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Particle definition (considered as known)

Arestmassm andacharge q . q/m
In 3D-dynamics world, the particle is a dOt at ;
Position: 7
Motion |: change of 7 with respect to an|independent variable|(time: t)
" Velocity : U = ? ¢ =299 792 458 m/s
t
Momentum:p =y -m-v
Total energy : W W? = (mc?)?+ (p-p)c?
S | Kinetic energy : K = (mc? + K)?
s
= Velocity : g = -
3 . 1
- e P~y — P 2 — =1 2
S - Momentum : fy = — eI + (By)
ad w
Energy : y = —
Y F Puston: T
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At a given ¢, a particle is represented by a 6-coordinates vector :

The evolution (with independent variable ¢) of these vectors are given by :

/—d_) - - —
d—zz=F=qo(E+17xB) ——
C
1. With : y = 1+(”p2”)
ar p \ mc
dt ym

—

E and B are the electromagnetic fields|produced by external sources and the
particles (position and motion) themselves.




The energy evolution with time tis : (W? = (mc?)?+ (p-p)c?)

aw p dp ., ymv
dt W dr ¢ T yme?

=q- (- E + 7 (¥ xB))
7 Only the electric field gives
(kinetic) energy to the beam

-q(ﬁ+ﬁx§}zz

oy
U

—q-7

The energy gain is the path

AW (syg = 51) =q - f E(50)-ds = integral of the electric field




Particle accelerator
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An accelerator is a|set of technological components|producing (E §)
ElectroMagnetic fields allowing to accelerate and guide particles. '

Acceleration is produced (generaly) by|time varying electric field E (7, t)

- RF cavities
- Plasma
- Exception @ low energy : Electrostatic

Guiding is produced (generaly) by|static magnetic field B (r

Deviation with Dipoles

Focalisation with Quadrupoles or Solenoids
Stabilisation with higher-order Multipoles
Exception @ low energy : Electrostatic



An accelerator Is designed around a
circular accelerators), which is:

reference trajectory

- A strait line In drift, focusing or accelerating elements,

- An arc o\f circle in dipole magnets.

VN

Reference trajectory

i

(design orbit in

Linac

Cyclotron

~spiral

line

%5

Synchrotron

~circle

The beam dynamics is computed along the reference trajectory as a function of the

curved abscissa : s| replacing t as the independent variable.




The|synchronous particle|is an hypothetical particle propagating along the reference

trajectory.

It Is used to synchronize the time-varying (RF) components.

It/represents the accelerator and not the beam,

It gives the nominal arrival time and energy at a given s, by design.
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All the beam particles will be represented with respect to this synchronous particle.
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Particle motion is described in ajmoving frame, centered on the orthogonal projection of
the particle on the reference trajectory.

U, u, . tangent to the reference trajectory
uy u, :inrotation plan (pointing to the left) | transverse
Us u, :invertical direction (pointing to the top) | plan

M is the particle point at time t

s IS absissa of the transverse plan,
orthogonal to the reference trajectory
containing M

In this plan, the particle position is : (;)




In this new frame and independent variable, a particle vector becomes:

L 2 S - (%, y) are (still) the particle transverse coordinates
\Z N4 b _dx y,zpyzdy
/ X \ /X D, ds D, ds

y y are the particle|transverse slopes

Z > @
Px r . . N

X - @ = 27 f, - T IS the particle/phase, the arrival time t at s
Py / y’ normalized wrt a frequency f, (generaly RF)
22 ¥
P(s) | - Kis the particle|kinetic energy
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RF acceleration &
Longitudinal dynamics
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(o

Each beam particle is represented relatively to the synchronous particle | ¥
/5
Y Phase or time} 6¢ = ¢ — ¢ \ /
| @
x Energy 0K = K —
!
o "
RIRT
7 o%o% 2%%

o
5K

The longitudinal dynamics describes particle trajectories in 2D ( ) phase-space




Goal : Give kinetic energy to the beam

Basic principle
- Conductor enclosing a close volume,

- Maxwell equations + Boundary conditions allow
possible electromagnetic field E,/B,, configurations Wave guide
each oscillating with a given frequency f, : a
resonant mode. The field is a weighted ~ —3] |
superposition of these modes. / \

[ Power coupler

- The wanted (accelerating) mode Is excited at the
good frequency and position from a ‘ '
through a power coupler, \ /

Cavity
(7, t) = Eo(¥) - sin(2mfrpt + o)

@(7_"); t) = By(r) - cosnfrpt + ¢o)

