting Pareto fronts for 10 different
error sets. Most solutions show MAs > 4.5 %, and DAs
between 30 mm² and 50 mm². As in the DTM the most
promising result within each Pareto front is defined by the
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Figure 7: Pareto front for 10 different error sets. Best results
are marked by a star.

maximum DA with a MA ≥ 5.4 % and marked by a black
star. The octupole strength of the best cases varies between
82 m−3 and 330 m−3.

In the MOGA runs, the MA and DA are optimized for
a specific error set, which will unlikely be that of the real
machine. Therefore, also each MOGA result is evaluated
across multiple error realisations to assess consistency. Ta-
ble 6 lists the mean of the best results of the 10 Pareto fronts,
and the statistical values when the related magnet strengths
are applied to 10 error realisations each (100 cases).

Table 6: MOGA Results Best DA for MA > 6.0 %

MOGA different tolerances
unit mean std reduction

MA % 5.50 5.44 0.33 -1%
DA mm2 39.65 27.71 5.98 -43%
xmin mm - -6.48 1.04 -

COMPARISON
The MOGA-MA is slightly larger than the DTM-MA,

but the DA and the stable range for injection is significantly
larger in the DTM. Stable minimal amplitudes of −8.6 mm
on average are sufficient for injection with a maximal NLK-
amplitude at −7 mm. A MA larger 5 % provides sufficient
lifetime. To further compare both strategies, the multi-
pole strengths of the 10 best cases and the related DTs are
looked at. Figure 8 displays the absolute integrated sextupole
strengths of the best MOGA results (light-blue) and their
mean (blue), the best DTM results, (light-green) and their
mean (green), and the HOA values (black). Both approaches
allocate a significant portion of the sextupole fields in the
outer two sextupoles S1 (defocusing) and S2 (focusing), com-
pared to the HOA configuration. The DTM results are more
confined than the MOGA results, with mean individual stan-
dard deviations of 3.9 %/7.8 %, respectively. The mean S1
and octupole strengths are stronger in the MOGA results,
with values of −34.6 m−2/−27.5 m−2 and 243 m−3/220 m−3,
respectively.

Table 7 displays the weighted DTs of the mean multipole
strengths of both approaches. The small TSWA terms of
MOGA indicate, that the DA reduction is due to higher order
DTs.

Figure 8: The integrated sextupole strengths of the best
results of MOGA (light-blue), and DTM (light-green), the
mean values (blue, green), and the HOA values (black).

Table 7: DTs for the mean resulting multipole strengths of
MOGA and DTM. All values are for the injection lattice.

DT class MOGA DTM HOA
geometric 0.41 0.35 0.10
chromatic 0.11 0.17 0.23
TSWA 3.151 5.96 16.36
TSWM 0.27 0.26 0.18

CONCLUSION
The paper presents an efficient method of DTM and com-

pares the results to MOGA calculations for the BESSY III
lattice. The DTM only considers 3rd order resonance DTs,
TSWA- and TSWM terms, i.e. 4 classes of DTs. The results
show a clear advantage for the DTM in DA and stable injec-
tion range. In both cases, the results depend on the choice
of the ’best cases’ in the result space.

The advantage of DTM in practical work is the runtime of
<1/10 of the MOGA runtime, ≈1 h to 2 h, depending on the
number of iterations necessary during minimization and the
size of the lattice. The MOGA runs take around 20 h. Con-
sidering the necessity to adust the non-linear configuration
of the lattice repeatedly for different tunes, chromaticities,
lattice modifications and the like during the development of
the project, DTM will be the primary tool in the BESSY III
project development.
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