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4D-from-1D tomography is motivated by phase 
space painting experiments at SNS
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Wire scanners measure 1D profiles of extracted 
beam (horizontal, vertical, diagonal)
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Can we reconstruct the 4D phase space 
distribution from this data?

𝑓 𝑥, 𝑥’, 𝑦, 𝑦’ = ?
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First 4D reconstruction at LANL in 1981 (!)
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Maximum-entropy reconstruction method
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Goal: infer initial distribution from projections of 
transformed distribution
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Beam Accelerator Measurement

One-to-many map
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Entropy = relative simplicity
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Strategy: rank solutions by their relative entropy



10

MENT iterations follow maximum-entropy 
trajectory until constraints satisfied
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Experimental results
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First solve linear system for unique elements of 
covariance matrix

𝐴𝜃 = 𝜓

𝜓 = 𝜓 1 , … , 𝜓 𝐾   (measured beam moments)

𝐴 = 𝐴 1 , … , 𝐴 𝐾    (linear transformations)

𝜃 = unique elements of Σ
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Nominal optics lead to high sensitivity to 
measurement errors

Projected emittances (𝜀𝑥 , 𝜀𝑦) Intrinsic emittances (𝜀1, 𝜀2)

𝜀𝑥

𝜀𝑦
𝜀2

𝜀1

𝑥-𝑥′

𝑦-𝑦′
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We have some freedom to change quadrupoles 
upstream of measurement

Parameters = two power supplies Constraint #1: beam size in transport line
Constraint #2: beam size on target
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Splitting phase advances leads to better-
conditioned linear system

Δ𝜇𝑥

Δ𝜇𝑦

Emittance error
Nominal optics

Modified optics
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We used three sets of optics = 36 profiles

• Result for 2D projections from Hock 
and Wolski: evenly distribute points 
in 𝜇𝑥-𝜇𝑦.

• Better/more general: dot products? 
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Projected emittances measurements are reliable 
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Intrinsic uncertainty estimates are larger but still 
only around 5%

𝜮𝑖 ∼ 𝑃 𝜮|𝝍
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Visualize uncertainty by projecting RMS ellipsoid 
onto each plane

𝜮𝑖 ∼ 𝑃 𝜮|𝝍
𝒙𝑇𝜮𝑖

−1𝒙 = 1
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MENT profiles converge to measurements
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Low-density features reproduced (real or not)
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Reconstructed distribution deviates from 
Gaussian
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4D reconstruction enables comparison with 
simulation in normalized phase space
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Careful!

MENT GPSR
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Careful!
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Uncertainty quantification
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How accurate is the reconstructed distribution?

• Ignore model and measurement uncertainty, leaving intrinsic 
reconstruction uncertainty.

• Uncertainty depends on accelerator optics and unknown distribution.

• Robust uncertainty quantification (UQ) has not been demonstrated in the 
literature. (Thoughts later.)

• Adopt fake-data simulation approach.
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Hollow structures not fully recovered — results 
consistent with Gaussian prior distribution
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Summary

• 1D measurements can provide reasonable estimates of 4D phase space 
distribution in SNS RTBT. 

• MENT provides important regularization of the solution.

• UQ is an important issue for real-world applications.
• Resources:

• MENT repo: [https://github.com/austin-hoover/ment]
• Code for this talk: [https://doi.org/10.5281/zenodo.21940431]

• Email: hooveram@ornl.gov

https://github.com/austin-hoover/ment
https://github.com/austin-hoover/ment
https://github.com/austin-hoover/ment
https://doi.org/10.5281/zenodo.21940431
mailto:hooveram@ornl.gov
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Future work
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Research questions for phase space tomography 
in hadron linacs

• How should we quantify reconstruction uncertainty in the space of all 
possible distributions?

• What are the limits on 2D/4D dynamic range?

• Can we use nonlinear space charge to our advantage?
• Can we utilize rf cavities?

• Can we reduce number of measurements? 
• Can we use coupled elements to avoid diagonal wires?
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HDR 2D reconstructions?

MENT TRUE
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HDR 4D reconstructions?

MENTTRUE

DATA
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Challenge 1: high-dimensional optimization
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Challenge 2: no unique solution
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Challenge 3: experimental design

• How many measurements?
• Which optics?
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Posterior distribution for LLSQ system with 
uniform prior

ƶ𝜃 = 𝐴𝑇𝐴 −1𝐴𝑇𝜓

Posterior density 𝑃 𝜃|𝜓 ∝ exp
1

2
𝜃 − ƶ𝜃

𝑇
Σ𝜃
−1 𝜃 − ƶ𝜃

Posterior mean

Posterior covariance Σ𝜃 = 𝜎2 𝐴𝑇𝐴 −1
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MENT solution is product of Lagrange multipliers

𝜌 𝑥 = 𝜌∗ 𝑥  
෤𝑔𝑘 𝑢𝑘∥

ℳ𝑘(𝑥)

𝑢𝑘∥
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Entropy functional designed to enforce principle 
of minimal updating



49

Entropy chosen to enforce principle of minimal 
updating

• In practice, solutions may be highly concentrated maximum-entropy 
distribution.

• The feasible set shrinks as more data are collected.

• This talk is not about foundations of entropy as an inference principle.
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4:2 reconstruction in SNS BTF
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Sliced views of GPSR reconstructions
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