-The phase of the electric field is adjusted to
accelerate the



—

(]

Energy gained by a particle in a cavity :

'
(0.0)
S /

\ /
AK = f q - E,(s)-sin(p(s)) - ds with:  @(s) = Zﬂfofo %"“Po

The field phase when the particle is at position s

N AK =g -/VOT(K) . sin(gb\)

/

j E,(s) - exp(j - 9(5)) - ds

with:  V,T(K) =

. [= E,(s) - sin(g(s)) - ds
¢ =atan ffooo E,(s) - cos(@(s)) - ds

The|cavity effective voltage The|particle effective phase|in the cavity

* Sometime (for example linac), one can find : AK = [°. q - E,(s) - cos(@(s)) - ds



Electric field

Energy gain

\am

AK =q-VyT(K) - silrll(gb)

Cavity Oscillating field

Field seen by an optimal velocity particle

Field seen by a non-optimal velocity particle

Hypothetical max energy gain: g - 1/,
Energy gained by the optimal velocity particle

Energy gained by a non-optimal velocity particle



Relative phase change in drift (no bending)

dop do dog 1 1 ov,
T _ — 270 Fn - _ — _ :
ds ds ds 7o (vz v5> 21tfo ( V2

S_K_K—KS v ov, V,— Vs

First order simplification : T <1 i e e e PR <1
_ ) 0K
1-p2=y% > pof=— > bv,=—
5 Vs psme

One gets (at first order) :

dop 2T oK ¢

ds  Agmc? yof0




Relative energy change in RF cavity

K L o) - TG00
dS _vs S,QD S SJQDS
F(s,9) = q - EgT(s) - sin(p — ¢,) F,(s,05) = q - E4T(s) - sin(gs — ;)

=q - EyT(s)-sin(ps — ¢ + 5¢p)

One gets (at first order) :

doK

—— = q - EoT(s) - (sin(gs + 8¢) — sin(¢3)) Ps = s — @

@5 1S the average phase seen by
synchronous particle in each cavity




Lo n = Ofr / fr Is the relative variation of revolution frequency with
( 7 \ Sp/p respect to the relative momentum
. Bc 5f. 6B 6C
f?‘ - = fr = 'B —

C C
C=21nR Jr b

= 77=V_2_a

\ f = Be / o 6C/C | s the momentum compaction
" C

i s specific to ci ine (a =0in I
The beam revolution frequency. p/p| Itis specific to circular machine (e =0 in linac)

e n>0 Velocity dominated : A higher energy particle turns faster
—> linacs and low energy synchrotrons.

® n<0 Trajectory dominated : A higher energy particle turns slower
—> high energy synchrotrons.



In cavity, the electric field is oscillating with time :

E, = Ey - sin(¢)

I' In some convention, one can have E, = E - cos(¢)

0K = q - VoT(s) - (sin(@; + d¢) — sin(p;))

Case 1: Velocity dominated 7 > 0

1
tate | N,
;‘g‘ N
falaly I\ /]
0.7 cally i
0.6 / | \
o |
S/ \
0.3
ot ! \
AP < @< 909 A
000 -60 -30 900 30 60 180°

———late

The late particle shall gain more energy
(to increase its speed)

Case 2: Trajectory dominated n < 0

.\ /1( Y\n\
. /  Nate

s ;
ol /) LN\
wl ) ! \
|/ O ¥ - 1\«)Dc
i V = P¥s = 1
Oo -60 -30 900 30 60 1800

—>¢ late

The early particle shall gain more energy
(to elongate its trajectory)



Correction In circular machine

In linac In general
ddp 2T 0K 1
_— . + = — —
ds Aome? o[ 1Tz
1 1
> Replace — by N=—-a
Vs Vs

dop  2mn oK
ds  Agmc? VB3




Longitudinal motion equation

" dse omy ok _ 0H(6¢,0K)
ds Aomcz VSIBSS ) 00K
s o - dH (8¢, 6K)

—— =q-EoT(s) - (sin(p; + 8¢) = sin(p;)) T 35¢

-

H(5¢, 6K) is the motion Hamiltonian :

Tn  O0K?
)lOmCZ | VSIBSB
—q - EgT(s) - (sin(¢;) - (6¢ — sin(6¢)) — cos(ps) - (1 — cos(6¢)))

H(6p,0K) =



The particle motion can be described using a function of phase and energy:
the motion Hamiltonian H(d¢, 6K)

0H

SK. 00K
Hamiltonian definition: 0H O_H
Ao do¢g

dép  9dH(6¢,0K) o

ds B dO0K \O/ 66_](
doK  0H(6¢, 6K) | |
ds 8¢ % iso-Hamiltonan cuves : H = Cste

5¢

The Hamiltonian H(6¢, 6K) gives the particle trajectory in phase-space




Phase-space trajectories

@ = 0°:no acceleration (storage), maximum stability

- 1Y

410"

210

0K

-2-10"

-4-10"

-6-10"

______

|
g = =80

nnnnnnnnnn
r

T AW =7.128 x 10°

0K

ps = 60° : acceleration, but reduced stability

3-10°

210°

1-10

=120 |

-2-10*

-3-10°

@ ==30 |
AW = 1,538 x 10°
. |
W, = 97203
S
-40 =20 0 40
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Linear dynamics
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Particle motion In an accelerator

dp

/;C,\ /8\ E=q(1_J>XB+E)=F
p=|? _| @s +  p=mc-yp
x' 0
’ 0 ds S,c
/ \K/ oAy




Motion equations

- With :
dx K
— = —_ 1 —_—
ds y=1+ mc?
dy B = 1—y~?
ds 7 . V1+x’2+y’2
d_(p:2n(1+h(K,s)-x) ﬁ=q-(§+ﬁx§)
dP ds /1(1 o f,c i
ds | dx 1 M E(s) N dyp,
— | h | 1 h K . . X \ I, Z 1
ds s (5) N (1 +h(K,s) - x) mc2yB2 | o vB,ds
I I I | I
dy’ : I E (S) | dy [, '
— = L (1 +h(K,s) - x) - — R |
ds N mc2ypz 10 7 ypds
dK ! L N :
— = |+ RK,S) 2 (- F(S))/: S ,
- Centrifugal - _f_ o " Accélération.
force EM orc& damping



These equationsare : ~ Non-linear ~ F(, &3 ..)  E,(.., .03 )

Coupled  F(.(3,0.K)..) F((x 0, B)...)

dx' d d d
ax oc@- VB2 y @ VB2
ds yB.ds yB.ds

Damped

In order to solve the particle dynamics, one shall compute (generally numerically) these
complex equations.

Nevertheless the computation can by simplified (and understood) by linearising the
forces around the synchronous particle and using a “simple” matrix formalism.

6P =P —




L : : : _ doP; 6 096P;
Linearised differential motion equations : = z (s) - 6P

ds j=1 65P]
6 06P;
> O0P;(s+ds) =06P;(s) + Z “(s) - ds - 6P; (s)
j=100P;
X X
[5) [5)
)0, d00 P; o
S — . .
X (I + [6613]- (S)] dS) X
y' y'
51{/ s+ds \ Y / SK/S
6x6 Matrix



From an abscissa s; to an abscissa s,:

/3

) )
;ID = [T(s2 < sl x<,p
y' y'
SK/ 6K/

S92 S1

|T (s, « s;)] is the transfer matrix from s, to s,.

Each accelerator element can be modeled (at first order) by a transfer matrix.



Accelerator matrix

For an accelerator from an abscissa s, to an abscissa s,

comionent 1 comionent 2

comionent n

So S1 S2 Sn-1 Sn

)
| =T e su D] [Ty = 50 [TGs1 e 50)]
| J
! |
y f t
51{/ N \ | rom s, to s, }

from s, to s,

|
from s, to s,

(5

5x/

S0
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Periodic transport
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In the highest simplification level, the external force along direction w (X, y or o¢) can be
considered periodic, linear, uncoupled and undamped over one period :

d2
Hill equation : e +k,(s)-w=0 k,(s+5S)=k,(s)
Giving : w(s) = /& Bum(s) - cos(u(s)) £ constant,

with: p(s)=uo + fs and: Buwm (s +S5) = Buym(s)

0 ﬁwm(s)

In the (w, w’) phase-space, the particle is moving on an ellipse of equation :
ywm(s) - w? + 2 - awm(s) cww' + ,me(S) ) W’2 =&

1 d 1+ aym(s)?
with : awm(S) = —= ﬁwm and Vwm(s) — —

Courant-Snyder parameters
2 ds Bwm (s)

The phase advance of the particle in a lattice isthen: o = u(s +5) — u(s)



The 2D (decoupled) transfer matrix of one lattice from s to s + S can be written :

IT,(s+S «5s)] = (

coso + a,,,,(s) - sino
—Vwm(S) - sing

Bum(s) - sino
COSO — oy, (S) * sino

)

o IS the lattice phase advance and «,,,,, Sym and y,,,,, are the Courant-Snyder at s :

B 1
COSO = o (TW11 + Tsz)
,B _ TW12
W sing
y — _ TW21
Wit sin o
o _ TW11 - Tsz
it 2 -sino




® Particle
Particle ellipse

Phase-space trajectory

I_X_ ______

PLS e

Phase-space periodic looks
Foc. Qudd. middle Foé; Drif middle

3= ) .
Ie ! I
[ ;I: 1
= =

= + -+ i -
A Defoc, . Quad. middle Defoc. [1_.4‘41‘. iddle
- £ - 5
= : i = —t :.:t _-‘::
am=1
i35
b
D
=3 — —]
sl
-1
L5 1 | (] L .j. | :g Ig. | | !ld3 | |I_4. | [ | | 1

— Particle trajectory

Particle ellipse maximum size

\ad

A Ellipsis’ shapes are
l ,:given by courant-

. Period after period,
the particle is
turning by an angle
given by the phase
advance (here 72°)
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Beam



Beam distribution

A beam is aset of charged particles

It is represented by a distribution in 6D phase-space :

f(Ps)-dP

jjf(P s)-dP = N(s)

.

~

] ~
bada diaaldasalasalba AA_L_.A_L

- e

Ll 13
10 5 0 5 10

Lo Q) - W, v
0.4 - g !
03 ¥

0.2 3
0.13
03

]

. 3 g i

0.1- & ‘ 2 3

0.2+ : B

0.33 i

3 +

- 4+
0.4

15 10 -5 0 é xo 15
Poe-0.003 deg ¥ 4581 mn Wmax #9442

2D prOJected phase space ‘distribution

f(P,s)

IS the average number of particles in dP phase-space cell.

IS the total number of particles in the beam

1D projected phpané%(-"ébace ev%ion

" Asuap opased porgeuuoy

Asuap apased poryewsoy

- Each dot is a (macro) particle

- The colour represents the
particle density

- Statistics properties can be
calculated from these
distributions



100 mA - N =6 107 charges/s 1 nC > N =6 10° charges

A beam should be represented by 6 times this huge number of particles.

Moreover, the exact 6D positions of each particle cannot be known precisely

The

average value

of a quantity Q, (Q), in the beam is defined by :

@@ = [ [ 1) -0(P)-aP

Q can be a number, a vector, a matrix... the average applies to all components of Q.

—> The beam distribution can be simplified by its momenta




Order0: Q(s) = N(s) - {(q), the bunch|charge|[C] or beam|current

Order1: (P)(s), the beam lcenter of mass|6D vector

order2: [Z](s) = (P(s) - P(s)T), the beam 6x6|sigma matrix

5 _<((P1 —(P1)) - (Py = (P1))) =+ (P —(P1)) - (Ps — (Ps)))
x| = : :
\(Ps =(Pe)) - (PL=(P1)) -+ ((Ps —(Pe)) - (Ps —(Ps)))

- Order 0-2 are the most useful models of the beam

[C/s]

)




P, = (P, —(P)) - (P, — (P,)))  i|RMS sizes

~—

P =(P,—(P))-(P;—(P;))) i-j|RMS coupling

NGOOD : 10000 /10000  |=40.0mé  CEASaclay- DSMIDAFNIAISEA

2 2 H-Xp [mim-mmrad] Y- [mim-mmad]
& = \/Pi P — Py RMS emittance| {1 [ R B
fooa L T vy AT
— of— i
)’7j-ai2+2-c’f{j-ai-aj+,8i-aj2=n-é‘l~j ------------- /ﬂi T R

o

Is the equation of an ellipsis fitting the distribution

XN [mim-mim]

p=ti 2 B 2l :
l - o~ - ~ l] - ~— .
€ij =y €ij - o
are the TWISS parameters Of the beam dIStrIbUtlon K Wn:l;glil'l Zéé MEVDPhaseiD.DS;deg ° -4}{max =-32.513 mmD‘Hmax=22.4E|E r1'|r1'|4
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Matching



Accelerator

In non-linear forces, particles are moving in 6D phase-space
following curves where motion Hamiltonian is (locally) constant

In periodic linearised forces, these curves are oscillating

6D ellipsoids

Beam

A beam can be described by a sigma matrix whose coefficients
correspond to a description of a 6D ellipsoid




Matched beam
The beam Is matched to the accelerator when its sigma matrix fits the ellipsoid describing

the particle linearised motion.
Phase-space trajectory  Phase-space periodic looks

beam accelerator

l l | I e o =S S | A T |
0 / . = =

— = s : :
bw = Bwm —&—L 1 : }

dyw = Cwm

~

Yw = Ywm

— Matched beam | {4 hF ik N ik fopoa &
..... Blggerlnput beam AR ACTA AP AT AT AU A SEATAU AT A OF A S A AT AT O A
----- Smaller input beam s

— - Phase-space scanned by
the mismatched beams A

r J ’ . .

. Y ) N .

¥ 17 ] Bt oy
TR K l‘? A LY ¥R

o 4! sls 9 - I v )

. (] w e ] o ¢ v ot ‘e
) ' . - . 1

'.'l ‘, '- » ' e

¢ ' :
L) Sle ] . .
v . . 1
th W SRR sy o T Y ) L
‘e 1 e

4 “ . v [}
B 0 1 2 3 4 5 6 7 8 9 10 11 12 12 14 15 16 17 18 19 20

50% mlsmatcrg beam



The matching is done between sections by changing focusing force with
quadrupoles (transverse) and cavities (longitudinal).

Calculations are made with « envelope codes » where the beam is modelled by its
rms dimensions. This type of code calculates automatically the focusing strength
that match the beam.

CE& Zaclay - DEM{DAFNIAMES CE4 Saclay - DEMDAFHIAMES

Non matched beam D Matched beam
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Mismatching
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When the confinement force is non linear (multipole, longitudinal, space-charge), the
particle oscillation period depends on the oscillation amplitude A.

d*w
7 + k,(s,w)-w =0  This phenomenon is known as the tune spread.
S

Particle do not rotate at the same speed in the phase-space : possible filamentation

| T 2.5
2
04 - ' ' 1.5
1
" ”‘_,J—’JJ-H_”' s , .
g | | | 'g 1] + 3
02 - i - i -0.5 *
=1
0.l -1.5
e = 0.306 gy
Yo 16 32 48 63 8 96 12 128 "4 -1 05 0 05 1 13
= ar
— Linear force — Non linear force



Emittance growth

Mismatching :
Emittance growth & Halo formation through :
* non linear-forces (external or space-charge),
» resonance (out of the scope here) of some particle motion with core oscillation.

Ele: 22 [0.819745 m] MGOOD : 50000 /50000 Trace_Win - CEA/DSM/DAPNIA/SACM Ele: 22 (0811277 m] MGOOD - 50000 /50000  Trace ‘win - CEA/DSMADAPHIASACK
He¥p (mm-tmrad) N (mim-mrad) Herp (mm-mrad) Yavp (mm mrad)
e ST — Yr—/——T—TT1T T T T ] - e T L B e e B e e
R U R N O O R R U O O N O O U O O i
! (‘ b “ B 1 1
e::; -.Eﬂ}. —— 9 o
=10 - - - fé/f.-"’"" . "'\.I\é\ i i =10 =10
;3'!311'202'4'.5[8'10 4 6 4 2 0 2 4 6 & 10 4 6 4 2 0 2 4 E & 10 5 -6 4 -2 0 2 4 B & 10
Phase-Energy (deg(352.2 MHZ)-MeV) i =Y (Mm-min) Phaze-Energy (deq(352.2 MHZ)-MeY) =Y (Mm-min)
L R ronseed R R R 02+ -eopereed - :
i | i i E ' ' i ] ! L L L | i E H E
L - or : ! 41-
vk B LN T PR ; -" ------------ | 2% e R
iE ﬂ‘i ) 0 —
! o e L g J --------------- i ) | _2% et - )
! 4 A T -3 ! ! ! ! - AT
! & 15 g el S A ! # "y ! -6 i
a g ot o ST Q3peeeeho g & 7 £
20 40 0 : : '

IE42024531U 20 40 0 4 .2 0 2 4 & 8 10

I\/Iatched beam I1\D/Ii§uma3tcheé be



Particle representation
Accelerator representation
Longitudinal dynamics
Linear dynamics (6D)
Periodic structures

Beam representation
Matching

Mismatching

N2 2B N R U N 2\
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A 6D vector (position, motion)
A synchronous particle

(Phase, Energy) - Hamiltonian
Matrix formalism

Courant-Snyder periodic parameters

Distribution + momentum (sigma, Twiss)
Twiss = Courant-Snyder parameters

Emittance growth



